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ON SOME PROPERTIES OF LINEAR BOOLEAN AUTOMATA
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Boolean automata (LB:A) was
a can be regarded

1. Introduetion. The elass ol linecar
for the swit-

‘htroduced in [6] and studied in [7]. This sort of automat
as useful models for the theory of the communication networks,
chiny theory and also for 1he study ol programming systems.

In this paper we give further properties of the LBA concerning the
controllability (§2) and the stability (§8). We give also a simulation for some

nondeterministic automata by means of LBA (§4).
\We shall denote, following the usual notations 6], by B, the two-ele-
a,7) and with B0 the matrix Boolean

ment Boolean algebra {015 U, ¢

. J " -
almebra, whose cienients are \natrices with p rows and g columns, with entries
belonging to I, .

\ hinear DBoolean automata s n S-tuple < BYY, By, By, f, 8>

where
‘f: Bsgﬂ,‘l) ® Bl‘:zf,l) _’Ijgzﬂ,l],

: By x B0 — BYY.

(3]
-]
By, BeY, BYRY are respectively
'The mapping fis

The finite sets the set of inputs,

the set of states and the set of outputs. the next-state fone-

tion, ¢ is the output function.

These functions arc given by :
Fls(8),w(t)) = s{t+1) =4 % sy u B xull),

gl (B, u() =y =C xsyu D xul)
where s(f),s(t + 1) = B, u () & B, ylf) € ByY, and 4, B, C, D,
the characteristic matrices of the cireuit, helong respectively to By, BEY,
Bw® and By,
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$2. Controllability of LN, Definition 1. The LI is decontrolable in
b

. . ) N e - . = J . o : :
the stale sy, iff for ¥s = BOU there erists history of inputs J u|= {0 (0]

. £ 1 N
e (1) e (o — 1)), sweh that 7 [u] fransforins the stale s, ins.

=0
Propasition 1. If the LBA is l-controlable inthe s =

: j A s e sbale 85, then sy & O

where OF ¢ is the mdl space of the matria LN v g il
: Proof. We have established |61 that the evelution of the stales in o

LBA is given by

k=1
{1 sy = A xsqu iU Fr T Box u(v)].
w=0
The equality (1) ean be written in the form
() s(h) = Mg u (TR AEIRD LB X ’5’1 i),
T 0
henee
(3) sy = A4 x 5.

) g, =0 thc.n (3) ix fulfiled. I s, # 0, then, taking s (L) = 0, we get
A% x5, = 0, thercfore s, = A ar ‘ ' )
Let us suppose now that s, =47k, then taking into account (2}, we

aet
k-1
{4 s(h) = K x T [ul],
=0
\!\'}1{(:1\'(: K=(4tB 4" =i3..:B) = BimtD s the k-control matrix of the

Remark 1. The LBA is k-controllable in the st il t 1
’ . - A state s, 1t g .
s a solution for every s (A) = By fo I the equation ()
Theorem 1. The LU s k-vontrolluble in Hhe st 1 f ]
. AN e & slerde & ? WHNY CUR-
ditions ave Fulfited ¢ e & iff the followcing con
a) s SO0,

3 0 i 2 —— -
b} the history of inpuls _gu[ 1] = KT x s lransforms the state sy in s.
. Ilere A7 is the transposc of the matrix A and § n the complenent
of s.
Proof. 'The neeessity follows from proposition 1. The sufficiency follows
from a result from [3, p. 36] and the previous remark. - l
Consequence 1. If A% > IS then the LBA ¢
) : / & ; an be k-
e z e k-conirollable at most
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Tndeed. from 1 = 15 lollows that A% = s and il A% s = 0. thens = 0,

henee e = 0],
Consequence 2, J1 s easy to see that
K ox KT xs<s, Vs B

The LEBA is f-controifable in s, omly il &, SO0, and [3) beeomes an

equality.
§3. Stability in LBA. The deterministic autonuaton oA =|1.5,0.f &l

is f-stable In the state s, [8. p. 85] il g (f(s,pnr),i)=4g (f (s, ) 7). ¥ &

[(r)y =4k —1, vi e [. Ueve 1{r) is the length of the word 1
For 1he speeial case of LIBA this comes to?

% U g (€% ATV e Bt L X B DY (e (0), 1 (1)

6y L ({(p) 1)) e u (H(p) + N =C x HE ks (w0 x B
SCox By (L(pY), w(l{p) + 1), ooy w0 () + T,

NOw W ean prove 1the following sulficient: condition for J-stability.

Theorem 2. Let a LBA with A = F. Then the adomaton is L-stable in
the state s, if bz e and s > (A7 x BY . where ¢ is the order of the matriw A
13, 4] and (A7 % IV is the column oliained by the wunion of the colinins of the
watrie (A0 % B).

Proaf. By comparing the two members of the equation (
insE = A0, To have the desired stability it is enough to have

s AT x By u(0)u ..U B u(f(p)—1)

6) we see that

Therefore, it will be sufficient to have
¢ (A=Y s By U x By B x (L. n.

or. moreover, 1 will sulfice to have
v = (f % By,

4. Simuiation oi nondeterministic antomata by LB\, Let now afhe a
nondeterministie {inite automaton, et = |I, 8,0, f, g, where 1,8, 0 are the
st of inputs, the set of states and the set of outputs of the autonaton of.
f:8 x I - ey is the next-state funetion anid ¢ 8 x = p*L0) iz the
output function. liere I =m, | S| =n
\We clabn that, under certain conditions,
1. p. 93] the nondeterministic automata.
Let 8 = {8 ,...,8,) and S, = 8. The charncteristic vector of the st

Sy, 7s. is defined by

the LBA are able Lo simubate

{_ (1, it s =5
X's').f 10, otherwise.
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It is cleay that 7., depends on the numbering of the c¢lements of the

set Y.
Now, to every input syimbol @ & [ owe shall associate n matrix o, |

aceording to:

Definition 2. Lel o be He mapping o T=B2 wehere g (i) = o)
the j-th column of the matrix oA, heing Zytps J = 1,n
Remark 2. We have
(7} Yo = Ay X Ay
Indeed f{S, .0 = U f{s,, ) and aceording to the definition 2, we
§nES,;
et (7)

\ renumberine = of the clements of the state set S, can he deseribed
by o permutaiwon mafrix P 7l Fhen ‘/_;::” =M x y.. 7= PXis, and
Ay =P x A; x P7, where the aceent denOtes the new form of the matrices
alter the renumbering =,

Regarding the outputs. the characteristic veetor of the response-set
involved by the slate s, and the input 7, is given by

- . P N -
/-y:rj,-': = I’-‘ = ASJ H

where the colunins of the matvix B, are the characteristie vectors of the
sets {g (s;, )}i=1a -

For the sake of simplicity we shail study here only the case of the si-
mulation of nondeterministic semiautomata (that means @ = 5, g = f), as-
king lor the existence of a triple of mappings (f. o, w), t: 1= B, 0:85-
e BT o BYY o P (8), where wow = 1y, which makes cominutative
the dingram :

 R— - - (PH(S)
t 1
!
Btzm,u S — _]';tuﬁ,l:
Iy
Here By (£{) = -+ x v(s) u (i), taking the characteristic matrices

of the linear Boolean semiautomaton, - and E.
The commutativity of the diagram yiclds to

w(Ad % v(s)u t{) =f @

Choosing  as a one-to-one correspondence, by 7.

= |J v(s), we

. 2 cw(S)
obtain
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A oxw{syu 1) =0 {0 = A x e vi e [,

{aking into account formula (7).
Hence
Ay v )y = x 7
Proposition 2. The form of the equations (8) 4s inveariant to a remembering

| of the set of stales. |
Proof. When the set S is subjected to a renumbering, these cquations

>

become :

A X PT oy U b)) = x PTx g Vs e Soiel
which comes to
A x Pty T, =4, xP"
T, is the n x n matrix Too= (i), L (@, L)), oF
Ay T, xP=4,,

where

henee

oAy P

[
“The previous results vield to the
Theorem 3. The nondeterministic semicdomaton of = [f, &, f] can be
cinndated by a linear Boolean semiculomaton if the system

Ay T =, vie I,

3

is solvable in LA, Ty 1,4 This linear Boolean semiquiomaton will be diven
by the equation
s+ 1) = xs{f)u wlt)

Remark 3. For autonomous semiautomata (| '] = 1) the equation ()
is allways solvable taking

1) = () Lstspy -

je1
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ARUPRA UNOR PROPRIETATL ALY AUTOMATELOR LINIARK BOOLBEENDE

Rezannat

liniare booleene a fost introdusa in [6] st studiata

Clasa automatclor
model util penfru teoria retelelor

in [7]. Acest tip de automate reprezinti un
de comunicatic, in {eoria comutatici si in studinl sistenmelor de programare,

in aceasta Nota sint studiate uncle proprictati ale automatclor liniare
Wle de controlabilitate si stabilitate. Sint studiate de asenenea

booleene bege
hooleene pot simula antomate ncdeter-

conclitiile in cave automatele lininre
ministe,

sialele stiingificy ale L niversitagii AL L. ta

Malemalicd, Tont XX, 1071

seetin o

VEIONS COMPUTED BY SEQUUENTIAL

SEQUENTIAL REL
STRUCTURE

MACHINES WITHL A TINE-VARLANT

Ly

N THI

vV, FIELEA

wtinl mnehines was studied
, Deuel and Gill [+,
[21

The sequentinl velations computed by sequer
got and 1. Mezci |3\ Gill[6

by G k1 ‘ (
N, Gray and Alichael Harrison [7] Agasandjan
and Arto Saloman [8] sulved some Lasic problems concerning time-

variant automata.
Tn this paper we study sequential
machines with a time-variant stracturc,
Definition 1. sequential machine with

short by, o) is:
M

relations compulted by sequential

u time-variant structure (fov

< X, Y, Sm./.:fﬁy g = 12 Dy

where
1. X is « finile nonenply sct (inputs) ;

0. Y is a finile nonempty sct (owlputsy :

3.8, is a finie nonempty sel (states al the n-th tne Dnstant) -

4. [m s a funclion from 8, = X anlo 8,4y (direct transition Sunction al

ih time instant) :
S B gis oa funetion from
thne Instant}.

Let » be a word over X.
< i< n. We denote pi = e -
.., = pt. By definition pi = . Now we

which deseribe transitions from the n-ih time instant into
instant, by means of the functions fitl:

fa(s, ) = s for ecvary § St
1 (5, pE) = i L[ . ) pial, where < and 5 € S,

the n :
S, % X into ¥ (output function at the n-th

Then P = &y Ly - Lo with @, € X for 1<
x, (Agasandjan). 1t follows that p = &; &2 .-
define the tunctions f3'(n < 0.

the m-th time



