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ASUPRA UNOR TEOREME DE DISTORSIUNE IN DOMENII CLASICE DE MAI
MULTE VARIABILE COMPLEXE

Rezumat

Extensiunea d:=monstratiei lui Ahifors pentru teorema clasicd de dis-
torsiune a Jui Schwarz-Pick pentru discul unitate la sfera unitate xn-dimen-
sionald, necesitd existenta unel solufii reale a ecuagiei (1.3), cu anumite
conditii la frontierd. in Nota prezenti problema este atacatd cel putin
pentru anumite domenii, prin metode ale teoriei ecuatiitor cu derivate par-
tiale care conduc la metrici cu curburi Ricci constante. Unica solutie a
acestei ecuatii cu valori la frontierd £ si [n.:] = 0 este strins legatd de
nucleul lui Bergm n. Domeniul ales este sfera Lie datd de (2.4). Tehnica
este hazard pe o identitate generald intre determinanti, demonstrard in § 2.
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1. Introduction. The identity (1]
(1.1) det [, 2: i Bl det

for the real or complex matrices
Arw P [l-‘ﬁ']m: Brm = Bl C Ci= [ exlas
E,=[3,], (8, Kroneckers symbols)
and
... 0
e
0 ... %
leads to an casy proof of two classical identities of L. K. Hua.
Lemma 1. We ser for a fixed u,1- 9P and for G, 6, € 1ss P

Ou. [B" ;_—]|J.'.’{ l
(1. Xoroa [y Gl |
\ 2) [ ’ ] \ [y'ml-']lm [“"“']”

*) Part of a lecture given at the New York Academy of Sciences, Division of Ma-

thematizs, on May 6. 1971. ) . |
**y Svnior Foreign Scientist Fellow of the National Science Foundation.
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Then
-r N y = r
det [, N R Y ;__Lr

(1.3} . .
- det [l b S0 S A, e der Xor el

Proof. Denote by {nl the right hand side of (1.2} and use the
Taylor formula

D) — oy T _lr(}_.r‘ﬁ' O Yii)(lz)

- e -fl' N f-ff_ [ |
Now
Figqh 145
Ly
Wil - Tty
and therefore
0'_'
) { 1
ape P =0 (a= Tp

This leads to the expansion

D) — Do)+ 5 (‘:ﬁ}. o : W ()
() 2 Z e ”"ﬂlr,,---aff,,] ‘

A}
Lzapl <oy |

& 1
and, remarking that

ury
ch -~-r/!ﬁl‘. b

is obtained from the determinant det X7 " [.] by substituting the k-th row
(k= 1,..) of {1} by
0. 0 By--e 8y (REG )
respectively
S, .0 b 0.0 kgl e, sl
to (1.3).

2 Two theorems of Hua. The identity (1.3) can be used tor pro-
ving the following two theorems of L. K. Hua [2] (algebraic machinery).

Theorem 1. (L. K. Huay Let the power series

(2.1) Az) =~ a, buw 2
converge for =z o & Then for |x, v — = ik = Ly g, fee have
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(2.2) det [ flx, v, 1] E :ITI'"';TI det [\]det [v '] .
Wy e =y

Proof. Suppose p ¢ and set

J(ipde=ta bl 70 O AT
Then choosing in (1.3

o Al R Ty &)y 1o iy = 1,..,p
and

%, = i, B B 71 1y fh = 1,54
we get
det [f;n(xi yk)]-l =
2-3 U] 5 N = Mg o, O )
(2.3) det [adl, 4= > 5 LD a, - t(ﬂudt.t X elag] )
Lo < <oy

where the N=1%ufa], are the corresponding matrices 10 (1.2).
Now it can be confirmed without difficulty that ail determinants X7 -~ =da],
with a w=¢—1, g (use Laplacian expansion rule!) identically vanish. Thart
gives the idenuty
1 det [f (6 vl =
Soa, -0, det Xevenafald, 34 .ou, det A GIREELY 1
Loy == Ty Ve Ty

Now (Laplacian expansion !)

( 1y det X7 [acJ_l det [Yﬂ | det [v7#]

R B ) | _:‘-'l'l e Y
det! .. . |det
X% .. X% T e WO

and (similarly Laplacian expansion)

det X =1 [all]l.'

1 1 e
: E ST o v L
o 1t=tq, det ! det|!
X011, X% o R TR o

This proves (2.3) and p— = 7 leads to (2.2).
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More generally Hua proved :
Theorem 2. Let the power series

filzy=all all z (i = 1y )

converge for = < p. Then for 1z, ., 0sp<¢ the following identity holds :

2.4) det [f,(z)], = > det [a|"], det ERV

0 gay < .o Ay
Proof. We consider again the segments

fi(s) = r,al e (p=a)
and chose

Cf.u‘ — at), Bu.k = z'; (l., b= ],“_’ q)

Y= ay (k=) = "7 r,=-—1

Then we get for g =1

det{fi(z,)], =
— S ey der Xeve el

1 Ay <.y

It can be proved again that all the determinants X da), with
4 g — 1, must vanish identically (they are linear combinations of de-
terminants with ar least two equal columns).

Thercefore

(— et det [f7(z,0], =
: 2 det ‘\‘rsl L I[a((‘i)lq = 2 det A G [a((}i l” -
1 &G @ = Mot 1oy < e <y

= (— 1) 2 det [afjr')]q det [277], .

U my < oaen < Ty

Without entering in details it should be remarked that the idenuty
(1.1} can also be used to prove by a more general way a classical identity
given by Wirtinger in 1936 [3].
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ASUPRA IDENTITATILOR ALGEBRICE ALE LUI HUA
Rezumat

Folosind identitatea (1.1) din I, se demonstreazi doud teoreme ale
jui Fua: 1] Dacd seriile {2,1) converg pentru 2z < 9, atunci  pentru
Xy yel o (hR=1,2,.,9 cste valabili identitatea (2.2) si 2). In aceeasi
ipoteza este valabild identitatea (2.4).



