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NTIAL RELATIONS COMPUTED BY SEQUINTIAL
NES WITIHL A TIME-VARLANT STRUCTURL
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The sequentinl relations computed by sequential machines was studied
by (. Blegot and o Mereci [3L A Gl J[6]. Deuel and Gill [+,
7N, Gray and Aichael Ilarrison [¥]. Agasan djan (24
and Arto Saloman (3] solved some Liasic problems concerning Linme-
variant automata.

1y this paper we study sequentinl vk
machines with 2 {ime-variant stracturc.

Definition 1. .! sequential machine with
short bov.m) ds:

M

wions compuled by seqquential

a lime-variant structwre (fov

13
-

= no=1,2,.

< X, ¥, S8 00

where
1. X is « finile nonemply sct (inputs)
0. Y is a finite nonemply set (outpuds)
3.8, is a finide nonempty set (slales al the n-th tine instant)

A fretis a function from S, ® X indo 8o (divect transition function al

th time instant) ; .
S ox X dnto ¥ (output funciion the n-th

5. g, is a function Sfrom

time Instant}. )
Let p be a word over X. Then p = &y dy . with @, € X for 1<

< i < n. We denote pf = gy o (Agasandjan}. It follows that p = @& X .-
., = pt By definition pt = ¢. Now we define the tunctions f3'(n < Y,
which describe transitions from the a-ih time instant into the m-th time
instant, by means of the functions fi+!:

fa(s, e) =5 for every s € S,

fa T Lt (e soan), Pl where no= Bt and 5 = 5.

the n

i Hr

i
n+l

('S') I)ﬂ[)
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There are the relations :
(s, iy = fo [ (s piY), @] o= Ln+2 .. and s €8,

Now il is neeessary to define  recursively the functions G, by :

G, (s,¢) = ¢ for every s = S,
G (s, ) = g, (8. 00y) Ga (f241 (s, dygads Phigpade o= m for cvery s & 5.
We have:
(o, ) = G 5. pB7Y) s (F7E G pi=), ). 0 < o for cxery s & 5.

Let M be a t.o.m. as in definition 1. We denole lico refations calenluted
by M denoted by £, (M) and By (M) oy

-]

hjl (‘]1) = U U U {(})r ("n (9 P))}

r=) s €N, P Ex*

RAMY = U U A, Gilses PN
sES, PEXT

Remark. We have : R, (M) € R, (M).

Delinition 2. A relation B = (X x V) is « Ty — scquentlal relation
orer X ow Y (shortly SRT X » Y)ifthereisa t.v. m. M sueh that B = R, (M).

The relation R is a T ysequentiad relation over X x Y (shortly SRTJX xY)
if there is a fooom. M osueh that R = R, ().

Defimition 3. Gizen «l.vom. M oand 5, = 5, . we define:

",'-'r“'n (P;;J) = ("u (SJ’,' P::I): .f(”. ceery ?)Ir:.l = "\I “

A function o from NF inle ¥ is a T, — sequential funclion (Tysequential
Sunetion) if there is o dovom. Moand 0 = N,s, €8, (s, 2 8),suel that g = &,
(g = &)

Remark. N Ty -sequential function is a1 sequential funetion and
conversely.

Theovem 1. A relation R = (X x Y)* is SRT,|X x Y Iff there eist
T -sequential functions g =124 =1,2.., 0, such that:

w "
) R=1) U 43
{f==1 J=1
(2)  For euch v & X, and cach gy, there extst @y, such that :
iy () = gy (2) Gene (1) Jor all p = X5
Proof. ~Only if follows from Definition 2:

R{M) = O a0 where go(p) o= G{s;. p)

iml  j=l

3 ON THE SEQUENTIAL RELATIONS 175

S, = {'5}'1; Sio o "'iuf} G, ("'r;‘: -"[’) =& ("'ij.- )6 (ff“ (*Yr'j.- ).p)

1t we denote fit' (s, #) = si40,. then g (ap) = &4 () gy ().

Conversely, we assine that (1) and (2) velds, We define M = < A I
S fita, i =12 >, where ) = [$u, 90 i), forevery i o=
Lel & be min g {op) = gi0) G (p) for all p e X7

t

We deline fi (v, @) = s and g (s5.0) = g, (v]. It follows that

a(s5.0) = gi(p) and

= ® #i ® i
RO =U U W gep)i=U U Ulpgstpl =U Ug, =R
f=1 SSE."“.pE.\." f=1 j==1 p&EX* il i=1
Theorem 2. . relation R oo (X x YV is SRT,N < Y iff there are
' ~sequential funelions gy, 8y g over Xox ¥ such that :
N
=g
P=l

Proof. It B is SRTYN x V. then there is a tovome M and « @ 8,
such that R =) U {p, &) = U g

FEN, pEAT SES;
_ &
Il B = g, where g, are Tpsequential funchons, then for cach
i=1
he 1,2 kithereexislsa tovom, M= <X Y, BN =1, 2. %

and a state «f = S, such that g, = gr. Assume, wilhout loss of generality,
. v < DI 0 5 T
that SE M SE =@ for { #5 and v =1, 2, Construct a v M =

k
wr r [ " N R . 4 . o . 1
=< X, V, 8, /i g on=12..> whae 5 = {s, 85,0080 S, = U
Bl
(g h = V= fmh(g i . : ; ' 3
s St Apr & X*| fph(sh ph) =), n = 1,2.. Let s be a state from h

- L q . -
We define fa*i(s, a) = wHLh (¢ ayand g, (s, 0) = 2 (s, x) il s € {s € 57
3= XF, TP G D) = 8-

Clearly f2+1 ¢ are functions for « =1,2,.. and:
i
R, M)y =0) U pm &) =Uyg, =K
sEX PEXT n=1

Definition 4. o f.v. m. M is said to be connected (for short c. . v.m.) if
Jor ceory mo= {1, 2.} and s € 8, there caist s S, and pt = X* such that
sy, pi) =

Delinition 3. o relation B = (X x Y)* is « CTy-sequential relation if
there extst @ c.t.vom. M, such that R = R, (M).
The lollowing definitions appear in [7].

Definition 6. .4 redation B € X% is prefix closed if for all p,q = X%,
e R \_impiic.s* p e By R s suffiv closed if pg = B implies ¢ € R for «ll
g =2 #
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Definition 7. - relation B = X* x Yo ix said to be length preserving

if for cach (p.g) € B p = piog = qr. _
Delimition 8. A length presercing velution 1 is prefic dlosed if (pYpL gt i) =
< Rimplies (pf. 1) = K.

Detinition 9. o relation B = (X X Y)E iy said Lo be strongly extendable
over X if for cacl {p. 4) = ®andaw =X, there ewists yp = ¥ sieh that (pa, gy s R.

theorem 3. 4 relation € VX V)E iy CTsequendia relation over
N x YUl there eaist T -sequential funelions Gy fy v 5 over X x Y sieh
that :

R o= sul (U )Y
n=i

Proof. I R s 1 -sequential velation over A x ¥ thore exisla o b,

M such that:

B= R (M) =\ U UGy P

n=l s, €5, pEX

Let &, he from 8, ; beeause A is connected, there exist s, = 8, and
T Vit such that fi(s . pt) =%, - Let (2, 4) be from R. Then ¢ = G, (s, )
for anvs, = N, But (pi p. Gyl ot p)) Sds, (i s G sy, PG, (5, D)) € S
I follows that {(p, G, (s, PP = (p; g} € suf (g}, henee R < U sul{g,) Cle-

5, €8,

arly 1 sul(gq) € 1. i 1= suf (I gp), there are taan. M, M. ..M,
5, €5, . ; » . _Ig.=l X .
where M, = - X, Y. 5, (AR A TR P U 1.2, &, and

st e 81, such that g = gl Assue, without loss o generality, that M,
are connceled and 8= i}, Tor every e i, k. It is casy to show

that R, (BL;) = suf (g). i = 1.2, o Menee 8 = snl'(U 4,) = U suf (g,) =
i =1 k=1
=) B (DM,). Sinee if B oand § = (X x ¥)# are (1" -sequentinl relations

he=1

over X x Y, then their union R\JS is o CT,-sequential relation over
N\ ox Y. it Tollows that R is T -sequential relation. This completes the
prool of Theorem 3.

Remarks. Let 3 be aedovnl R, (M) = R, (M}l B, is suflix closed.
A SRTLX x Y s C7 -sequential relution iff it is suffix closed.

Detinition 10, A finite time-variant aulomaton (shorily tv.a.) is defined by :

A= = NS, Mt b, =010, LRI

wherc s

1. X is a finite nonemply s (inpuls).

M oFor IS (N x Yy osul () is the scb:

{ge(X X Yisgpe(NxY), preli).

1)
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2. 8, is @ finite nonempty set (states at the n-th time instani).

3. Mr+lis a function from 8, x X into S,,.(direct function trausition
al the n-th time instant).

& 8, is the initial stale, So € S,

5. Fis the final state sct al the moment n, F, = S,. Now, we define
recursively the functions Mm, with n< m, by:

M= (s, e) = e, for every § € S,, =012,
M5, p2) = My [ME 5, 2aa2), PR
for s € 8, and pp = &y - Tm = X+
Definition 11. Let A be a tv.a.
T(4) = {p; = X#M2 (s, p3) € F,, n =0, 1,2,..}

is called the behaviour of A, or the language aceepted by .
A language R from X* is acceptable by a tv.a. (shortly X — tv.a.a.) iff
there exist a tv.a. A, such B = T(4).
Agasandjan in {1,2] and Salomaa in [8] define a finite
time-variant automaton with §, 8, n =12, .. The following theorem
gives a number of properties of T,-sequential relations, T,-sequential rela-
tions and CT,-sequential relations. (The most part of them are those of
sequential relations}.

Theorem 4 If B < X* x ¥* is RT,X x Y, then:

1. Ris X x Y tvaa

9. R is length preserving.

3. B is prefiz closed.

4. R is strongly extendable over X ;

5. If Y 2 Y, then R is SRT,/X x Y';

6. R is infinite (dom (Ry = {x = X*, Jy <= Y+ (x,y) € B} = X#*).

If Ris SET,JX x Y or R is CT, -sequeniial relation over Xx Y, then
2), 8),4), 5), 6) hold and

7. R is suffiz closed.

The proof is immediately.

Theorem 5.B < X* x Y* is a T-sequeniial function over X iff:

1. Ris X x Y —tva.a.;

2. R is a funciion;

3, dom (R) = X*;

4. R is prefiz closed.

Proof. If R is T,-sequential function then by Theorems 2 and 4, 1),
3), 4) follow. Conversely, if B is X x Y — t.v.a.a., then there exists

d= <X xV, S, M+, s, Fpyn=0,1,2,.. > such that
R = T(A) = {(pr,qh) = (X x Y)*M; (8, (P2, g0)) € Fuyn = 0,1,2,05

12 — Analele Univ. [agt — MATEMATICA
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. Since R is a function and dom (R) = X* lor every = X*, there
is a unique ¢f = Y*, such that M, (o e I, Construct M=
=< X, ¥V, 8, fm g, n=1,2,..>, where 8, = {sp}, S, = (M s (057N
GNP a7 = B

Frtt(s, @) = Mi_ (s, (%, ). &, (s, ) = y for everys & 5, ,andn = 1,2, ¢ is
chosen such that MM (s, (2. yi} = F,. We show now that » is unique ;'lct
sbe from 8, and @ € X; there is (pr=', g2 ) = (X x ¥V)* such that M1 (s, ,
(pr=t, qi~1)) = s and (p7~, q; 1y & R Lor pp~' @ there exists a unique ¢’ with
(prta, ¢') = R, but Ris prefix closed, henee (pp~!, ¢ R, then ¢ = ¢!
¢ =q'y=q 'y (pr v, 0 Ly & B and y is unique with {his propcrtvi
it (v, g = o A0 (O G, (21 7)), (o ) €F DG (o
y)) € I7,. Tt follows that for every s = §, and p* & X*, there exists a uni-
que ¢F = Y* such that M-, (prr,giy) € &y . Then we have :

m (5 ) = Moo, (P, @) s g (s o) = @

U {p, & (p)} = B, hence R is T,-sequential function.

pEX"

Definition 12. Let A be a tw.a. A is said to be conneeted if for cach n =
e {1,2,.} and s .5, there is pr e X*, such that M7 (s, ,Ph) =8

Theorem 6. Let 4 be a connected Lv.a. The following conditions are equi-
valent

1. T{A) is prefie closed.

o, for each (s, x) =(5, SF) % X, M (s, a) e By, n=1,2,

Proof. Supposc that condition (1) is salislied. We assume that there
exists (s, ¥) € (S, — F,) <X, such that MrH(s, ze Fo,y. There is phe X¥
such that M2 (s,, p3) = s, then MrHi(s  pha) = F,,,, that is pla = T (),
which is prefix closed, hence pg € T(d), Mi(s,,p") =s<F,. This con-
tradicts that s € 8§, — I, .

Now, suppose that (2) is satisfied. We assume that 7' (A4) is not prefix
closed. Thel_‘e_is phpk e T (A) and pt & I (d), where b, k # 0. We denote
by i the minimum number, such that pa;a,..a; § T(A4) and pk a2, ...
e T(4),0<i<hk—1. We have:

M2t (s, , phay @y - ) = 1 & Fopyy 88 Suse — Fauis

MuE () =Mt (s, PR @y e Rig1) & Fryqq this s a contradiction.

Corollary 1. Let A be a connected tv.a. The following conditions are
equivalent :

1. T (A) is prefiz closed .

2. for every s € 8, — I, and gt & X* Mir(s, %) € Fopy n =1, 2,005
e=1,2,.

Definition 13, Let A be a tv.a. Two states 8,1 = S, n<{1,2,..], are
said to be equivalent, if for each pg = X, MEek(s, phy e Fy o ff Mite(t, ph) = Foye
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A is said Lo be minimal if no pair of distinct states from S,(n € {1,2,..})
are equivalent.

Corollary 2. Let A be e Lo.a. conneeted and minimal, for ecery s < (S, — I
and gb = X, M (s, ) & Fopy 1= 1,2, Then the following conditions
are equivalent

118, —F, =1 n0=12.

2. T (A) is prefin closed.

Proof. It T (A) is prefix closed, we assumc that there exist nnands, b=

e 8§, — I, where s # L Then we have M2 (s, ¢f) & F,, and JFrE (fgh) &
& I, for every ¢f = X%, i.c. ¢ and s ave equivalent, which cont radiets that
A is minimal.

|8, —r,i=1n=12., then S, — &7, = {s,}, wec assume that
T () is not prefix olosed @ there exists pigt & T () and P& T (A).

Tt follows that:

ﬂ‘[f; (Su H PI;) = S.. = 11‘1:1 J’Ifn; (Sa ; Pg) =8, J'lg-'-h (so ? pg 'Ig) = jliﬁ‘Hl (Ska f]ﬁ) = ‘Fk+h'

Then we have s, = 8, — F, and M Eh(s, gy € Fogns which contra-
dicts the hypotesis.

Theorem 7. Let A be a tv.a. over X X Y. T (d) is T-sequential func-
tien iff:

1. 5, € .

2. ' (A) is prefiz cosed.

3. for cach (s, @) = I, % X, there is a unique if < Y, such that My (s,
(1‘; ")‘)) = -Fn+1: n =01, 2,...

Proof. 1L T () 13 T -sequential function, sinee M (s,, (¢, €)) = S, and
(e, ¢y & T ()it tollows s, = Iy . By theorem 3, 7 {) is prefix closed. Sup-
vosc that (8) is false, Then we have :

. There exist n € Ny and (s, @) =17, x X, sueh that 35", (2, ) €
for every y € Y, or

5. There cxists n € N, y, # Ik and (s, %) = F, x X, such that M2+
(s, (&, 4,)) S Fppand ALr(s, (2, yo)) SF 0 1i 4) velds, there exists (ph,dh) e
2 (X x Y)*, such that M2 {(s,, (95, 65)) = 5 M+ (s,, (pr e, g y)) & Py, for
every y € Y, hence (p; @ ¢, y) & T(A4) for every ¥y € Y. We want to
show that (p; @, ) & T(4) for
(6) g # @ -

Suppose that (ps e, qty,) € T (4) for qr # q¢, because T (A) is prefix
closed it follows (p%, q2) & T{4), which contradicts that T (4) 1s function.
Relation 6) means that dom (T (4)) # X*, which contradicts Theorem 5-
Now we supposc that ) holds. Ve know that there cxists (p%, g3) such that

ﬂ-“l: (SD.? ('pjr)ﬁ qg)) = &

Mt (s, (pt @, 3y) € Fapand MI¥ (s, (752, Q1)) = Fapy that is
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(pro, qryy) & T (A) and (poa, q, i) € T (A) with g # 1., which conlra-
dicts that 7 (1) is [unction. Suppose that 1), 2), 3} hold. Beeanse 7' () is
X x ¥V — t.v.a.a. and prelix closed it sufficics to show that dom (7T (4)) = A*
and T (4) is a Cunction (by Theorcm 5). From 1), 2), 3) it follows that for
every pte= X*, there exists a unigque g5 € ¥Y* such that (pr,qne T(4).
This completes the proof.

Let R(X, V), RT (X,Y), RT,(X,Y), CRT, (X, Y)he the class of
sequential relations over X x Y, the class of SRT,/X x ¥, the class of
SRT,/X x ¥ and the class of CT-sequential relations, respectively.

Theorem 8. There exist the following relations :

R(X,Y)C RT,(X,Y), R(X,Y)C CRT(X,Y)C RT, (X, Y).

Proof. Every sequential machine M=<X,¥,85 3 rn> may bc
interpreted as a t.v.m., for which
8, =8, fitl{s,a) = 3 (s, 2), &, (5,2} = 2.{s,a), n € N, @ € Xandasac.t.v.
m. for which §, = 1{sfs 8, s, =5 Ipf € X*, 8(s,, ) =shfitls, @) =
= 3(s, ), g.(s,2) =nr(s, ) n € N.

It is easy to show that there is a t.v.m. M, for which the relation R, (M)
is not suffix closed, hence R, (M) is nota sequential relation over X x Y.
There is a c.t.v.m. M for which R, (3) is not a sequential relation.
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ASUPRA RELATIILOR SECVENTIALE CALCULATE DE MASINI
SECVENTIALE CU STRUCTURA VARIABILA

Rezumat
Se definese citeva velatii calculate de masini secventiale cu structurd
variabild, dindu-se caracterizari ale lor, precum si legitura cu limbajele ac-

ceptate de automate cu structurd variabili. Se stabilesc relatiile intre cle
si relatiile secventiale.

Analele stiintifice ale Universitalii ,AL T Curn*’ Lasi
Sectin I a. Matematicd, tom NN, 1974

SAINT-VENANT PROBLEM FOR CYLINDRICAL
BEAMS WITII GENERAL ANISOTROPY
BY

¢. 1. BORS

1. Genera} equations and formulation of the problem. Let us consule;‘
a beam limited by a eylindrical surface & and by two planes @y = O,d.'r'3b = ,Sl‘
(h > 0). We shall denote by 7 the region oceupicd by the beam ana by
the domain of a oross-section. We denote by T’ the boundary 'o_l‘ S

Ve suppose that there are no body forces so that the equilibrium cqua-

tions are given by

(1) g;; =0 in W)
The lateral surface is supposed to be frec from tractions so that we

have the boundary conditions

(2) oym; =0 on¥§,

where nr, are the direction cosines of the exterior no_rmal to the surface 9.
The tractions applied at the end @y = 0 are equivalent with a resultanl

it and a moment resultant e

(8) R = (R, R;, R), 3= (M, M a%,) on ay =0,

where R, and &%, are given. . ‘ .
On the end ay — there are applicd tractions so that the beam 1s 10

cquilibrinm. ) o

! The material of the beam is supposed to be with general amsotropy
so that the relations between the components of the stress oy and the strain

components v;; are aiven by |1, 3]

*) \We usc the summation convention over the repeated indices. The index j
after comma indicates purtiaf differentiation with respect to &



