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DESPRE ENISTENTA SOLUTIHLOR CONVERGENTE IN TLHORIA
ECUATIILOR INTHGRO-FUNCTIONALDL VOLTERRA

Ltezumat

Aceastd lucrare contine citeva rezultale privind existenta solutiilor
unor ceuatii inteoro-functionale Volterra in spatinl .2 (spaiiuil Banach al
funetiilor continue w: {a, w0} R, cu Hmitd o inlinit si cn norma
sup | ()| k. Apartenenta solutict lu neost spatiu i conferda un annmit gen
taa
de eomportare asumplotica.
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Analele stiintifice ale l‘nivursil‘ﬂl,_ii ,,l.—‘:l. H
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A FIXED POINT THEORFM ON METRIC SPACES
Y

VIR TURINLCT

Let (X,d) be a complete metric space and let T X—rj\’ be a mapping.
In [+, S- Lcich has established the following resull: )

'i‘heorcm 1. Let a, b, ¢ be functions from (0, + o) {0 [0, + o0) such

"= b -+ ¢ has the property: . ‘
;’;’?)i {v’I! > lr(t} Jg-:(!) >(0, k() EPIO, 1) such that w e |4t + (1)) = flu) < K(#).
Ifr.N—-X satisfies
(1) d(T, Ty) < ald{@. i) d(r. Ta) + bd(, N dly, Ty) +

- eld(, y)) die, 1, ey € X, w# U,

T has « unique fived poind. . o ‘ ‘
o 'l{hi:a result ijlllch{:les the fixed point theorems ol Banach [1],

Kannan [2], 5. Reieh [3]. The purposce of the present paper is 1o
cxwmll](:i!;:it;(l)l;‘.m.clm/.}mction Jo, 4 ) x|y, + o) % (0, + w)— [0, + o0)
will be said to have ‘the property (R) if 1t sutisfics
(1) 0 < flu, v, w)< Y, wvzl, 0> 0,
(1) Vi 0 Je(t) > 0, M) =10, 1) such that
(. vy = [0, e(t))x10. e U It t + )X [t, 1 + e(h)),
w e ¢, t 4 e(f)) implics flu. v, w) < k().

Our main result can be stated as follows:

Theorem 2. Let a, b, ¢ be functions from [0, + )X [0, + oo) % {0,

+ o0} — [0, + o) such thal:

()

alu, v, w) = alv. v, w), M, v, w) = by, u, w), e(u, v, w) = ¢z, 4, w),
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[

{n a + b+ ¢ has the property (Q).
I TN > X satisfies
{2) diTe, Ty) < a(d(e, Tw): d(y, Ty): d(a, ) dir, 1) +

+ bd(a, Ta); diy, Ty); die, )y dly, Ty) +
+ efd(@, Tayo d(y, Ty): da, i) d (@, ),

Vooy & X, oy, then, T has « unique fixed poini.

. Proof. Since a(u, v, w) + b, v ) + G v w) € 1 and e, b, ¢ osa-
tisfy (j), we may assume that in (2) du, v, w0} < 1/2, v, &2 0, > 0. Now
let 1, & be defined by : o ’

S, vy w) = a(u, v, w) + by, v, w) + elu, v, w),
gu, voxe) = fau, v, w) + ey, v, w1~ blu, o, w)).

It casy to sce that g(u, o, w) < flu, ¢, w), 1, v 0, w0 > 0. Take re X
and consider the sequence {T"@; n = 0,1, 2 ... L. Assuming that 77 2 =
# T"7Lr, n 2 0 (which is not a restriction) we have :

(2.0) d(Te, T} < a(d(T e, T d(Tre, T o) d(T Y, Tha))
HT =, Loy + BT, Th2); d( T, T*Y0): d(T" o, T"2)).
d(T"e. ) + o(d{T" T, Ty s d(T, P00 d(T7 e, ).

d(T" e, Trr), n=1,23

2 geens

which implies :

(2.2)  d(T, T} < g(d( T e To0); d( T, T 40) (T -V, Ta).
ATV, Tmey < f(dT" 2, ) 5 (T, T2 5 d( o=, THeY).
d{T e, Ty, no=1,2,38 ..
:‘;;inoc }f’(r{? Ili-[w) s;_. 1, we nbtn’inu d(,T".:rl, "ty g d(T", T, no=1,92
.p ,-_---“n-] ((}'(T”tt'c, ;f%’flr‘?}m:‘l11{(l(l(a£sj11,n£"tTlma:) ;p ’::nﬁﬂ.o ,13(;].‘-’ ,-:'1“; )j](i?)lei\lxsgshll‘\c:

AT e, ) & [p, p o+ el p)) and using the property (@) of f we get:
JWL Yo, Ty s AT, TovVe) s d(T Ve, T70) < Mp) = 1,

The last inequality gives by (2.2):

(:2.3) AT, Ty < d(T e, Te) I(p), n 2 np).

Letting n tend to infinily we have p < i i
ctting nity i = pt(n), that is, 1 < Mp). 1 tra-
diction. Therefore, p = 0. A ’ SSG

2 Hoar o e . 1 3 1
It {T*x;n =0,1,2,.7 is not a Cauchy sequence, there exists
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0 8 g ' nbers, m(j). w7 §) < n(g), m(g) ~
: > 0 and two sequences of natural numbers, m(.;),?z(‘;-), frrn‘(_;) /(7 .

oo ns 4 — oo, such that d(T™Ox, T,Da) > <, while d(T""a, "=ty <
: j=1,2 8, For the suke of simplicity we shall write m, 2, }nst?atl
,L( H, 1), respectively. Sinee lim df Thr, THH @) = 0, we have for j 2 e
mig, T A o

0 < (w1, TPa) < d(T" ', Ty < e(c), which implies :
e g d(Tmx, Tra) < d(T™, =ty - d(I e, T <

s b AT TRy < z+0(e), § 2 4e)

e

(8]

On the other hand. by (2.4} we obtain lim d(T"z, T*x)= = Now
LRl ]

we may write for 42 j(e):

y (T, TP} € d( T, T t) + (T T L) o d(T* e, T €

< d(Tre, TP YY) 4+ d(T 2, T" gy
(Lo, T ¥) 5 (T2, T M) A(T™e, Tra)) d(T™e, T"Ha) +

(2.5

+ a{d
+ b{d{ T, T ) d(T o4y, d(Ta, The)) d{T, T" +la} 4

+ eld(T™w, TmHa); d(T e, Py (T, The)y (T, Trr)<
<d (17, T ) +d{ T2, Pty +d(Tre. Ty +d( T, T7 )+
+ fd(Te, T ) d(Te. Tty d(Tme, Ty d(Tx, The) <

< 2d{Ime, T#HR) + d(T, T*He)| + k(e) d( T, ).

< k(g)z, that is, 1 < k(e),

Letting 4 tend  to  inlinity, we have =z < )
ot 1 is a Cauchy sequence.

a contradiction. Henee, {Trhe, n =0, 12, ‘ .
Let = = lim 1" since b(u, v, 1w) < Ho we may write for n > 0:
nown
(2.6) d(z T2y < dz, Tt ) +d (T, T2y < d(z, T a) +

boa(d (T, Tr4 ey d (=, T2); d (T, ) d (T, T"H ) +

+ b (d(Tre, TrA ey d(z, T2); AT, z)) d(z, Tz) +

oo (d (e, T )i d (z, T2)ed (TP, 2)) d (The, 2) €

< d(z, Trtia) + d (P, TP a) + 1/2d{z, T?) + d (I, z).
etting » tend to infinity we get d(z, T7) < 1/2 d (z, Tz), which implies
(z, Tz) = 0, i. ¢. z is a lixed point of 7. i
~ Let 2,2, =X be such that z = T2, % = Tz, . M 2, # 2,
ay write :

WwE
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(2.7) Az m) = d{Tz Ty a{0,0,d(z,,5)). 0 +
D000 d (5, ) 0 F e (o d(z L)) dis )=
= [{0.0,d(z .2 d (3, 2) € Mz, w) d (30w

that is, T < & (o (z,, 22)) o contendichion, Therefore, ©) = 1, 0 which comepletes
the proof. Q.ED.

Remarvk., MW a{u, v, w) =« (ze), b (v o, w) = b (o). e (e ) = 0 {30),
we obtain Theorem 1. A svounetrieal result \\ith H.‘%i)(.‘( toto Theorem 1 ean
be obtained by laking a (v, v, w) = a, {1, w), b {u, voe) = by o) e (o vow) =
= ¢, (2, v). More precisely, we have the lnilm\m_u:

Theorem 3. Let «, b, ¢ be functions from [0, + x)

¥ [”,- fon) tojl, o
sueh thaf

(i) a{m, ey =afe,u), b {n,e) =6{v,n),eflu.v) =c(v.u),t.c=0
(11) O afi,v) + 0 (u, sl +e(,v)s Lu oz O
{11} V=0 Je(l)> 0,8 {0, 1) such that v, o = [, 1+ ¢ (1)

implies a (u, ey + b, e) +c.e)y s L) <1
I N = X satisfies
(3} d(Tw, Tyy < a{d (. Tw)od(y, Ty d(x, To) +
S b {d . Ty d (g, Ty d (4. Ty) -
Fooldle, To)sd(y, Ty d (e gy, woy = X

then, T has a unique fived poont.
Proof. 1t is sufficient to verily that f =« + b + ¢ has Lhe property
(R). Let > 0 be given. Define:

3.1 e () = min e (), e (0}, Ly (0 =max & (D), L (0))

and let (w2} €140, ¢ () » 0,00 (Y U (L 4+ e () < [+ e (D).
H (e,0) & [0, e, (1)) < 100¢(8) then u, v < [0,¢0(0)) and thus

Jneys b0y Iy (0 1.
e () then g [ 4 e 1)) and thus
Jhuyeys b s (1) < 1.

Therefore, [ has the property (@), as asserted. QU1

It 1s possible to extend Theorem 2 in the following manner :
Theorem 4. Ll a, b, « be functions from 0. +c0) x [0, +0) »

to |0, + o) sueh that

() a(i o, w) = ale, w, w), b, e,w) = b{e,u, @), efu, o) =c{e, )

(i) ¢ + b+ ¢ has the property (Q).

H (w,e) & [1,1 + e (i)

(0. + 20).
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If 1N = N vatisfies:
(" pz

then, T s u ruqm Jived point. ) .
" Proof. Using “l(*()\(i]‘l Towe 1mdn i L(mfln

which implies T (172) = 7', that T (1~? ’]_‘n‘ :.u-t S e

o T By the nmqu(n(‘ss of the il\(‘(] point of TPwe pet v = T2 Lel 3. %
N.ow =T =Ty By ileration we hase

_ Te s, S T
(+.1) e - . &

which implies (hy the same avg ament as above) 5

the prool. Q. 1. .

1 sach that TP salisfies (2)

=X such that 1 A=z
e, Az s a fixed poind

(==

— -, which completes
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O TREOREMA DI PUNCT FIX IN spatil AMETRICE

Resumat

. aene-
» stabiteste o teoremit de punct fix pe spatii metrice abstracte, gen
rali ftndn se in aeest fel un veznltat din (4.



