ON TIIE BENDING OF ELANTIC PLATES IN ASYMMETRICAL
FLASTICIETY
BY
A. MANOLACH!

1. Introduction. During the past years, many problems have beei
investigated within the theory ol asviimetricnd elasticity with idepon-
dent local rolations. Among these, the construction of a theory of plates
his reccived considerable witention. The difficultics cncountered in attemp-
ling to soive this problem are well known from the symmelrical elasticita
Thus it is not surprising that all the known theories have beep obtained
by methods of approximalion which appear to be justified provided the
Mickness of the plate is sufficiently smail. From this point of view the
investigators may he divided fido two categorics. Starting with ceriain
« priori hypotheses some authais approach the problem of plates in classi
eal manner.  In this calegory we reeall the contributions of Kringen
(]and Reissner [8)Others dervive the plate cquations by using asymp-
iotic meihods of intesration which are similar lo those synuneiric!
clasticity. A partial vesull in this direction is due to Green and Na-
ahdi |3]

lu Lhe present paper we derive @ theory of Tmear hending f pliie
which is stopler than the theories in i1, 8! and nore complefe it
the first approximation of the plate theory given in 3]

Our method of aualysis is based on five hypotheses coneernig, ihe
displacements and  microrotations and  the shesses and couple-sticsses
which enable Lo express all quantilics which chiaracterize the bending 1y
means of three Tunctions of two variabies. The first of thesc, wie, o0
denoles the defleetion of the middle piane of the piate, the others, diamon)
and @, ), specify the local rotations in this vlope. By vsing ihe La-
eran ¢ variations] principle. we establish the system of equilibriun cqua-
lions {three cquations) and natural boundary conditions (four conditions)
which completely define the present theary,

Maore precisely, the content of e paper is e following @ in Scetion
2 we give (he notations, the basie cquations which we use and we for-
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mmlate the three -dimensional houndary value problem for elastie plale
subjected to bending. The Ffundamental hypotheses of the theory and
heir consequences are exposed in Scelion 3. Seetion b contains the varia
Lional derivation of the cquilibrivny cquations and of the boundary con-
ditions. In Scetion 5 some theorents are established @ the necessaory and
sufficient conditions for the internal energy of the plate Lo he posilive
delinite (1), the Clapevrons theorem (2). the Be tEPs fornulae
and the reciprocily relations (3). and the unmiqueness theorem (1)

2. Notations and basic equations. 2.k Consider an clastic plale of
antform thickness 24 the middle plane of which, in undceformed stale. coin
cides with a,Oa,-plane. We denote by 2 the domain of the midle-section
anid by @ a curve withoul multiple points which design the boundary ol 2.
We suppose that 7 is a regular domaing 1. coa domain Tor which the diver
vence Theorem s applicable.

The plate is asswmed Lo consist of isolropie centro-symmetiie ma-
terinl. The effeets of hody forces and hody couples are disregarded.

Throughout the paper the {ollowing nolations are used : a6 . @y

(1, [. 2. 3) — the components ol stress and couple-stress tensors, B

5,; — the infinitesimal strain components, ;. g, — the components of the
A

displacement and microrotation vectors, P, M, — the components of sur
face (raciions and couples. £ — the tangential and normal directions
to an clement of the evhindrical boundary of the plate. M, oM, &, — lhe
bending moment. the Lwisting moment and the shearing foree parallel to
ry-nxis o measured perunit length of a seetion of plate perpendicentar to
ithe o direction, B, (z — 1,2) — the component aboul ag-uxes ol the
couple-stress resubtant aeting upon the scetion of plate perpendreular to
the n dircelion. = &, ». 7. @, = — the elastic constants ol the naterial.

D — the  classicat yigidity, D’ — the micropolar vigidily, g, 8, — the
pernratation operator and the Kroneceker's delta, (..0), | ... ] — the symme
tric and skew-syinmelrie parts of a tensor and v, — the Cartesian co-or-
dinates. Coma denotes partial differentiation with vespect o variable o,
and the repeated indices imply summation.

2.2, The full three-dimensional field equations of the Hnear asynuu-
ctrical elasticity  with independent local rotations and with no  body
forces and body couples are as follows [2, 1, 3):

— cquilibrium cqualions

(2.1) Gijei = Oy e i+ Zjge Ok = U,

¥

— Kinemabteal relations

RS 0 T . )
(2.2) i i 7 Z Py Pii = Tt

- constitutive cquations
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e R R

YT a2y T T gy Tl b B g
(2.3) "y : : o | |

PO T w35 4 2y) + 55 #ant g P v o= gy ke L

— honndary conditicns

A ~
(2. 4) aan, =125 [t 2 n==(1y, M., Myl

Lo awhal Tollows our atlention will be confined to the ease of a plate
which is subiected to bending by an arbitrary syslem ol slresses and
couple-stre wsen ceting upon the Faces oy = o froand by an arbitrary sys-
tem of tractiors and couples or displacements and microrolations distri-
hied over the evlindrical surface o the plate. Furiher we consider the
aurfance-stresses and couplesstresses which ael upon the faces o he of the
form :

~

(2.5) Py da ) = 0 plag, @) Sy,

i dolyy va)e Mylrye da b hy=v. (s 1.2),

~
(2.6y M (g v n

where poand ¢, are measured per wnl area al the ]'lli(l(”('-.\illl'l'il('("

3. Hypotheses and simplified equations. 3.1 We can prove that the
il three-dimensional problem ol a plaie subjected to arbitrary ('(Jl.l(lll{l(lll.s
over ihe eviindrienl surface and to conditions of tyvye (2.5) and (2 G} on
lhe Faces, can be decomposed inlo two parts. One in \}'hl(:h'l‘h(: displacements
and the microrotalions have the following properties of symmelry @

[irye e oyl (0ge ey — ry) - bt 1 2] (s s ),
) Loy, e ] W 2 — ) = — 1?0 P ) (e Wa; )
and one of the complementary syanuelry, namely

L1eys 2oy 2] (g iy — ) Lty o] (g, @0 Ty),
:h':) |-"‘?1: Pa ”:1[ (""'1: Py t;;) - I.'-?l: P ”:il (-“1: @'y "'3)'

The symmetrics {8,) characterize the extensional motion of the ])]:-l.l(‘ (m:
the plane state of stresses and conple-stresses) whereas (S,) specify the
flesure (or hending) of the plale. . A

There cexists two ways of Irecalment of both problenms : the exacl
lrealment as three-dimensional problems and ihe h\':}-(htﬂ(jhﬁlﬂh:l] treai-
ment which consist in approximaling them by two-dimensional ones.

Our wmelhod of investigation is based on the second  variant.

In order to establish an approsimate theory of bending. when the
thickness of the plate is small as compared with its other dimensions

TR 3 111i g = F aabes | . T A ST
and only small dellections nie laken into aecount we inlroduce some ha
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poltheses. Sinee the displacements and microrotation fields throughout the
plate vaory independently. it appears naturally to formulate  these hypo-
theses as Tollows

(2t} in the middle plane of the plate the macrodeformations are ab-
sent. Daring the lending, the elements of the median section are subjec-
ted to microdefornations only,

(b} the points of the plate tying initially on a normal to the middle
plane remain on e normal 1o the middle surfuce of the plate after ben-
ding and the norneed suffer no extensions,

(¢} there are ao loeal rotations aboul wpe-axis,

td) the loeal rotations do nol vary in the direcetion transverse lo the
plale,

(¢} the normel sleess oy, and the couplesdresses gy, Wy and g,
are small compare o with other stresses and couple-stresses respeelively
s can be disregnrided.

We note Lhal the fiest, the seeond and the Nfth (Tirst part) of these
asstiuptions ave similar to those in Kirchholf's theory of bending in
symmeleteal clastivity, The additional asstptions which involve  the
microrolations and The couple-stresses (the second parl of (¢)) are inser-
tedd i order to obiain a simple and easy applicable te conerel problenis
tHeory.

3.2, Just us o Lhe classical theory ol plates. [rom (a) and (b}, we
devive ithat wy 1s independent of &y, 1. ¢,

(3.1) oy, gy itg) = e, @)
aned
(3.2) My da by} = — e (o) (e h.o2).

The thivd assuuspiion inplies

) Pl dae iyl = 4,

throughout the piale and. fron (d), we deduce thal g, and 5, must be
ol the form :

(5.4) Bely g ay) = gl ), {5 1, 2)

Thus, by assumine (a) — (d). it follows that the displacements il
the microrotaiions 2, have the properties of symimelyy required by (S,).
whereas the equalities (3.1) — (3.1) indieate the explicit form with respect
to iy of these funetions as an immediate consequence ol the specified assump-
tions, By using (a) — (d} and the remaining hypotheses, we ean appro-
sinde {with certain ervor. which is nel investigaled here) the three-di-
mensional problem of bending invoiving six unknown functions 2, and
< Inva Lwo-dinensional one containing only woand . as unknowns

“—"E'\\' ril .F"'.'IZ-I\(. O ELASTIC PLATES 1% ASYMMETRICAD KLASTICNT =) B
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Next we will investigate in detail the last theory. Foo this cod w
Slart with (3.1) — (3.4) and define the two-cdimensiona]l measures o b
Fog o kooand gy in the forn:

(3.5) los—Hka — gy haT= g eath.. wmp=danl (=230
When (3.1) = (3.4} are inserled into (2 2) and the provious nolaticns an

nsed. we obtain the three-dimesional eharaeteristios ol stramm as

(:‘..’- I:i BF"‘ ! :sfln L& '3|_-_- .',|'; 5 -’JI:.\' 7._._,\ .

Substituting Lhis result into (2.3). we have

ey = 0y — A5m | o5k e, i — e + b
(3.3 Koy by = 65y — vl5;, -+ o) Fog, = e — wuyy + gl
by b = 2oy 1 2 G 2YZnm T e
Pofey =an. LEa T e
where the clastic modwli £ E, v are 6]
I w(3n 4 2u) . _/ R -;(:3,‘? 2-) S &
%o o ' Ha-- ) R 2 | y)

In view of (¢) we negleet in (3.5} the lerms in gy, and g, with

H i sy it . ey =

regard Lo others. Observing that g, = 0 {Irom (3.53"),) and solving (3.57)
wilh respecl too stresses and couple-stresses we get

Lo, : .
(3.6) A [(1 — vyl 1 98 KL b= I 4= las
(37) Gleny — 20‘.}'.__,
E _ -
{3.8) Moo = _]_ :_‘H] — ) v T val, w= %y b A
3.8 -
Wiy = 2Y%ny s B T 2y

The remaining stresses and conple-styesses can he obtained by using the
cquilibrium - equations
Thus. integrating the first two equations (2.7} with respeet o the

variable 1, and using (3.6) and (2.3) as well as {3.5) we ohiain
Ik — a%)

21 — v _X‘i\"; e = £, W)

(3.9) Ty

To find the shearing stresses 6., we insert (3.9) into (3.7) 1 the vesull is
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{33.10) I} Aw,, b dafw, 2.5 ;)

In 2 like manner, by substituting (3.7} inlo the first two cquations of
cauilibriim involving the couple-stresses, integrating them with respect
to ey and observing thal gy arc uneven linctions of vy, we find

(3.11) ga — — el o gl Loz, 0]

Sinee by (3.3) and (3.4) we have o, 0, we conelude from (2.3) that
ey — O, or equivalently ;

{3.12) Mag = Hgo

Thus, we have obtained the explicit form of all the stresses and couple-
stresses which characterize the present theory.

3.3 Consider now sections of unit length perpendieular to the niddle
plane of the plate and deline with vespect to these seetions, the following
quantities ;

i +h +

(3.13) M, = \ by o vy, Q= \ ey, Ry = \ taseley

~h —h kKT

We note that the fist sixoof these expressions are identieal with the ben
ding moments, the twisting momenis and lhe shearing stress resultants
known from the classieal theory ol plates. The last four quantities define
the resultants of the couple-stresses across the thickness of the plate.

Now, let us point out the connection between (3.13) and the fune-
tions w and b,

To this end we nultiply (3.6) by @y and inlegrate between vy, — — &
and vy = -+ k. Taking into account (3.13) and (3.5), we oct.
(3.11) M, = — (1 — v)w,, + 3,5

Further, the integration of (3.10) and (3.8) sicross the thickness of the plate
between the same limits as before, together with (3.13) leads lo the follo-
wing supplementary equalities

(3.15) Qe = — DAw, + Safwe, + =9, ),
Ry = D1 — ), +v0], &= & + b,
Ry = 2h(y + ) By, 4 2h(y = ) W5, (2 # 2),
where the constants D and 1Y have the values :

2034 2k

3“]*“ = T ! =T
(3.17) b 31— v oD —=

{3.16)
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We define D7 as the micropolar rigidify of the plate
el s consider now an elementary seetion having the 11:)1'1:'.::11.)1111;(_.
- S . it
The stress moments and the couple-stress resullants actimg on Lhis
lion are eiven by :

A Mo, . M, = Mooy
[3.18) @, Q;N; ) l‘).'.r. — R‘-,-,”ﬁ

i e il acelie] Tivelions by inwe
These relations may be expressed in lerms of aclual funetions by usimg

3.14) — (3.16). Then, we have :

M, — D|vAwx + (1 — v) {z0, | W] A= 2R 2ty Tt 15) ]
M, = — D1 — ¥ [, ] — nY) A (200 — W) il
(819) @ — — DAw, - Sahnc,, + Seh(Dp — ®y).

R, = D' (®,, + v, ) + T L P PR ES

R, = 2h[(v 4 =) 00+ (v — 0y 4 D Dy + 90y i

where #y = cos 0, 0y =sin 0,0 — being the angle of Hu-l(:_.\'hl-m_nlI1ml1'n}:1l

nowith the +. — axis measured in clockwise direction and (b= [ fg .
4. Equilibrium equations and boundary n'zonditiops. .l.” 0;'(-1(. 1'-111‘(:] (:ll))-

fnin the dilferential cqualions \\'lnch. the uvnl\nm\n ]lll](tl(lh-llhld! 7 ul-“-i-

st satisfy and make clear the form '()I‘tll(‘ (-or-rf‘sp().l}(.ll.lgt )(2:‘1‘1) {],i'\

conditions. we shall use the prineiple of virtual (ll‘\})l:l((,.l]..(ll F-H I

o we first establish the expression fot the internal (:]]C.].;,'ly‘ 0 1

plale when the hypotheses (a) — (¢} are taken mto (-nnsuutl.m.nl y
In asymnetrical clasticily with independent lurﬁl‘l t]'_().t:lt:l(i):;rsi: :ti\-l:n

ternal energy Inoan infinitesimal element do ()I'flfl clastic s o

in terms of stresses and eouple-stresses as follows :

(vl
2([‘ 5 o [':- 0' i h‘ G(,J) Glf}) + oy i) H
(<. 1} . —
) ' . 12 v 1 B
N R Bpntin & — e ten | G-
E I e

Ln virtue of the assumplions (b) — {¢) we .‘fl];l” disregard O (-%.1) t‘h(- terms
which contain the symmetrieal parts ol thc. shearing s-tlci..sc.s 61031: ‘;71_»];(
the stress gy and the components {sce {(3.12)) e ‘1 [J:gpl "111‘(’“;1;(.)3',: ¥ L
couple-stress tensor. Thus. using that 6y = . The expres
clementary cnergy becomes :
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/P-u :12__-—_’.15111@:2 -I- '-f(l ~- v (2 — g } "S'h:i

wire S denoles the element of the medinn surfnee. The tolal internal
cnercy of the plate is then oblained by integrating (+.2) over the donmain
g =k Il Substituting the values (3.6) — (3.8) of the stresses and

cottnlosiiesses und remembering the delinitions (3.3) and (3.17). we oot :
10
i . \ [D[{AR) — 201 o= 9) (50, 10,0, = 1] b (o0
(1.3 g
M) (o, — D] o IV (D A Do) — 21— vy, - !

(1 — v)(tb, 4 D, )] - hz(th, | — D LA,

Avcording lo Lagrange’s variadional principle the change of the infernal
encrgy of the plate corresponding to the inlinitely small variations Ste.
Bz, oty must be equal to the work done by surface siresses and conple-
]\-il‘chw\ during the assumed virtual displacements. In our case we must
uve

{1.1)

where, in view

3¢ = 8021 4- 80{.’.
if (2.4) — (2.6), 34, and Sgf, e

Sy = S(})Srt + ¢, 3 dS,

I

A ~
g [— M, 3w, + (@, — M, )ow + R,
€

)

S _Jefs,
ds — being the elementary length of &, and :
Ik +h ]
ta " A Fay N ~
) ' ] » g
M, \.l a Penadeg,  Q \ Pylrvy , M,

—h ‘h
+h
{} A
1v, e \"1[5 diy, ey N or(..

—

~
'y €y Py daryt

o e,

) 10s .

o
-
=1

Ao MANOLACH)

L.3) for Scfy and S, are inserted into (+1) and

hen the expressions ( . . : dinto (3:4) a1
i hen I we obtain the lollowing variational equa

the varialion of (£3) is taken,
fon

\ VDL Awe S{Ar) — (1 = v) (e St gy b T 920 g — T g AT ]
o
wy, — By 8wy — U

szhl{w -+ M) 8w, | By} <+ (
(1)2 28(I)l.1

D@, - By ) B, = By — (1= v} (P 3,

L1.6)
1) (1 — v) (. + b, ) RTINS S LY B 2B, .!—-(1)21)3(4)1,2 _(l)‘l:l) =
- ~ ~ Fa¥ o Il . .

— pdu — g 30, ds — g[— M, dw, + (¥, — My ) o= R, 30, Jds = 0.

Q r
i wel o is o regular domain:
We transformy Uiis cqualion and use the fact & 1s @ |(;;u|ni‘(' i
i forni Yo elementary operations which invele the diverge!
Without perforning the clementary o) : | o ) hss)
Theorem and the integrations by parls {i(_n' delails see, e o, . .
we present only the final result in the form:

L) \ DAAwe — 8Sxh A — Szh{th, | — dy L) — pl SwdS
| .
7
J j"T PO T I i
f— 2h[( L . L) A, - . =)+ baz wa 120,)
2(1 4 v 2(1 — v)

— .} D, dS \{-— Ddw , + Suh(w_,—- Doy —~®yny) -+ DY — v} [

e

(02— n3) + (20, — Wyae) My M) — 17 Beds —|—J CDvAw + (1 + v)

D

T,

3 o ,ds -+ (D, + vy )0y
e

A .
o[y A g) Dy Ay — By} e — By 3yds 5{-.:;:[(-; 2y,
| e

Lo
(20 1y 15 4 10 23+ 200 1y n,| + M,

+ oy — @) Pra) D, 5 - Sy ds = 0/\

n 3 1 " ., - .v
notation 17, stands for generalized  shearing foree : Va

~
wly ) vy — 1{2,,)'

where the

~

]



'-_’_]H O TETE BEND =G 00 ELASTI LATES IN ASYRISE TRICAL ELASTICPTY 10
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— M, .. Remembering that dw, dwe, 8@, and 8dy, ave arbitvary small
quantities and using the standard techuigques of the caleulus of varia-
tions we conclude that Fq. (07 will he sabislied if the following two
sels of equations arve fulfilked

(1.8) DAAw — Safrdoe — Sahid, |, — A Ly — ploy, au).
—2h —I_— 2] A, ——h o | e ey — b =g (),
#{1 -+ ) ' 201 — v

— DAve, = 8ah(e, - Wy — Do) + DIV — v} e u(0F — wi) -

P — ) sl Vs

D] vAw - (1 u) (s0 N7 R Rl

(1Y) By by ) w20y + 5) @ (v = 2)by ny = Ry
o ~
2il(v b o2) Dy (= ) Dyl A DDy, oy, = Ry,

The cqualitics (1.8) can be regarded as equilibrium equations of the plate.
Otherwise, they can be obfained by integrating Fgs. {2.1) between wy =
— hoand wy = | boand aking into account the definitions (3.13). The
second set of equations charnelerizes the boundary eonditions which the
unknown funclions nust salisly  Thus, (18 and (£.9) completely define
the funcetions ¢ and @, When these funetions arve known, we obtain by
means of (3.5) — (3.12) The stress and eouple-stress fields throughout The
plate.
Lel us observe That, in view of (3.19), e statical hboundary conditions
(+9) can be writlen as:

~
e o Hpte)] = M, .
P

o

Vo= W My AL, HKi=Ry. (=12 on@.

e

In this form, {L9) appears as an extenston of Kirehholls houndary con-
ditions from symmetrieal clasticity, In fact, it the effeet of local rota
tions is nol taken into consideration and =0 =+ —= 2 = 0 in (4.8) and
(4.9}, we Tind agatn the well-known cquations of Kirchhofl's theory of
bending. A discussion o possible bhoundary  conditions of the present
thcory, when the classical theory is taken as comparison. is given in the
Table from the following page.

Remard. Let us suppose, for the sake of simplicity, thal p = ¢, = 0.
Then, the svstem of Eqgs. (1.8) can be writlen as

:. DA — 8zt — Sa(B,, — b, ) — 0,
¢

(i-.— FozlAd, 4 Y T ](I),; gy i, —dad, =0
2(1 4 v) 2(1 — v)

where the value of £ s Lhat given hy (3.17),

o)
AL MAY H =

The lerm 1 1 AA e in the Tirst cguation 1s an wedge effect ternn.
' h .
i 2 # O(h®). by omitting this term we
cyuations
(1.10) — Sz (Aw 4 ® — hry =0,

w1+ )P\ =) o -

i araclerizes . nterior plate problems of zero-th o (?u. : I8

wm(l\h;-lhdf(IEtL;:)J;(I:-:itltlfiyill‘11-::(;,-‘;:;(&(]1 as (:l(lnilihrium cc|uul_i()|1~. of an c!:}st}l(:

::2111(1b1':\:\lg lhc. h}lil].;!c of which is idct}l'i(-.nl wit‘h the lll(‘tl!zllll Sf‘(.t!()'l-:l:;:i[t 11?}

onsidered plate. IFrom this point of view, kqs. (L._l()) ‘;u( .(l(‘]lll\](. ok
(lhoqc oiven in [3) Tor the first approximations of the micropolary

theory.

oblain the svstem or differential

Classical theary | Present Lheory
Equations of equilibrium {in 2)
DAAw — p I The systemy (1.8)
Boundary conditions (on @)
~ Pl ”~
wo— e, ., — i, Py = b,
0B - [
W= i, m
o=, w., = U, Ra= K.
o~ ~ ~
w=rx, M,=M, ® =
’~ o~ .
0 = w0, M, =nl, ol - N
w=1w, M,= M, B.= Ry,
o~ S e
2 ] I, =1 =
Vo= Vi, M, = M, (l)p b,
~ ~
d ’ == M o N
< V=V, M,=M, N R
o Voo B M=ty Row= Ron

5. Some Theorcms. In this Section we establish some theorems ;:;I]lill(‘l]ll‘
. i v 5 R0 e S¢ ar 5 i
are important for applications. The procedures which we use arc
io those in |1]. N ..
5.1. Theorem 1. The necessary and sufficient conditions jfrn J;hr, inlel
D.4. .- . 4 k . gy . arid
nal energy of the plate subjected fo bendingd to be positive definite
bl . ) “

. ." B K =3y
. I 2 0 k 0, _ = 0, a2 | IR A 0, == 0
(5.1) ]—_ ‘: T . 14+ 1—v
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Proofo As we have seen in See. | (e clementary energy of the plate
IS given in terms of nonvanishing stresses and couple-stresses by (1.2).
By using the constitulive cquations (3.5) and integrating (+.2) beiween
— hoand |- b owe obtain the internal energy of the plale measured per
unit arca of the medinn surface, in the lorm

2h K

27 ) A+ R+ 29 kg fegy -+ 2(1 — ) K] -1
3001 — e
Iy . . — "
{3.2) 2h 7 o= [ + 45 - 2wy, Zoy T 2 (1 — ) 27, 4
_—t

S h (b5 4+ 3 4 8z 4 Ay -

Consider (3.2) as a quadratic form, 20 = a; % 2. in the nine-dimensional
space of variables

G == by 3y = ke, 29 = kg &, %ipe Zp 5= Hgy
L4 Pagy o= by Lo=ka, G 1o
with
ald . avly 2aly
1 ([ y oy T, s Hye
] fan | — e I 1 — =T
I
=ty = 2J) -,
1 — v
2hvls Ahi i
s =y = ———5 , M= —————, . = (g — 8o b, oy = 8 h,
T—" 1+,
2
o=
b
3

and all other a,, = 0.

In order that a, £, 2, be a positive definite quadratic form for all
S =1, 2., 9) it is necessary and suffieient that all the principal de-
terminants of the matrix (i) be essentially positive [9], p.40. These con-
ditions imply precisely the inequalities (5.1) and the proof is complete.

5.2 Theorem 2. (Clapeyron’s theorem). If the plate occupics an equi-
librivn configwration under a diven system of surface forces and couples, then
the internal energy s equal to one-half of the ccork: of the ervternal loads.

Progf. To prove the theorem we start with the expression of the
whole mechanical work of the external loads :

(5.3) 5( P8 1oq, 3D) S - S( ~Myw 4+ T R, M, s,
% e

e : —
= A. MANOLACH! 22
13 ——
i J ilibri : — hoand + A
By integrating the equations of equilibrium (2.7) bfclr\\)e.c]n . ‘;h] ‘(-; . el
; % initi 3.13) ¢ aking into account {2.5) (2.6), (3.7) ¢
nsing the definitions (3.13) and taking inte a _

(3.11), we deduce :

' — ), € g0 dit;
0= My, 4+ Maps— @ 0= My, 4 Mugy — @, Q= cseday

T

(5.3") p = — (R, + Q) — 8ab () + by),y — Suh (w, — ®y) .,

o = = | Rous =82 hizg (i + = ). .
We multiply (3.8 by owo, w woand WDy respectively and consider
the integral

{ \'g (Mo, — Qa) e | e -1 g ] dS.

We have '
I = \(lm‘ ogdng) diy

’ i ressions {5.3")
On the other hand, veplacing the integrands by their expressions {5.37).
we ean write (he integral T oas follows :

== \ (M e, - M, + Qe R, b, Rub,0,

Y
W, w, + M., w., + §u Safie,, | R, &, + 1{22(1'2_],2
gy T shLgatl. g > I
M gt gy — 2 10 100y — Mgy 0y b Ry ©py 4 Bog®uy + Ry
11, i ] R

R, - 8ah (e, — ) - (e b hy)? ds.

When we use the egualities

Wy T, My Ty L R0 = W, My o Wy
2 »

2 1%

: 3.16), (4.3) and (£.9). we Tind
e divergence theorem as well as (814 — (3.16), (+.3) and ( )

A, [ N . .
[ = — \ (— M, w, + Vae 4 R, d;) + 2 R Oy
= v
Vo owe have, (30, we conclude after making comparison with (3.3) thay

’ " ~ ~ A . .

\f'pu' g b ) dS \ (— M e+ Ve -+ R, ) ds lx(()rfh.

o 7, v
the content of our theoren.
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2.3, Belli's reciprocity relations. Let us introduce the column vee-
tors F = (p.ogyg,) and £w = (8w, €w, €w) where

Lw - DAAw — BzhAwe — Sal(b,, — b,),
_ I &
L., 0w =- 2};{( :-:) A (l—_—: b, ez gw,g— bz 1,
21 - v) 21 — ) ' z 2

Then. the equilibrinm 1gs. (£.8) ean be written in veetorial Torm as

(5.4 fw  F
We consider now an arbiteary veetor function v = (v, 4, ;) with
:I:()ﬁ](:.,::/)n('::._, Ol w e C2)NCY Y+ @) and define  the bilinear
20w DRy (V)R (W) | Bl w) Rpa(W) - vl A (VW)
+ hal¥) Byl w) -
5.5) 21— ) h(8) dra(W)} b D' () (W) A lv) s(w)

2o V) 7p{W)] (] — ") 22 V) 2w} -

ho )y (w)] +

v[/” V)aa(W) —
Sah| b (viie (w) Behz ) (¥) #y(W)

and e expression

(5.6) Nw. Py = — M (v)w, 4 Vivke 4 R, (v)b,

where M (v) ... R, (v) arc given by (3.18) where wis substituted by
We note that I

13.7) O(v, w) — @lw, v)

and thal @{w, w) coincides with the density of internal eocrayv of the
plate, iooc, @iw, W) == O(w) (see (5.2)).

_ Integrating by parls and using (3.4) — (5.6), we casily oblain the
(irst Betdi's formula :

(3.8) \ vEW dN \ Olv, w)dS — \;\"v.l’w ds
7 e
where
vEW =W - w4 W,

Sctting v = w in (3.8), we deduce (the second Betti's formula)

{5.9) g wEwd§=2 S Olw)dsy — & Nw.Pwds .

Z £

QD

=

i YoOMANGLACT EH

By changing v with w i (3.4) and substracting the obtained results, toeoe-
et with (5.7). we get (the third Betli's [n]llllll!)

\{\'5‘3\\' — wEvilS \]l,\'w.l’(v) Nv 2w fils.

1% 7]

cun obtain the reciprocily relations

(hat the plale s subjecled do hending by

(3. 10]

From This formula we

To this end. we =uppose
[wo svstens of loads

a) the Tirst system s p'ogl, VoM O R which produees thiouglhoud
the plate the wsbresses™ Mo Moo Ry oo L and the displaceinents
wo= (!, 1. L) and

b) the seeond systemv: p" g V00 M 7 which gives rise 1o the
sxlressess Moy Moy, Byl Ry and the . AL ).

In both eases we (()ll\l(l(l the plate 1o ocenpy cquilibrium confign-
Therefore, we have :

Adisplacement w' = (w0

raltons.

g o . S e LA T -
EwW =, S W far W PUE W q..

Inserting these equalities into the third Betti's formuoka (3005 anad

nming (3.6}, where we dake v — w” and w wowe ol

! \(— Miac, 4 Ve o+ R, s

S(p"n' SRTA AT A )

2 o
i g(p'ﬂ"' g, WS S(— M, w, — Fyw” = B b Jds,
e 7

Thus, we have obtwmined the reciprociiy relations i the present
theory,

Theorem (! niqueness). Lel e conditions (5.1) be satisfied in {he
dmnain @ with the bowndary €. Then there exists at most one fieldd ) M,
By Ry arvising from the vegular displacaonent and interorotation fields

satisfying (3.0) and the boundury conditions :

~ ~ ~
we= g e=tt, Po=0s lo=1, 2] on @,
{5.11) ~ A ~
P "n' ‘11.-1 Jlu: "{ ‘H.. on @2; Ql U G.! =Qr QJ il '-r:":__ i

“(z”, ), ) be iwo distined

Proof. Let w = (', by, b)) and w”
lhu] we consider the vector wt —

saludions of (5.4) sulisfving (317} on &.
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= which, in view of lincarity of Kqs. (5.4). is a veelor solu-
tion with vanishing external loads on the faces of the plate, i. e, F =0
In addilion. w, satisfies the conditions :

o= 0, w', =0, d% =0 on &

(5.11") ,
Pe, —0, M -—-0, R, =0 on &,

According lo (5.8), where (53.117) are inserted, we have

2 \ O (W) dS — 0
o

which reduces to

(5.12) T (w?) = 0.
luvoking now (3.1), we have {512} il and only il
]-0 ‘!L f|'". ] A -0 0 al
(5.13) it Ui 1 e “r Hi “1z 2 o,

=M 0

" N " . -

Ihe general solutions of the first cight equations are
=1t G| . . N
(3.137) wl = Ay 4+ Ay 4y, M=, M=,
where Lf, . oh,o 1y, € are arbitrary real constants.
When the las o equalities in (5.1 i
i last two equalities in (3.13) are taken into account. we

ain
wd by < 0, wh— @) =0,

or, in view ol (5.137):

sl | - (', wls, == (Fs
Thus, we have
. a) }! @, is emply, then from (311}, we deduce f, = of, = 4, —
; . — 0. Bul these equalities imply the uniquencess | c. U
w'ow

l)) Il é I € -1 as i
1 . Hpt\. lh( (llll-ldtlt- ' . 1 ( canng I) (lCt rHn
. 1 » ] I i ¢ (,(l’

(5.1} N !

11) 19— w, (& and P G

\\|‘|u'r(' wy w, are the components ol the rigid tolation of the plate about
the @y, wyenxes. By using (3001 in (3137 we find

(3.15 W= — A %
( ) w R T o T WA alt P M = w,. e tay

17 ON THE BENDING O] TEASTIC PLATES I ASYMMETRICAL FLASTOLT aan

The cqualities {5.14) and (5.13) indicate that w® is determired up
to a rigid rotation about the .y, Wby maXes respectively, combined with a
translation of magnitude ., along ag-axis.

Therelore. in this case, we have:

w'—w whs wy=(— ey b et Lo wy, ©)
¢) In the case of mixed boundary conditions we obtain again the
aniqueness of the solution i. ¢.. w'' = w'.

Corollary. From the last two theorems we can deduce the necessary
conditions which the forces amd the couples specified on the strface of
the plate must salisfyv, so that the plate occupy an equilibrivan confi-
guration.

In this respecl let S = (p, . 1. M, R.) be asystem of arhitrary
external forces and couples given on the faces (p, ) and on ihe edyge
(v, ., , Rg,) of the plate and let w= (. @, @) be the veetor function
which corvespond 1o (S} Consider then the vecetors: wy = ((,. 0. 0) and
wy==(— Cyry + Cyla C,. Cs) where € Gy ¢, # 0 are arbitrary cotstants.
As we have seen (Theovem 3) every wp (g1, 2), characterizes a igid
motion of the plate and, from the vesults of Seetion B, it follows that the
stresses and  conple-stresses corresponding  to w, vanish.  Consequently,
the systems (5;) are S, o= (0. 0,...0)

Consider now w —w, w' —=w. (87)= () and {(57) (5, in Ll recipro-
city relations (3.10").The integrals in the left hand disappear and one chiains

C(,(Spu'b' 4 \ l',,ds):-— 0.
S .

€
In viewof the arbitrarieness of the constant Gy {he previous cyuality leads to
(D \pdb' -+ S 1 ds = 0.
g e

Further, let us put w' = w, w' = w, (8) = (8) und (57) = (§,) in (5.10%).
we obtain a linear equation in C, and C, which can be satisfied only if
the coefficients ol the constants are Zero i e,

S (tap - q1) dS R(_ Mon, + 2V, + Ry)ds =0,
7 e
(11 '
S( — e p + )8 4 S(M,,-nl — &V, + Ry)s = 0.
; @

g

o

The equalitics (1) and (TT) arc the necessary conditions of equilibrinm which
we spoke above

15 — Analele Universitdun, fasc. 1, MATEMATICA
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ASUPRA INCOVOIERII PLACILOR PLANE IN ELASTICITATEA ASIMETRIC A
Rezumat

Unele aspecte ale teoriei placilor plane omogene de grosime constanti
au fost studiate in {1, 3, 8]. In prezenta lucrare se stabilese ccuatiile
unci noi teorii a incovoicrii plicilor plane izotrope, teorie care se dove-
deste a fi mai simpla decit cea data in [1, 8] si in acelasi timp mai com-
pletd decit cea din [3].

n construetia acestei teorii, rolul fundamental il joaei grupul de
ipoteze (a)—(c) (Seet. 8). Trei dintre acestea: a), b), e;) sint similare
ipotezelor lui Kirchhoff. Celelalte, ¢), d), ¢y}, caracterizeaza rotatiile locale
s1 componentele p,g $1 (g ale tensorului micromomentelor. Autorul a intro-
dus aceste ipoteze In scopul obtinerii unei teorii aproximative usor de aplicat
in rezolvarea problemeclor concrete de incovoiere a placilor. Pe baza acestor
ipoteze sc arati ci deformarea plieii poate fi caracterizati cu ajutorul
a trei functii de doua variabile : deplasarca transversala a planului me-
dian w(a;, x,) si componentele O (21, ap), (¢ = 1, 2) ale vectorului rota-
tiei locale in acest plan.

Se introduc momentele incovoictoare, fortele transversale generali-
zate §i rezultatele micromomentelor prin formulele (3.18) si se stabileste
legitura acestora cu functiile de mai sus ((3.14)—(3.16)). Ecuatiile de
echilibru ale placii precum si conditiile naturale la limita pe care w si @,
trebuie si le satisfaci ((4.8) si (4.9) — Sect. 4) se deduc din principiul va-
riational al Iui Lagrange. In ultima parte a lucrarii (Seet. 5) se demon-
streazd patru teoremie care prezintdi importanti pentru aplicatii practice
s1 mai ales peniru rezolvarca aproximativi a problemelor la limita. Ultima
dintre aceslea cste o teorema de unicitate.

- Al Al ;\ my- rl‘ll‘:I
INE 4 2 REDUCERE A PERTU RBA
SUPRA UNEI METODLE DE DI i :
Y \PLICATA LA SISTEME CU PARAMETRU MIC

DE

CONSTANTIN SIMIRAD

i oo de stodi de redu-
. Arenstorf a dat o me
Sl et I 1a sisteme de forma:

cere a termenului perturbator fig, )

o= A{x) + flt, 1) _ ‘ o
al finit de timp 0= & {51 xeDC Cr, D e

o perturhatic convenabil de micit.

valabild pentru un imter
i la sisteme cu parameiru

ac 3 fiind
un compact, f{t, ¥) fair : s
inl luerarea de fata adaptam accasti metod
mic de forma: .
{1) 2= A + <flt, @, €) -
i i aitivi R4 cn iind
extinzind intervalul de timp la semiaxa pozitiva ,H b .rlmelﬂ)ugjsﬁu, L
*de ‘asemenca un compact, iar f(t,@; £) marginitd in dor
i a semiaxd permite, in plus, ugeltc
ui lel i 1 perturbat.
ezultate referitoare la stabilitatea solutiei banale fij 51§t_e1r:;{lil:;n S% L
e Metoda lui R. F. Arenstorf de reducere a pertur a;_xc:l,‘ g
axi zlplicaté. la sisteme autonome cu perturbafil p.i:utom:) S
‘p'l'ie’tatea (n), (vezi mai jos), conduce la existenta solul P
1

tru sistemul (1)
2. Reducerea te

Extinderea intervalului de timp 1

m presupune cé functia A(x)

i bator. Vo . . :
rmenulul pertirba doilea continue, iar f{4,2,¢)

' rti «dinul intii si al
are derivatele partiale de ordinu 5
satisface conditiile obisnuite de regularitate.

Admitem ci sistemul generator

@) & = A)
! [ ' gy = €.
are solutia = = o(t, L) cu @(0, &) = .o
- Cmtlsidcram ~chimbarea de variabila datd de

2= a + {2 eh

(3)



