APPRONIMATING DIFFERENCE SCHEMES OF CAUCHY
PROBLEMS FOR EVOLUTION SYSTEMS AXD APPRONTMATION
OF TWO-PARAVMETER SEMIGROUPS OF LINEAR OPERATORS
BY
N, GRADINALY

This paper s concerned  with  the approximation by diffcrence
«ehemes. of the problem stated in {2]; and the convergenee of the approxi-
mate solutions by studving a sequence ol two-parameler seipigroups of
linear operators.

1. The difference schemes for ,evolution systems™ in a Banach space B.

Let us consider the .evolution system®

H

— = o,
oy
v Ju
i .
— = A,
d i,
and the condition
(1) T | uiz) — wy | = 0.

Lol
Zy0

2%

in which .,. 4, are bnear independent operators of
d ['E':- EE} = I“‘; = {'T (E.l: 22}: él } . E_-_{ U: (E.-l: E:’.} ?L(O' 0"

having the domain D= D(.1,) = D(1,) and the vanges B(-L) (0= 1.2}
in a Banach space B.

We shall assume that 4, and o, commute on R4}V R VD
and w, = B is given.

In the work [2]. it is introduced the notion of solution for the
system (1) — (1) and it is sindied the relation between the Canchy pro-
blem anid the two-parameter semngroups.
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. F vy =\’ " - . NITOL ! st ' o alr i A R L YIRS - . O
[t [',ll_n;: =3, 2, uT.\ L fwa sequ nees ol _h}u..n hounded op Faking ff,,(.f) = uh! Tov My < 2, -7 (& | Vi 5 < &, = (D4 Ve it appe-
ealors havine the domain B and the rnge v Boosatislfving the condition Ars amin the couvergenee qncstmn n[ w!mmm e, tigh =T (M, of ()
i { [ | to the solution w(e s w,) = - I{J\:.'“ of problem (1) — (17 for we K, where
B e B 1 otr) and Tle) are operators in I orespectively defined by
for cach n. and approximating £ {4 1.2 the sense that P
: Py = v (e i), o 1
. . . [R28 1, =
2 Iy A, , 0 d,ou for neE D oand 1.2, L N " ]
[ , "o o !('?)”IJ 'l{('? N Hll)?

and they can be extended on whole £8 by contivaily. We shall say Hhat

We consider the semi-diserele differenee sehome @ e )
the seheme {(6) is stable

ihit, [ 1
J—E'l Sy M [ hre M EER)
cl . 9
:3} Hu(”: (}) - Nl'l: o " = Srpil
A, (o P TR s MR
= « PR He
oy for some conslanis A aud M independenl of noand b For exaonple, of

7o and T, 0 <1 then (8) s sabisfied. i (6) is stalile then the

which is an approximation of (1) — (17} m the sense of (2). ] 1oane !
wlution (7) will salisfy the estimate

It follows from |2} (theoremy TH) l'h-nt the problem (3) has the wnique

solution {in the sense wiven in | 2[) ]1_(!\(“;'4!!; )

Il ”n u
3 7 = : - E-; .l, & . LG YRS . i » - : a
" ale o)l IR T Sl R ) i Suppose tiwk the hypetheses of theorem 37 frong [2] ave satisfied:
i~ o we shall generalize some vesults from [4] af the problemt inbrodueed in [2]

The proofy arve similar of those in {+]. Throughout this pape the cov errrcﬂcé

v I - . Ve N .
Define the operator TL(3,0 2,) on 12 by the coualily of operalors is the strong converaencee.
Tz, 2a)ag — ey Hor wy & .

- e o - P g gt M g - HH
We have 2. Two-paramefer semigroups of lincar operators, and resolvents,

{3) T g eFulii s
A : . )
where r— (£, 1) & Er and K, = wax {40, Definition 1. A family {T(2); = B3t of bounded operators on B is
AP : " ! fil called a proper (two-parameler ) sendgroup r,

Now (he question of convergence of the sequence ol semigroups 7,(r)
which satislies (3) is arising.
The problem {1) = (17) may be also approximated by the seheme

Tl -+ wy = Tlay) Tl for any v s ki,

T(00) =1 {ideaiily operator on B}
and, in addition,

wEL L= ke

(6) wE L= bt (o | = 0.1.2 ... {9) ijn.:- TEL Lyy=y for any y< B,
WY = % = uy, and L

where s Ty =W+ To Top =10y, 1ol = ulbkhy, 1h5); the two (10) T) <M forall v K.

operators ), .1, , are given above s.msl\lnu‘ (2). [ is the identity ope-
rator on B, and A} 0 (i = 1.2} arc the steps in the direction &

Then 7', and ’I,,, are bounded commuting hnear  operators on
B. The solution of (8} is the following one :

- 1) g
(‘) Irﬂ I]?f IJH”H'

where M s a constani.
Remark. From svmigrmlp property and from (D) it results

lim sup log || Flqud = w, < (h =1, 2)

noem
’1
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{where g, wy s a0 hase in the Euelidean space 15) and  thevefore in the
seneral ease

I T < || Tizan)l ) T (G < Metailo

henee the semigroup V(@) = emiont @ Tla) will he proper.

L 700 i o proper semigroup then [3. ch. 10§21 lhe imfinitestnad
ceneralor (1.a.)

A R
{11) vy -l = [ Te) Ty
=0+

s 0 linear closed operator and it is densely defined in B Also, il s
known that

12) % TEy — T2y = T Ay Tor y e D).
dz
and

K

o \'n_g..; Higds [T (o) — Iy Yor 20,

0

and y e D{A().

From Hille-Yosida theory (|3, cho 9, §1) it resulls casily the
ivllowing :

Proposition. [ T(x) is « proper semigroup, then for any 1.>0 and
v & Ef there is a bownded operator on 13

o ) = (M — )

which satisfies the relulions
(1 Ao Ay = \(""T-f.s-r';.'r[d.s-. y=B

{13) i 2f (0.5 Ky — i for any yE B

uniformiy w.or. lo w,
{16) Alr; Ay — Flus A} = (i — 1) s ) s oHa)).
and |24 A = M where M is independent of 2 >0, = 1, 2.
and 2= Ky

Definiiion 2. The fromily of a;u‘r(dm'g G{n: @) defined on B is called
a proper resolvent family if

(16) Bz a) — s 1) = (i — NP0 OHe: )
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(17) g )< M

for any 7> 0, m o1, 2o and r e Ef.

(18) i agf{(h: &)y =y
AR

wniformly with respect tox for any y € .

it ‘can be shown Lhat if (i &) is a proper resolvent family. then
A Mn: ) exists and is a densely defined operator in B, for cach 7 and
p(see | 3] ch, 82§38, b,

It 15 ensy o show thal the operator

14 Q) = oI — 77w

in independent of 2 oand that it s closed.

Theorem 1. Supposc that:

1) (1)) s a uniformly proper  sequence of semigroups  {(namely we
have (10| T (@) == M where M is independent of Loand 2) and (i f—lﬁ.(;r:))
is the sequence of associated resolvent families.

2) The operators defined by (Hn; @)y — lim {7 Q(x)y) form a pro-

per vesolvent family (where the lamit s mr{fur:;z with respeet to @ and 7 on
compuct sets). '
3) The operator (19) can be represented as Qfr) = 5,0, - EQ, with
and Q, independent of * —= (%1, 5.
Then the sequence { T ()} converdes strongly to (&), the proper semigroup
having G0z @) = G(r: Q&) as resolvent family.
Proof. (we use the Hille's method from [3. Theorem 12.3.1]).
Define
POy
T(tr; n) —"([ - - (—)) :
n
From (17} we have
(20) | Tt n)|| < M,
hecause

T(te: n) =

We have also . lov § =1,

b T )y — y for wny y&E B

Lo

S0
For ye D)) we have
IFATE IR w1l
411(1;.{, ", ( . Q(J'J) Oy,
[

n
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and Tor g & DQ{r)) we have. also:

4
Al LAl { I g i
Tt )y — Tl n)y = \ —(-—E T = syren)T(ee: njylde =
b

des
: ¢
. - | — ¢ = J‘ l", R TR| Q) r n l‘
- \(r - __:](! — (— il _(f,._)) {[ — FSL)) QX ayydo.
(W] A, Hi n
)

From (17) 1 follows

(7 — 20y " M for o - 0 and mos= N

Thus
. Mo { .
Tt nyy = T omly - - {] = —] Q! e DIOG@))
2 N "
and for /== 1 we have
. . . , A 1 . oo )
() T )y — Tl owyll = = ( =t ) (£,Q, -+ 2,000, yesDIQ¥(a))
2 \n m

Then, for g & D{Q¥a)) Lthe sequence Tl n)y converges as - .
eniforndy with respeet to 2 on compaet seis from B2 () (0, 0

We denote () = lim T my (y = D))

n—-o

Abso, Py - Ty as n — oo, uniformly over every bBounded
{-interval.

D(Q3eYy is dense in B beeause ¢ 2 Qe)) is a proper resolvent fu-
mily. Henee, from | T(r: n)|| < M and by the Banach-Steinhaus theorem
we have

Pla)y =l Ty for all y< B,
i @n
unifoymly with vespeet to . on compacl sets. Furthermore, T() 15 strongly
continuous for » & B || T <M and T(0) = 1.
Indeed. we have Taw T nr) = 1 and we define in B the follo-
P
wing parlial order velation :
for =&, 2., & = (. &} € £ we put
Pt W E < E and L I
Then. by Moore's lemma ([1], 1.5.6) we have

limy Him T s 0) = lmdim Plr; o) = Hin T{e) = 1
T ] roall pevgb 40
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Given an arbitrary 2 0 there is o posilive integer N=N{(z) and

a4 number 8(z) 0 such thaet:

Ty — Ty | Tlag)y — Tlog s Ny Tlry: Nl —

— Tl Nyl 4 Tl Ny — Tyl = for o —ory 8{z).
Remark. If 7 () is a proper semigroup and (7 : Q () )is the asso-

ciaied resolvent. then we can pul

’ i
T iy = lim(l — ;lﬁ)) i

[

u'l
»ow n
Vs, T 000) b o one-parameler sentigroup with respeet o f for fixed o,
with the vesobvent gz )] and iU is known that

. 1} "
lnn( —ﬁ-)) g = Tty = Tyt

"% H

Henee Tty — Tty for all o 0 and each fixed oo therefore Tyl =
7,0y and then we have the exponentinl formula

T
G- lim(l . *_l{'}) 7

- H
Now. we show that lim Ty = Tlrly.
A
Letting m— oo in (=) (n fixed), we obianin the estimates
; . M . : ,
Pl n)y — Tyl <51 GQ -+ 28 g for g € D{ER(r))
2n

abs. Lor caeh & and each gy & D(Q3(r)) we have :
M

2n

Tlr:niy — T )y | iilﬁ,_k SIS E:ﬁz.l)." yll

(here Qn('f') Z.!IS-EI.J. T E.;LQ-.'J;)- )
We consider p = 3w : Qo)) and gy, — $Hulr)): for a fixed o and

all 2 & B, Then we have
\ (l— Q(.r:)]"' e
n

Tr: n) oy — TG} 4l 2

'
e

T{ry="T{(ry Ty — Tia:njy

] 1 o |
- (1 = (_-,.(.r)) Y | 4 Taa o )iy — i
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M2 | s
L 0uugy |41 gt s NIy — g Byl +

¥

Ty — )l <

M2~ )
F . | Sy |t - 2M iy — il
2y
Since
Qi § =1 Q)2 || = || 29005 Q)) — Iy < (M + 1) =],
and

@yl =1l O s Q) — )2 2l (M 4+ 1) =]l
we have

| Ty — Tilayy |l < 1'3’12(31' + 1) 2| 4l e s Qap]t g —
M

— [ng(n s BN il + 2M Yy = gl
Hence. by the hypothesis 2) we have
. ar
Lim sup || T{x)y — Tyl < —Il =i
7

ko-m
uniformly with respeet to z. Letting here n — oo it follows
T(r)y = lim T (a)y for all ye D(Q¥x))
ko>t
uniformly on compact sets from EF. Since D(Q%r)) is dense in B, the
furcgoing relation is valid on whole B.
We show now that 7'(x) has the semigroup property : we have
Tley + 02) y — T(@y) Tl yll < B Loy + oy — Tule, + @yl +
+ 1 Pfay) Tolag) y — Tolay) Tley | -1 Tilay) Tagly —
—T(ay) Tl y] < | Ty + )y — Tlwy + eyl + M| Tylanly —
— Ty AT oy) — Tey)] Tyl
and letting k& — o we obtain:
T, + )y = T(ry) Ty for all @), 2, < Ef and y &€ B.

Sinee letting & — oo in the relation

0

e~ M T i)y dt
we oblain

e T(tr)y di.

: Qua)y = S
GO Qady :R

families, such that for some post
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then the proper semigroup T(x) has g Q(x)) as its resolvent family
and therefore Q) is the infinitesimal generator of T ().

Definition 3. 1 sequence of resolvent familics (Gfu(k: &)y s called
aniformly proper, if each G.(n: @y is proper and the constant M in con-
dition (17) can be taken independent of n.

Now, we recall the lemmas 2.4 and 5.1 of [4] with some small modi-
fications, necessary lor our purpose :

Lemma 1. If, 1) for cach n, the operator A, is defined on D{ANCB
and its range is in B, 2), the inverse C, of A, erists and is defined on whole
B, 3) | Call <M forall n, &) the domain and range of A defined by Ay —=

lim A4,y arc dense in B, then :

Moo
a) the operator € =lim C, is defined on whole B and has a dense range,
i Bl

by € has an inverse if and only if .1 has a closed extension and then
¢ Vs the closure of <.

Lemma 2. If {¢f,(0: &)} is a wniformly proper sequence of resolvent
itive ., the strong (uniform in x) limad
fim fa(p s @) = 5 @)

n—>@
is densely defined and has o densc range, then for cvery 7. = 0, the strong
(uniform with respect fo ) limit
Wm ¢f, (0 @) = gf(hs @)
R—rO
is defined on whole B, and (}(2.: &) is a proper resolvent.
Theorem 2. Let { T,(w)} be a sequence of semigroups. Suppose that

(21) i T,(@)y =y foral y & B,
s

and

(22) | o) || = MR

for some constants M and K independent of n and @ = {Z1, Zs).

Let Qa(n) = 2,8, , + E,._.S.Tg',, be the i. g. of semigroup T.(x} and define
Q(a)y = lim Qyla)y = (, im @y, - 2, lim Q, 1)y = (5,Q, -+ 2y

Ho= 0o HN=r®

If 1) Qfx) is densely defined,

2) for ecach a. for some iy > K(E; 4 £.) the range R(n, — Q) ix
dense in B, then the closure of Q(x) is the 1. ¢. of a semigroupy T(x) which sa-
tisfies the relation

lim T{)y = y
£,0
et

and
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i)y iy Todeny  for all iy = I
Proof. Define
Tofey = o flada Tolr) and (7} Q. (1) —= K(E, -+ 2

Then Q) is the 1w of T () and the semigronps Ty form, by
(221, a uniformly proper sequence. Fvidenthy, Q') = Tim Q,{r) — Q) —
— K (2, %) is densely defined and RO, — K(Z, — Z) — Q') is dense
in B. The sequence o oy — N(E A2 a)= (14— A, Zap— Q) !
is uniformly bounded with respeet ton and o, Fron lemma 3owith =%,
— K(E, = 2.} — Qu(v) andd O, = ke — K(Z4 Z,0: wh (defined on I
by | 3] chapler 8. § 1) we conclude that the operator defined by

F i — K(Z, 1 200 )y o g, (hy — R(Z, = Z): 0y

"

(uniformiy with respeel to @ = {2y, yofor Z; b 2. K v lh sinee

Folrg — K(%, P E) o) < M(n, — K, Z,)) 1) has the domain on whole
1F and the dense ranee. From lemma 2. for o= 74 — K(z, + Z,) it follows

that
of (3 i) Vi 4, (70: )

forms o proper resofvent

Since (= K{Z-5,) 20 hasan inverse. then  (hy lemma 1) A
g — K(Z, = Ey) — Q) has a closed extension and 4 Yn, — K(3, -
- %)) s the elosare of 7, — K(Z, + 2.0 — Q). therefore ¢4°(n s w) is
the resolvent of closure of (). By theorew 1. the operators (%1 a) form
A resobvent familv of a proper semigroup T7{0) such that 7'(r) = lim 1)

no-wm

and therefore the closure of Q°(r) — Qry — K&, + L) iv ool i) The
catements Tor T(r) follow now inmediately.

Lemma 3. Lot b { be some positive wimbers. and T, T, fwo cominu-
ting operators on B such that gEC L TE e M for all ke N Then Qfa) —
_hE (T, — D VAT, = 1) is the infivitestmal  gencrator of ¢ pro-
per semigroupy S(r) (with | S < M5

Proof. Put £(r) = I! (T, — 1) and Qy(e) Pri(T,—1).

Define the semigroup

, prut e (IR, = DR N = Y

S(r) PONEIREEN l __ ‘> 2 S

tz.. i ! & I |

kon

T (LT A4 | N G i £
b Zuh 3 5 e ¢ il = = .
" 2 i I ?5 ) ! |

From
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Gy I U TN = DA T 2T, T
e IL;U e ! J[ké, it |

we have

15
'—((”'—) S(e) Q- S(te) Q, = S(ee) Qir) = Q) St

and henee Q(eY is the 1. g ol S{r). I'r
follows that 11 .S(@)] << M2 for all » € L
Lc;nma 4 Let b LT, T, Qe), Qr). Qua) and Sfa) be as in
lemma 3. We put l.',l — |h VE] . k= (U 5] (the tateger part) and 7,
heol z, = B34 Then for any y & B we have

om the lust expression of S(r) it
N

CSE gy — Tyl < 0:—;:”" iyl = MUQ (=l b
and )

SUZ, )y — 5yl = °_‘_:‘~w:--_ Qs o MU Qi (1 =hy 7).,

Progf. 1t is obvious that 2, =0 and T =k x — 0{i = 1.2) when
fo | = 0. From (13). lor any y &€ B. we have s

2 4

Sl 2y =y \Sf’f;i.”,'l Qg di =y 2 )y

. \\.s'(:z_l i) Qiay drds = Ty ! \\S(!E,, ) Qi dt d.
i W
Hener |8y By = T << M 21 Qf iy
2
Mrerwards
. ) k=1t
Stz Sy — Thy = }_: Sy 5y ) TS (2, 2,m) — Ty
=y
tenicl
Sz 3y =8 ) < M
Therelore
A L g
Sl 7, &y iy — Thy < BTVAP Q8 () y

-

We have
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| S5, )y — S(kl oy By )yl =1 Sk, =, 31”;){3(51“|—f-‘nluilfh)‘— Iyl <

1wy,

= J‘PH & S w ) (epdt || <= M e ) |1 Q) |i

0
and hence, using these estimates, the conclusions follow.
Similarly we establish the sceond jnequality.
) Theorem 3. Let Ui") and (1,0 o two sequences of positive numbers con-
Srgie el g A Al s 4 N
verging to zero, and Ty, T,, be two sequences of operalors defined on
B and sutisfying the following condilions :

L Al L4 Al y
Tin Ton= Tou Ty, for any n e N
ke | JK g ¥

It Tinll < Mefhby s s Mekéda

where M and K are constants Independent of n, ky, kb, s N.
Let be Q (@) = I E(T, — 1), Quule) = L5, (T, — 1), Q)
= Qx) + Q,.(x) and define B '

Q) == lim € (v} -+ [m Q, (@),
If 1) Q&) s densely defined and
2) for each w, for some 3> K(E, + y), R(1 — Q&) is dense in B,
then the closure of Q) is the & g, of a semigroup T(a)y and

gy E e g1 gz -1

Py = lim T2 T
Proof. Tt is obvious that Q) has the form Q(w) = Z,d, -+ &ud,
\’v‘l_ler(- Ay and A, ave independent of . Define T, = ¢ Eag ' and
1’2,‘,};- e~k Ly L osuch that for all &y, and £, we have || T < M and
| 255 -‘:\”ﬂl. Then Q) = V5 (T, — 1) + 718, (T, - I) conver-
ges to Qa) = Q@) — K(E, -+ £,) when # — o, on D(Q(r)). Henee Q'(x)
is densely defined and B(7. — K(Z, 5 &,) — () is dense in . Let Sy}
be the semigroup gencrated by € () (lemma 3). Hence || o) [ M2
By theorem 2, there is a proper semigroup T(w) = lim S,(e) its 1. g',r.-bcing

. - i—
the closure of Q'(x). We put &y, = (At 2]t hpu = |15 5 210 = MaET1:
By nit= faZy! .
I'hen

Sy — .T':rlrs" '[‘_‘_,t"r'fs" gl S () wy) Sk 1L ot — SL(Z i ’I':f:‘l"' g
N2, uy) T_,'_lﬁ"' Yy — 'I';":-n ’1'_'__"';-?" gl ME S wa)y — The gyl +

| & g L . "IIF Fon a .
M ‘Sn(:t “l).’/ —-— 1'.1’_:11‘,:4 7] __g ey = i)_:,‘”p,( JI— 11'“ !.2_, wif ';'I —_ ]"1_:- :/,_,,”) i

M, . . '
< QF, pl 4 AN Qe Y — bputia)
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For iy & DQ(x)) the sequences ( Q2 i), (i) (i = 1. 2) converge
and henee they are hounded.
Thus
N ’ N N e fl'i-ﬂ" v n
l'm; Ny u 1”'";'71,1'1'" 12’;. y = T'{(r)y
or any = IQ(r)) and by the Banneh-Steinhaus theorem, Tor any ye 8.
Noaw, Irom ’I‘:'lr;n 'I‘f;"." eRohy gt ko wla) ’rl‘.:;” ’l‘.,k';"_'" il follows
nn THe Tlen cRiae T ey — Ty and o the Cclosure of 0 Q)
Q) - RK(E 2, s the g of semigroup L)
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SCEHEAMT U DIFERENTE CARR APRONIMEAZY PROBLEMIE CAUCHY
PENTRU SISTEME DE EVYOLUTIE S ARONTMAREA SEMIGRUPURITLOR
BIPARAMETRICE DI OPERATORT LINTARI

RHesuimat

Sint considerate aproximart prin scheme cu diferente ale problemet
puse in [2] si se studiazi convergenta (e in 4]} solutitor aproximative
reducind-o la cercetarca sirurifor de semigrupuri biparametrice de ope-
ratori liniari.



