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§1. The concept of weak ring was introduced by Al. Climescu
[1], [2], as a gencralization — in the direction of the distributive law — of
the classic rine concept. Some problems on this new algebraic system swere
studied by ‘1. Luchian in several papers, among them [4], [3].

A weak ring R is defined, [2], as an abehian additive group R4 with
a multiplication ., velated to the addition by the weakened distributivelaws

(1) ey +2) +a-0=a-y+r 2
“ (p+2)-2+0- 0=y 2+
whieh imply

® e 0ol + & (H) 0.2 =0 () +¢

where o, & are group endomorphisms of B, and ¢ a fixed element. We shall
denote it by

R =(R,; o, v o).

Remarle 1. Obviously, the class ol ordinavy rings is obtained from the
above definition, for ¢ = 0, ¢ = ¢ = © - the null—endomorphism.

If B* is an ordinary ring (with the multiplication not nccessarily asso-
ciative), then its additive group R, with a new multiplication ..-” defined by

(5) vy =aeXy+t e+ s+
— with given group endomorphisms ¢, p and ¢ = R, — is a weak ring R-,
[2] and conversely :
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Remark 2. To o weak vine R it eorresponds an unique ordinary ring
o | 3 ;

7, with the same additive group i, and the muliiplication .. X defined by
(6} PRY=dey =200 =0 y+0-0.
We shall eall B* the associaled ovdinary ring of the weal: ring R

§2. Weak ring homomorphisms are defined as usually and the follo-
wing three propositions hold, [+, [5):

Proposition 1. If [ Ry— Ry is « weale ring homomorphism with

3 i ot . g
1‘1‘ = '.1‘-',4' 1Y, 0, £ t=1,1%

then we have neecossarily
(7) froor =050/, (7)) Srodi= 1,0 f, (77 fle)=er

Propasition 2, If fr: Ry By is a weak ring homomorplism, then [ in-
ditces an ordinaryring homomorphism f* : R¥ — R¥, where R¥, i= 1,248 the
associated ordinary ring of R;. sueh that [+ and f* have the same restriction in
the additive groups,

oy » »
f:_.f+ ‘ I'!:+ - I“_‘.:+
and the map o« : Hom (&), By) — Hom (RY, RY), «(f)=f* is mjective.

A somchow converse assertion is the following :

Proposition 3. If f*: R, ~ R, is an ordinary ring homomorphism and
o, = End (R, L), 4= 1,2, such that (7), (7"), (7") hold — with f, the res-
triction of [ to the additive groups and ¢, = Ry an arbitrary fized element-
then f* determines a weak ring homomorphism f

FoRi= I Ri=(R, 0, d,e).

From Propositions 2, 3, one can easily deduce :

l'_ruposi_tipn Ao Lol By be an oordinary ring, Ry = (Bos 592, Yo, ) @
weal: ring, Ry its associated ordinary ring, f: By — RY an ordinary ring homo-
morphism ; then f induces a weal ring homomorphism f-

f~:R= R, -~ R,

i and only if
(8) Imf, = kero,n kero, and ¢, = 0.

In tuct, by Remark 1, £, can be seen as a weak ring B = Ri= (R, ; 9= 0,
p=10, ¢;= 0); then (7), (7°), (7”) arc cquivalent to (8).

Obviously we have:

Proposition 5. The cluss of weak rings, together with their homomorphisms

15 a category S and the categoryy oA of ordinary rings is a full subcategory of §.
It is easy to verify:

i e e | et e " i Sl i s

-1
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e
Proposition 5°. The class & of weak rings of the form R = (B, ; o, r.];,lO),
jogether with their homomorphisms, are a category and a full subcategory of 53
- - . . . .
clearly of* < & and the null ring 0 4s the zero object of §. Using Remark 2
and Proposition 2, we have:
Proposition . There evists « faithful covariant functor o.: 8 — o* de-

fined by the scheme

S o R~ (B)= R e of*

Y J ~f*l

R, (R} = R
ohere R is the associated ordinary ring of the weak ving I, i=1,2, and f*
1he ordinary ring homomorphism induced by [°. ‘

§3. Theorem 7. In the weal ring category (')' !her(:‘c;z.es!s the pull-back

P for any weak rings Br= (E, 5 0,y 000, 8= (F, 5 ¢, Do, o), B =
2

L
)

h

(R, 10,9, ) and wny weak ring homonmorphismns
fiilb - R, fo B - B,
namely this pdl-back is the weak ring defined by
B X I = G = (G591, 9a), (91, 72)s (615 62):
I
where G = kX 1 s the pull-back of the additive abeliun group s of th
R,
aiven sweal rings.
= ) - - *
Proof. Tt is known that there exists the pull-back diagram of abelian
eroups

Pr
E,ow ), - Iy
It
1'(.)) _?}E ‘ f.l:‘i‘
Ji+ -
j«,‘+ —_— Il’+
. , A
E,xXF, ={(x,z) ek, ,nel,, fir = faw,} =G,
R
+

and for any other commutative square

Doy, v
_\.’T —_— by
(10) By l os
) Ji+ H
K, — + R,
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there is o unique group homomorphism g,

() TN By X P g, ()= (e, by, )
sueh that o

(12) by, e =Deo e,y by, y=proq,.

Let us define the maps

(13) (20,2 2= G (01,99 (80,29 = (31 (1), 23 1)
{(13) (oo wa) 1GL = G (B, 0) (1, 10) = (B (1), 9 ()

and let (e, e} = G, be the fixed clement (from (7)) = f, (¢,) = ¢= fyley)

in f&). The maps (13), (13") are cvidently group ]1omomo:phlsms and we
have
Gy = (e, ) = (9, (), a (2)) = Gy
Jitoc (@)= fi [¢: (vu)]
sinee, applving (7), (7) from roposition 1,
oofi=fico, bofi=fiey, i=1,2;
Silog (@) = @[S (2] = o [fa (@] = fu [, (@)]-

Defining in &, a second composition law, the multiplication ,** by

Lhat is

henee

(14) iy, ) (p s ) = (@) - 4y, 2y Y,

one can casily verify the weak distributive laws (1), (2) and
(3 (ry, 72) - {0,0) = (9, 9,) (i, , 20) + (€1, €a),
(",) (U U) ("1:1)_(")13“;‘..)( )R) ((ll: _)

So we have obtained the weak ring

G = (LA ((91: @) (Ul: .‘_) (('1: C::))'

The group projections py, pp from {9) obviously preserve the multiplication
(14) and the conditions (7), (7'), {7”) hold, for instance

st

. Peo o) = ope pe. peleg )= ¢y
So the diagram

Pr
(!" - E’
(9) e ify
i Ji ¢
E — R

1
i
i
i
1
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is & commutative square in the eategory §. Given in § another commutative
square of the form

) I
i " ]\r A= (X 15, Do o)
9. .
B Ser heog=oeh hiely= 00,
| b Y
Lo L

this diagram induces the commutative group square (10) and {he unique
SEOUP homon wphism ¢, , which can be extended to a weak ring homomor-
phism q, for ¢, preserves the multiplication (14) and we lave

(71) Tv 2 90 = (01, 92} s,
since, hy (11},
(0 = 90) b = ((hy>20) b, (s 20) B) = ({010 ) b, (922 ) D)
= o1, 2o gl
and ¢ satislics the propertics (12).

So we have proved that (9,) is a pull-back diagramin the eategory 8-
As a consequence we have:

(7) Fe o Qe == (4, Yo g,

Remarle 3. In the [ull subeategory (S for any weak ring homomor-
phism f: R — R, there exists ker f, ne un(*l\ it is given by ’rlmpnlf hack

kerf

, kev f = £, » 0
K,

§ 1. Theorem 8. Let be
IR . Rl g
hl . Ll"l,{-:‘?;; ‘.’e‘;(‘:'}) ! 1
any set of weak rings; then, in the calegory S8 there evists the direct product
=N R
e f
of the above sel.
Proof. In the direct product ol abelian groups R,

R+: ]| I{i, +
igl

we define the multiplication ..

" oof the elements o = {a,); b= {0)ier,
abl__R+ b}" (fE” HET
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(15) a.b="{a . b)),

Then (1), (2) ave easily verified. I we note

(16) 9 =(odier, ¥ =00er, ¢ =(e)er

with o{a) = (9a,)er, w(a) = (Y (a))es the maps o, 4 are cndomorphisms
of I, and — by definitions (15), (16} and (8). (4) for R- — we obtain the
properties

@0 = (hier (0ier = (ar 0ier == (@ ets) - ¢)rer = (0)res@) - ¢ 5

similarly 0+ @ = (,)ies () + ¢, 0.0 =g
‘The group projections

P Beo R, . e

prescrve the multiplication (13), henee P ¢ € 1, are weak ring homomor-
phisms, So we obtained the wenk ring

(17) Be= (Res (@dier, (h)ier, (e)ier)
and the projection diagram
(17) {pii B o R

Let us prove that (177) is a couniversal diagram : given any diagram of the
form

) i

B LR

-
-

19 " e

there exists a unique weak ring homomorphism w: 1 — I such that (18)

is a commutative diagram, that is

{(19)

W=,

Indecd, the assertion holds for the

iy

])‘+— — ]1)_’+

(18’) Ty ! /

-
//
-

]‘)+/ Py

u, i

=

(19

I.

additive groups diagram

and the group homomorphism i, preserves the multiplication of B : since

#; and p; are weak ring homomorphisms and (19") hold, we have
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Wby b)) = (i) - by} = (pio by - (p,o Wy = pilu(h) - u(b,)].
bt stlso wlb - i) = (piot)(by - by) = by - 03] So we obtain
DAY )] = Pl - B, 8= T (b, - ) — () - n().

In conclusion, (17) is a weak ring which is the direet product of the weak
]‘lllllﬂ' set (h)r)fEf
»o_ I , K o -
= (R, (9 )iet, (bi)iert, (:)ies) = 11 R;.
TE}

Bemarl: 4. Since § is o category with pull-back and direet product,
it follows that & has projective linits ; particularly in § there exists ker
(1, z), for every weak-ring homomorphism pajr (e, 50
Ker {n,v) is constructed as follows :

Let be a diagram in 8

i
G4 7p
-+
v
The universality of the direet product in 8 implies that there exists two
weak ring homomorphisms

TR R A (Y R L T

such that the dinerams

r .‘l'- "
1y by M/ +t T
. : u' "
D S A Axl LV
N,
N /’ \\ L
I ™ B N R
are commutative,
])IO?L'Z ]'A' ])1-'U'= 1/!'
! L7 ’
Pt = Pao =g

F| . - . 3
Then ker (x, v) Is given by the eartesian dingram
. 2 .
K1 o

—~

P ’ v, ker (u,v) = (&) ),

; 1t !
A — g
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where p satislies the properties
:l) Mo D =gep,

L}y For every h: X0 — & with & = ¢ . h, there exists a unique weak ring
homomorphism ¢: X' — A such that peg = /A

§3. In this paragraph we shall recall some known results which we
shall use in § G,

A eategory S is ealled o pseudo-filter eategory (eatégorie pseudo-fil-
trante, [6]) if the followinge econditions hold

Py L Fvery diagram

w )
7 , with 4, §, # = Oh{
T,
/
can be completed to a comnmtative one
w7 L
T~
= \\~ l
i - &
K e
~ ///
v L, e !
J

u
PS 2. M0i32 4 is a diagram in 7, then in T there exists a movphism

¥
w:if— & osuch that wenw =wowv. A category I is called a connected cate-
gory {eatégorie connexe, [6]) il it is nonvoid and lor every objeets (. from
[ there exists in T a diagram of the form

‘/“‘\. R N

The lollowing theorems are true:

Theorem 9. A pseudo-filter category I is « connected one if and only if
Jor every pair (i,7) of Ob I there cxists an object It and two morphisms w 11— k,
vij— k.
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‘ Theorem W. Let 1 be a small connected pseudo-filter categoryy and B2 [ —»

-+ NS @ covariant funcior; et
XN =11 F{)
1EOL({)

be the (lll'e_ct sm 0!_1‘110 set: i_'u'mi[.\' {(I'{i))icons and let us define in 2\ a bi
nary relation g oas follows: if oy = F ()., & F (i), then @y sy, i there
exist w, v & Homd wi—fpw:j— ko such that F () () = F i) ()
Then we have: '
a) p Is an equivalence relation in X and Xz together with the canonic mor-
phisms o,
= @

s F ) =Nz o ()=

-~y

define the inductive limit of M
lim I =X/s.
—r
!
by If w, g = li;n F, then there exists & = Ob [ such that the elasses o, 4 have

representatives @, 4, in the same set F (k).

ny - . N 1 .
)1 ]110. Ielcmcnt t, 2, < B (6 are the representatives of the same class in
lim I7 if f there exist = Ob [ and u: { — j such that

-
It

() () = F () ().

Using Lhis theorem, one ean deduce :

Remark 5. Let 172 L - Ab be a covariant functor from he small cate-
gory I to the abelian group category Ab and let us consider F;, the supporl
sets of the abelian groups I (i), Fils Ens the induced functor, (\'/z, 6,)
the inductive limit of F; then X/z can be endowed with an abelian U'II"OIII)
structure, such that o; become group homomorphisms and (X/o ct)’ the
mduchyg: Hmit ol I, Namelv, the composition law in X/cis defined :is lol-
10\\3‘:_ it @, ys X, by Th. 10, b), there exists § & Ob [ such that . JYr B
€I'(i): then a+ y=: is defined as the class with the J'f:prcseltlt’ati\'c
Z; + ;. This addition is well delined, that is it does not depend upon the
chqlce of the representatives. In fuct, if a, ¥; € F{j) arc other represen-
tatives, with the samc index, for @ and ¥ then by Th. 10 —the defi i

s . delinition of
¢ — there exists disgrams )

!
i~ Lo t”
-“""-_
]‘ r , kn
// T
- N L~ "
Pl ;}’ f -~ o

such that
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Pl = Py (@)

. '
i Pty () = F@") ().
Henee, we have the diagram
w o I
+ ///
e
.

Y
T
which, by P8 1, can be completed to the commutative one, namely
> -

wo . ! . o
//. e
i { (21)

~. - :
p "
N

so, we have also the diagram

aPO?LI Z“/_”D “’ff’

I _‘f
o 1
- —
ji—3!
H L
& v

Ience, by P8 2, there exists 80— & such that
{22} SGoxoe = Boug'ler =1, vijoh
Iront (21) we deduce

{22") Bag' o = 3ez"vt"=u, wiiol
By (22) and (229 and applving (20), we obtain

EG) () = [F(3) o o) o P (@) = [F(B) e Fa) - F') Jy) =

—

= I'(Be 2" o 2") (1)) = F(v) ((%,)}=
(23) Fo(a) = Iv)(r;)
and similarky
(28) () () = F(2) (9.

Since F(), F(v) ave additive group homomorphisms, this implies
FQu) (v + y) = F(o) (2 + 3,)

hence, by the definition of the équivalence o, &+ Yo, @ o Y, are in the
same class = = @ + y. The null element in 111()1 F, I': [— AL, is the class

i
represented by the null elements of the groups F(‘i) since if 0, , 0y are the
null clements of #(i), F(), then 0, p 0; , beeause, 1 being a r:01_mcct01d pseudo-
filter category, there exists w, v w:i—/k, wij— Lk with Flu) (0) =
= I'(v) (0;) = 0, , for F(u), F(v) arc abelian group homomorphisms.

i i
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§ 6. Now we ean prove, for the weak ring category § :

Theorem 11. Ler T be o connecled pseudo-flter small category  and
Fol — &8 aeovariant funclor; then, in the wel: ring category 8, there exisls
the inductive Limit of the functor F < in other words, the weal ring categsory §
ioaeategory with connceled pscudo-filter indnetive Limits. —

Proof. If i € Ob I, we shall denote

lf'(l') - (I{£.+s Qi "-EJ,-, C!) = If!

the corresponding weak ring, £,, bheing its additive abelian aroup. By
Remark 5, in Ab there exists

o, .

R, =w,.

f€Obt

Let

{24) G Ry, —~lim B, =, i = 0bl
fe= Oby

be the canonie homomorphisms of the induetive lmit ; o, arc abelian group
homomorphisms. In the abelian group @@, , we define a sccond operation
oo as follows : if w, y & @, by Th. 10, 1), there exists i = ObS with &y,
yi = F(i), respeetively representatives of @, y; then we put @y = =z,
where 2 is the cluss represented by a,.y, = (i} = R;. This operation is
well defined; the proof is the sante as that given in Remark 5 for the
addition, observing that —in the present case — I'(uwy, o) are weak
ring homomorphisms and hence they conserve the multiplication T
The weak distributivity (1), (2} holds in @, : for everv three cleme ni
@, Yy % =R, there exist their representatives with the same index R
fct they be respectively w, y, 3 = R, so that x, = oWy o=y T =
then we have

b

C (g H2) a0 =a, (o) + a0, =2 (Ez) + 2 0,= 2o, +

e F Y F =Y, Ay s, =y e

shinilarly for the proof of (2).
So we have proved that lim £, ,, became a weak ring 2 Now, lct

fef
us point out for the weak ring @ the endomorphisms o, & and the fixed
element ¢ from (8), (4).
From the universal property of the inductive limit in Ab, there
exist two group endomorphisnis

@, v:lm R, - H K, ,

i I

waking commutative the dingram
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. S e
iy == F)
] .
G - b4 SR
s
v ¢ N
im R+ HTT = lim R+
I I
that is
[ 25) oG, =600, YOO =0 s, Vie Ob I.

Haoe=limB, and @, € F() is a representative for a, then by (23}, we

oy
define o () as the class represented by o, (&), elw) = 2 (i), Similarly

ple) = ).
If (¢;}ier is the family of the lixed clements ¢, from the weak rings
P}, =K, i = Ob I, then this family lorm a single class ¢ modulo g. In fact,
oince 1 is a connected pseudo-filter category, by Th. 9, for every &, j & Obl,
there exist & & OLI and two morphisms w;i— L, v 4 = k. Then there
exist the weak ring homomorphisms B @ F{é) = k), Moy F(f) = (k)
with F(w) (¢,) = F(v) (¢;) = ¢ (from (7') of Proposition 1) and thus the
above assertion is proved.

Now, one can casily prove that (3) and (1) hold, for ¢, 7, ¢ delined
above, For instance

w0 =200, = @ () o = wils) + ¢ = o¥) + ¢

The wroup homomorphisms 6, (24), become weak ring Lomomorphisis,
sinee they conserve the multiplication,

Vo, y =K = By, ofe Yy =i Y =20 Y = g {ie,) - olyi)-
So (2$) bLecame a weak ring diagram
(26) fo; 1 1)) = R > R ficon
Let us prove now the universal property of this diagram. Let
XN =Xy % B d)
be any weak ring and
{fi: Ity — Xtieow

a family of weak ring homomorphisms such that, for any u 21> §, we
have f; o F'(u)= fi. This implies that, considering the corresponding family
of abelian group homomorphisms

13 SOME PROPERTIES OF THE WEAK RING CATEGORY 17

v i By — Xidicow with fi o Fu) s = ik

by thc_um\"ersul property of @ 4, there exists a singte abelian group homo-
pnorphisms

JatfRy = Xy

\wliich makes commutative the diagram

Fo,= R+

!
i %/ \< (27) foooe =+
= n

e &

Morcover, f4 is a weak ring homomorphism, since we have. for  every
T e : - oy
v,y =@ (by Th. 10, b), v =&, =gfa)), ¥y =1 = o () and by (27)

fw) = fl@), fGn =Jy)

50 thull.f,» being a weak ring homomorphism, we obtain f{z - ) =f{v, -y} =
= fil) - () = fla) - fu). In conclusion, we have proved that the weak
tring

A o= {hm R., 1 o 00

I

together with the weak ring homomorphisms {26) define the induetive
limit of the functor F: I = & in the weak rving category §.
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in [1], [2] au {ostl

cste

Analete stiintifive ale Universilatii G L e — Toy
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LES R-ESPACES SIMPLES
*AR

TOAN I. VRABIE

Jon surprenant les propridtés les plus géndrales des cspuces pré-topo-
logiques, topologiques, de proximité faible, de proximité, quasi-unifor-
mes et uniformies, M. ITlacque introduit dans |1] connue une générali-
sation de ces cspaces la notion de T'-espaee. Un T-espace  simple est un
ensemble X, structuré & laide d’unc application g BY) —H (X)) (ot
(X) est 'ensemble des filtres sur X)), vérifiant les condilions :

T ol @) = PLX) (le filtre impropre sur X))
T 7 = o(A) implique 4 = Z.
Ty) eldy u Au) = pledy) noglady).

La modélation mathématique de divers phénomenes physiques, chi-
miques, biologiques, linguistiques nous a amcenés & considérer des struc-
tures tvpologiques parveilles & celles rappelies ci-dessus, mais pour lesquelles
cette association cnscmble-filtre est considérée dans un cadre plus arge.

Notamment, i sapit de la définition d'une structuve plus générale
que les structures pré-uniformes de J. Chacron [38] ct de I'étude
des propriétés topologiques qui peuvent étre posées daus ce cadre : sépara-
tion, continuité, compacité.

Dans Ic premier paragraphc nous avons introduit la notion de R-
espace simple ¢t nous avons donné guelques définitions équivalentes (le
lemme 1.11, le lemme 1.17).

Dans le deuxiéme paragraphe nous avons introduit la notion de
R-espacc simple ponctuel, la notion de (¥, X) quasi-adhérence et nous
avons étudi¢ la liaison entre ces deux notions {le lemme 2.4).

. Les propriétés de séparation T, et T, sont étudides dans lc  troi-
sieme paragraphe et la quasi-compacité & droite, dans le quatritme para-
graphe. Dans le cinquitme paragraphe nous avons introduit et étudié les
morphismes continus entre deux R-cspaces simples.



