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invariante @ gauche sur GL(E) définil un sous-groupe de Lie HC GL(E)
ayant 6 comme Jorme bunachigue invariante o gauche, st et sewlement st.
Uéquation (9} est completoment intéurable.

La démonstralion résnlie du théoréme 6 et du corvollaire 1.
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ASUPRA GRUPURILOR 1II- BANALC
1Rezumat

Prin metoda formelor diferentiale banachice, dezvoltata in |1], se
obtin primele doud teoreme ale Inl Lie pentru grupurt Lie-Banach. Cn
ajutorul lor se obtine teorema fundamentala relativ la subgrupurile unu
grup Lic-Banach.
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1. The main aim of this paper is to define the coneept of fl-sequence
by analogy with that one of fsequenee [T] and o glve necessary and

» Pe
sufficient condilions for a sequence X, - X, — X, to be a fH-sequence.

The covering sequences arc introduced and as application we prove
that the connected locally path connected spaces are the objects of a
category with covering projections as morphisims.

‘Phe dual notion, is also considered, namely the f-sequence, which
extends the notion of cofibration. A neeessary and sutficient condition
that a sequence be f-sequence is given and a theorem of duality is proved.

2. A sequence  of topological  spaces and  continuous  maps

.M I i) .
(1) Xy Ny =y

iv called to be a fH-sequence, it forevery topological space ¥ every continuous
map f: Y-=X, and every homotopy, Y 1 ~X, for ppof there exisls
a homotopy G2 Y xI - X, lor S, such that p, G = p, F-
Remarks 1. The map p: X =¥ isa ITurewicz fiber space il and
i 1y
. T X e P s :
onhy if the sequence .\ — YoV ad X=X we SH-scquences.

2, 1f p, or pyopy in (1) 1sa Hurewiez fiber space then (1) is a fIl-sequence.
A sequence

9 I R 5 e Poa
(2) X, = Ny Xy Xi—> Xy — Xjga— o
FE Pit+1

is called a fH-sequence il X, — X,y > Xy is fH-sequence for i = 1.
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‘The following proposition can be proved in an obvious way :
Proposition 1. If (2) is a fll-sequence, Y a topological space, f: Y =X

« confinnons wmap and F ¥V o = X, (i = j), @ homotopy for pi_y ... S
then there ewists G2 Y <1 - X a homotopy for [ such that piq .- PG =
pisy I

Let (1) be o sequence of conlinuous maps. We consider th e space
X, = {(r,. @) € X, 2\3/w(0) )l A continnons map ke X, - X
is ealled a fifting function for (1) il

a) nrp. o) (0) v and

By pra py 1. @) (8 = paoll)-

The prool of the following theorem is analogous as for Hurewicz fiber
spaces (2], p. 123).

Theovem V. The sequence (1) is @ fH-sequence if and only if there crists
a lifting function for (1).

Let 1) be a sequence of  continuous nuaps and f: ¥V - X, o con-
tinuous map. A map g: ¥ — Xy sueh that p, pg pof is ealled o lfting
of maping [, with respeet Lo the sequence (1).

Generally, given the sequence (2), a continnous map f: ¥ — X, and
[ i then o contimions wap g: V= X is called a fifting at X, of [ with
respect to the sequence (2)00 py o pd = 0 [

Lemma L. If (2] is « fll-sequence, then for any patl w € X] with o0} =

v, and wp € X(J = ) such that pg_y ... pilas) = i there evisls @ fifting
o' of & at X; with respect to (2} such that w’'(0) = ;. The prool is obvious
in view of proposition 1.

We sav that the fH-sequence (2) has a unique  path lifting 1t for
every two paths o, o € X with o(0) = «'(0) and piay Pt = Pigy e
vy 7 (J < 1), it follows @ = o and il Py o X Pry e o’ it
rollows o =~ o'

Remarks 1. If p, o p, is a Hurewicz fiber space which has a unigue
lifting path, then (1) is a fH-sequence which has a unique lifting path

2. If p, is a Hurewiez liber space with unique path lifting we don’t
know if the sequence (1) is a fH-sequence with a unique path lifting.

The folowing lemmas are obvious:

Lemma 2. Let (2) be a [H-sequence. f2Y =7 X, a continuous map and Y
a contractible space. If f(Y) C pi—ipi( Xy} then there exisis a lifting al
X, of [ with respect to (2.

i Pe

Lemma 3. Lef (X)) = (N} = (Npoa) bea fH-sequence with uni-
que path lifting. If y, is « strong deformation retract of 'Y then every map
Fi(Y, )= (Xo au) has « lifting (V. y,)—= (X ) with respect to the
fH-sequence given above.

Lemma 4. If(1) is « fH-sequence with unique path lifting, then a necess-
ary and sufficient condition for f: (V. y) — (X, v)—where Y is comnec-
ted and locadly path connected — to have « lifting (Y, yo) = (X, by} with res-
peet to (1) 1s that :

. ———
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P fo 7 (¥ 40) = Pan 1o 7N 7)),
Let now he the diagram

, P . Pz .
X, -1\, - X,

b l%pé b ey

Y, - Y, T,
with commutative squares. We remember, the firsl square (for Instance)
bs o wd’ square (3], p. 83) if he is exact, that is, from p'(y) = pulwy), 1t
results that there exists #, € X, such thato,(x)) = yy, pr{@y) = 2 and, more-
over. X, is homeomorphic with the subspace { (2 yloodws) = p1 (1) }

A LR
and X, = X, XX, + X, XV, is the inclusion. We can prove.
Proposition 2. If in (3) the squares are 1. 1" and the second se uenece s
a [H-sequence, then the first one is a fH-sequence.

Proof. We use the theorem 1. Let be

Y, = [y, ©) € ¥y xYije(0) = pdyyy and

X, = {{r, 0) e, X Xz/e(0) = ]71(-_121)}-
By assumplions of the theorem there exists 2 : Y, — Y1 which is a lif-
ting Mnetion with respect to sequence (2). We define a continuous map
70 XN, = X1 Let, for this aim (2, ©)€ X, Then {(g,(7)), 9, 0) €3, We
can  consider Mo(ny), o.0) (e Yo We have W(gey), @,0)(0) = @.(1y)
and py " (20, o)) = pipaw (1) = oapeo(t). Tet ot L (y,, @g)/palifs) =
= aday)) — X, by the Tomeomorphism which exists since the second squ-
are s i We denote By, @) (1) = a(pi(odvy), e.o)i), puit)) € X,
Then golh(ry, ©) (1) = pun(ele), o)t and  poiley, o)) = pold)
We have ¢u(h(z, o)(0) = pip,). If we consider the homeomorphism
9 (g, o) (i) pgldy) 1 = Xy, let 20X, — X, be the map defined

by o, o)D) = Bk, o8, M(gyer), pue)b). Thercfore g (r;, o)) =
= (o (@) pew)t) and also pi(ey, o)) = Iy, w)(t). Hence pyp (e, o)
(1) = ey, @)(1) = pa (1), Moreover gy(h(ry, ©)(0)) = pio, (1) = eapr(e))
and pah(ary, o)0) = p.e(0) = p,p,(r;). Whence it follows R{z,, o) (0) =
ooy W have  aplry, ©)(0) = ey, Py, ©)(0) = Alzy, ©)(0) =
— pylry), therefore a(ay, w)(0) = @y Then & is a hfting function for the first
sequence and by theorem 1 it follows that it is a fH-sequence.
Covollary 1. If the diagram

P, r, Py Pipa
Xl _".\2 ’x\:;—v) ----- X{ 'AYf +1"'_"""X,' dor et
|
(4) ?, 9, 2, P P Piys
T L i Po 4 Pen
¥ -Y, 0 £ RREE ¥y Yy Yisa—> -

contains w.i'-squares and the second sequence is a fH-sequence, the first one
1 a fH-sequence.
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Corollary 2. If in (3) the squares are i ', the sccond sequence is a fH-
sequence with wnige path lifting and %, is o Hurewics fiber space with wnique
path lifting, then the first one is a fH-scquence with wunigque path lifting.

Generally, il in (1) The squares are i the second sequence ison
fT-sequence with iique path lifling, white the maps o are Harewiez,
[iber spaces with unigque puth lifting, then the Tirst s o fll-sequence with
mique path Hifting

3. Now we suppose thal (1) s @ JH sequence with unigque path Tif-
ting and that X, Xy X, are conneclod loeally  path connecled spaces.
Under these conditions we say thatl the sequence (1) 1s @ corering  sequence
for X, il there exists an open covering A0 of X, such that

(5) P, pas)) C P PNy, @)

Remarks 1. I in (1), the spaces N = 1,2, 3)arc connected locally
path connecled spaces, py is o covering map and p,is a ITurewicy fiber map
with unique path lifting, then (1) is a covering sequence for X,. In fact,
under conditions given above, {1) is a FH-sequence with unigue path lif-
ling and there exists, {[2], p. 108) an open covering A0 of X, such that
=AU, (pda)) C pre 7Y ®): whenee it Tollows condition (3). Then if
Py oad g, are covering projections and N7 -1, 2. 8) are conneeted lo-
eally path connected spaces, then (1) is a covering - scquence for Y,

2 W pyopisa covering projection and X arve conneeted locally path
comnected spaces, then (1) is a fH-sequence with unique path liftingand there
exists a covering °F of Xz such that =(°F, . ) paeprer( Ny, 20) fet Al -
— (7 (W) Ve we have pam(i, pley) C =Y, po pa(er)) and therefore
pae =AU pylg)) & Paeprl N v henee (1) 0s a covering sequence.

3.0 W (1) is Sl -sequence with unigae path Hiting, .\, and X, are
connecied loesllv path connected spuces and .V, is a connected locally paih
conceted  and o semilocally Teconneeled space, then (1) is a covering
sequence for X,

In fact, since Xy 18 semilocally 1-conneeted,  there exists a covering
U of X, such that =(0 ay) = O, e

Proposition 3. If (1) is « [ -sequence with wnigie path lifting, then
the sequenes

Op, Qp,
(6} KN, ) SOV, oyl T T QLY 79

is a fH-sequenes with unique path lifting.

The proofl foHows directly by delinition or by thecorem 1.

Corollary. 1{ (1) is a fl-scquence with unique path lifting and X,
are connected locally path conneeted spaces, then (6) 1s a covering sequence
for QLY,, r).

One can wse the proposition 3 and that =(Q(X,, #.)) = 0, whence
U =[N, @), 2 salisties (5).
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Proposition 4. [f in (3) the dicgrams are w1 squares, N, and Y, are
connected locally path connecled spaces, o is d hontcomorplism, @y 2 7 (N g,) -
» =V, is a monomorphisw and the second sequence is a4 coTering sequence
then the first one Is a covering sequence
Proof. Lel A he g covering from Y whicl satisfies (3) and let AU
S =, T e Lt [0 % @' o 'er{U). Then

[2s (00 % o ¥ © N} e =(r:)

We  have populo % o o ) = papie, where Je]e=(V00) =X, 7).
It follows ‘

mapaler X 0 ¥ o) > p.}‘]);r?l(rg',“-w) reb F, therefore :

Daps (0 ¥ 0 ¥ o paoainler! o) rel 1, hence

i

1y

mePe (00 % 0 F o l) x il w) rel I whence
polo £ o ¥ o ') = pap (e 1) rel I that is
Pasfr ¥ 0 ¥ o € papenlN @) therefore
Pl )} C Paepiem( Xy )

Since in view of Corollary 2 of Proposition 2 it follows that the first se-
quence is with nnigue path lifting, it follows  that this ome is a covering
sequence.
- We give now another characterization of the open sets U7 of cove-
ring which satisfies (3).

Let (1) be a covering sequence. Let &6 covering which satisfies
(5) and we suppose that there exisls [ ¢t such that: U is conneeted
b)) € UL herefore pt (U) # and pJL) s an open setin Xy Let
he the dingram

P, P,
E*\-l- '3') 7 [-\'31 .’_’1("')) - (‘\':;-(Pg P[(;"').i
{7
!
(U, ()

for o€ (pso pr)-t{popiliy)). Beeause Pastem(U, py(ie)) S P e (Y, ) i
follows by Temma -, ((1) being with unigue path lilting, it has Lhis property
wilh respeet to any connected path space) that there exists a unique map
Lo (U, pla)) — (X,. @) such that p, pfe = pai for a ¢ (p. - PO papln )
Since pr'(U) # @ 1t follows that (pyopy) HpAUN# . We prove hat
(o P (pUY) = U idU), lor: v e{pss PO (papnla)). Lt ay € (pae
o_pl) L p{U)), g o path in U joining il and pay) and o he a NE
ling of this path with @,(0) = &, and p,pe, = po. Then pypo,(1) = pa
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ws(1)=Papr(®s)s therefore @ (1) €(pao PO k) Sinee (1) is a fH-se-
quence with unique path lifting and the sets i0(U) are path connected,
it follows that these sets are disjoint. 1t follows that the path o, is con-
tained into @, (U). Therefore @, € b ) (U) and henee (py° ) (AU S
C Ut (U) for 1€ (pgo o) Hpemilan)) The inverse is obvious from PaPiily =

o
Since (= )~ {(pAU)) is open in X, which is locally path connected

and (U} are connected and disjoint it follows that i, (U) are vpen sects
in X,. Moreover, since pe o mfic(U) is continuous bijection and Z(U) and
p(U) are path ronueeted it follows that £(U) is applicd homeomorphi-
cally onto pyU) by Ppee i Thercfore we have :

Theorem 2. 1f (1) is a covering sequence for Xy, q fullfils (5), Uell is
connected, p(U) is open and pTNU) # @, then p(U) s cvenly covered by
Pz

Corollary. The connected locally path connected spaces are the ebjects
of a category with covering projections as morphisms.

In fact, if p;: X; = X, and p,: X, = X; are covering maps, then
there exists a covering A of X, containing connected open maps and such
that =040, pyle)) C pr(Xy, ). The map ps which is a covering map,
is a locally homeomorphisny, therefore an open map and hence po(UV) is an
open sct for every U ¢ §l. Morcover, since py is surjection, piNU) # @.
By theorem 2, po{0) is evenly covered by p,p;. Morcover, {pfU)U €}
is o covering ol X because 3y is surjection and therefore pyp, is a cove-
ring map. The other axioms 1 definition of a category are obvious satisfied

4. Let

ql ’f.

Ny —— X

(]r) Xl -

be a sequence of topological spaces and continuous mMaps.

We say that the sequence (1) is o fl-sequence if for any topological
space Y, any continuons map £ X, - Y and any homotopy G: X, xI -
—~ Y for gq,, there exists o homotopy F: Xy %l > ¥ for g, such that
Flg, % 1) (g2 X1) = Glg. 21)-

A sequence

3 4, 4 Teir

@2y X,o—Xp— Xyeroortm Xpor XNigg N &
is ealled lo be a f'-sequence if every sequence

i T

PSR

i+2
is a f'-sequence.

Remarks. 1. If in (1) g, 0r 42 is cofibration then (17) is a f'-se-
quence.
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2 I (2} is n f'-sequence then for every topological space T, every
continuous map ¢: X;= ¥ and cvery homotopy G2 X; =/ =Y, (7> t)

for gqiv ... gi_y, there exists o homotopy F Xy < —y for ¢, such that
Fg: <10 .. (g, %1) = G(g; x1).

. Let AC Y and fiX = 4 be a continuous map. We say that
is a ‘f-_rffmct.ot V if there exists r: ¥ — A such that rif = f. A is retract
of YV iff A4 is 1,-retract of Y. |

7 £

Proposition 5. Lot X — A4 — Y be a f-sequence such that Ais a
weak retract of ¥. Then A iy« f-reiract of Y.

Proof. Let r: ¥ —.Lwith ri =1, and let G A x I->1 with ({(«,0)=a.
There exists 1: ¥ X I — oL with F(y,0) = ry)and F{i x V) (f 1) = G(f X
1), Let r/: ¥ — 0 with »"(y) =F(y1). We have F(EX D (f X)) (@) =
=G(f X 1) (w.1) and therefore F(if (@),1) = flx) henee 1" if () = fla).

We give now o necessary and sulficienl condition for a sequence (1)
be a f-sequence. Let be the sequence

h

(8) A, -X, ty X,

We consider the space X, ohtained  from the swnn (X, > 1)V (G X 0)
by identification (&, 0y e X, X [ with (ga{).0) = X, 2 0. We dcnuté the
clements of this space by [wyt] and fa, 0] Thercfore [,0] = [g.(1,).0]. We
define the maps: S

i Xa-fxaxl and gp: X x T=X; by ]y, t] = (go{a), b)y g, O) = (o, 0)
and gy, 1) = [g,(x,), ] vespeetivelly. We say  that a conlintous map
S Al =Xy s a retracling function for the sequence (8) if

(9) 0 iqy = -

T‘heorem 3. A nceessary and sufficient condition for the sequence (8)
be « f'-sequence is thal there euists for it « retracting function.

) . ) - h I -

Proof. We suppose that (8) is a f'-scquence. Let be the diagram

i 4o
X]-""'_—"Xg _'X3
¥
6 x.%|
o xl | g %1l
‘\.] X[ —’4Y2 XI "'X3 XI

where  g(uy) = [as, 0] and Gy, 1) = [@y, £]. Then we have G, 0} =
= l".lz’ ()‘] = [g. (). 0] == ggs{x;) ond therefore there exists p: XgX I—
— Xywith gz, 0) = 8(r) = [ 0} and e(g: X1)(g, #1) = Glyy X1) thercfore
¢igy = ¢. Conversely, let be the diagram
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T4 "ty
X, X, X,
< |
Gy g
e
q, %1 . g1
X< Xy f ——— Xy T

with _G(d‘z, 0) = ugq,{v,). Let G:X, -V with G g, =G (¥ 1)
and  Glrg, 1] = glay). We  define F:Xy «f — ¥ with F—G oz We
have F(ag, 0) = G, o{ag, 0) = Gy, O] — & rd and Fg, < Vg X 1) (o, ) =
= F(q,, gu(@), 1) = Golgy qi(ay), 6 == Gly,(ey). 1y = Gl{gq, <1){r,, 1} therefore
5.8) is a ff-scquence. An analogous proof as for the theoremy2 may be  used
o1

Proposition 6. [f in the dicgram

4 ‘ T2 (F T
_\}1 ,\‘.3 ‘\.1 o m = .\f,- —_— ,\.;1._1 . — ..\', 2 4=
: . .
l ) 13
{9) Yo vy Ya 7 Yiar Vive
o h o ¥ ¥ Yier |
¥, Y, Ve «— Y- Viggr — Y —

the squares are . i (|3). p. 33) and the second sequence is a f-sequence then
the first wne iy [Tsequence.

By theorems 1 and 3 we can prove:

4, 1,

Theorem 4. Let X, Xy > Xy be a flsequence with X{i =1, 2, 3).
Hausdorff locally compact spaces and Y any topological spuace. Then  the se-
quence.

P »,

(10) Y —— - ¥ — ¥V with plg) = g0

o
is a fH-sequence.
- Proof. Let p: Xgx I = X, be retracting function lor the sequence
given above (thcorem 8). We define the map

o ¥V YO with p'(g) = 40 ¢

o

Since .\'2, and X, are locally compacet spaces X s also a lueally compact
space. We have Y% 2 (YY) I with a(e)()r,) = o(ag, 1). Let be the space

Y — {(g, G) & VO (Y¥)Y[G(0) = go gs).

We can define a map
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0: Y% o V% by

e )= G () and Ofg, G|y, 0] = glrg).
laa, O] == [gelia)s 0| then O(g, G)[rs, 0] - GQOY(ry) = dlgafea)) =
= 0(g,G) [qal2s), 0] and Uhereltore 0 s well delined. Now we define the map

G YV - (1}'.\',:'_1

by the composition

A ° @
YV o Ko Yo (Y)Y

therefore 2(g, G) = 29'0 (g, ). Then we have

g, (H(0)ay) = (28" 0(g. GY(0)iry) = = (0(g, G} 2) (ONag) = (0{g, G)eg) (4,0)=
O g Y[y, 0] = g(ry) therelorve g, GH0) = 2. Moreover p,p, 74, YD) =
(74g, GI = (s g )(ry) = e, Gy () (g2, ()= {0(g. €)= 7) (g () 1) =

» -

{ | !
' & (el )y 1) = U, GY i), 1] = G (ey))) = (61 ‘_"1) ().
— p G () therefore pypy 7 (g, G)E) = p,G(Yy and henee 70w a lifling
funclion for (10) and by theorem 1 this is a fll-sequence.

Corollary. If the sequence

7 s i 4
N+ N, - Ny NN e N
is a f-sequence. Xy are locally compact Hausdorff spaces and Y any topo-
logical space, then the sequence

", P », P LN
FPhao Yo Vo VY S Y - Pl
with pelg) = Zoqiy Is @ SH-sequence.
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ASUPITA UNOR PROPRIETAYL DE RIDICARIL $1 ENTENSIE A HOMOTOPIETR
ALLE SIRURILOR DR APLICATIT CONTINUL
Rueanmat
in accasta Nota se definese fH-sirurile in analogie cu J-sirurile {1],
p P
se dau conditii necesave o suficiente pentru e un siv X = X, = .\ si
fic fIl-siv. Se dovedese nnele proprictati  ale fH-inuilor.
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Se definese sirrile de acoperire s ¢t o aplicatie sc arati ca spatiile
concxe si local liniar conexe formeaza o categorie ale carei morfisme sint
proicetii de acoperire. ‘ o o

Se considera notiunca duala acelein de fH-sir s anumc Jlesir, care
seneralizeaza notiunea de cofibrare. Sc dau conditil necesare s suficiente
¢a un sir sil fie f-sir i sc demonstreazi o tecorema de dualitate.

SUR LA THEORIE GLOBALE DES CONNENXIONS PROJECTIVES,
LIL GROUDPE DIIOLONOMIE

PAR

GH, MURARESCU

1. Introduction. Soit P(M,(7) un cspace (ibré principal quia A comme
base ot @ comme groupe structural ot E(M, G, P(M, G)) Vespooo fine
assoeid, soudé a ko base M2}, [ Soit PO ) I o Go Tespace Tilee
principal réduit, dont Fexistence est nssurée par Pexistence de fa soie
sur P JI) on définit une connexion Cartan par une T-forme o domice
e P(M ), avee des valeurs dans @ — Falgéhbre de Lie de 6 — et satisfi-
sant aux conditions

a) ol = pour chaque A&k - Valgehre de Lie de I o e

b} R, 0 = ad (¢ 'y powr chaque ¢ & I :

) ol X} == 0 implique @ =0 sur P(M, ).

2. Les connexions projectives. Soit & = PPLin, B) = aroupe pro-
jeelil qui actionne sur ¥ (Fespace projectil) par gy’ = (af —ap)fii | a)
et U e sous-groupe (Cisotropie pour G0 ... 0) & P*) défing locaiement
par at — 0", Nous avons défini [7] une connexion projective sur P

PO Y comme une connexion Carlan, Celte connexion st dovce pay
la 1ormie o = (of, ol o) avant des vateurs dans g — pl(n, K}y — I
Eodlln, Ry 4- R

- Les Gquations de struetire pour L connexion projective soul |,
7]:

dw’ 1wl A b= Q)
(1) dot 4 of A of + ol Ao, + 3 o' [ o = Q
doy; + w, A o, = Q)

QF = () &tant Ly forme de torsion el Q7 — (Q Q) la forme de cour-
hure. )

' Pour ta Eheorvie Tocale des espaees o contiexion projective, voir [1].
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