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(pra, gt} = T (1) and (p3a, qoip) < T (4) with g # 4., which conlra-
dicts that 7' () is function. Suppose that 1), 2), 3) hotd. Because T (4) is
X x YV — t.v.aa.a. and prefix closed it sufficies to show that dom (T (A)) = XA*
and T () is a function (by Theorem 5). From 1), 2), 3) it follows that lor
every pie X*, there exists a unique g5 = Y# such that (pf, gy T (4).
This completes the proof.

Let R(X,Y), RT,(X,Y), RT,(X,Y), CRT, (X, Y) be the class of
sequential relations over .X x Y, the class of SRT,/X x ¥, theclass of
SRT, X x Y and the class of CT,-sequential relations, respeetively.
Theorem 8. There exist the following relations:

R(X,¥)C RT,(X, Y), R(X,V)C CRT, (X,Y)C RT, (X, Y).

Proof. Every sequential machine M=<X,Y,8,8 »> may hc
interpreted as a t.v.m., for which
8, =8, fitl{s,a) = 8(s,a), g, (5,8} =1 (s,2), n € N, @ € Xandasac.t.v.
m. for which S, = {s/s € 8, 35, €5 Ipf = X*, 3 (s L) = sk fati(s, @) =
= 8(s,a), g,(s,0) = r(s,0). n &N,

It is easy to show that therc is a t.v.m. M, for which the relation R, (M)
is not suffix closed, hence R, (M) is nota sequential relation over X x Y.
There is a c.t.v.m. M for which R, (M) is not a sequential relation.
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ASUPRA RELATIILOR SECVENTIALE CALCULATE DE MASINI
SECVENTIALE CU STRUCTURA VARIABILA

Rezumat
Se definesc citeva rvelatii calculate de masini secventiale cu structurd
variabili, dindu-se caracteriziiri ale lor, precum si legatura cu limbajele ac-
ceptate de automate cu structurd variabila. Se stabilesc relatiile intre ele
si relatiile secventiale.
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SAINT-VENANT PROBLEM FOR CYLINDRI&I,-\L
BEAMS WITH GENERAL ANISOTROPY
BY

C. 1. BORS

1. General equations and iormulation of the pmhh;m. Let usoco:sulo;;
) limi lindri surfac : by two olanes ay =0, & =
am limited by a ¢} lindrical surface § and by Y :
2(I.P’Lb:IO'a.. Ve shall denote by ¥ the region occupied by the bear:nSand by S
the domain of a cross-section. We denote by T the boundary of

| Ve suppose that there are no body forees so that the equilibrium equa-

tions are given by
(1) 64y =0 In ¥ ).
The lateral surface is supposed to be free from tractions so that we
have the boundary conditions
{2} oyn; =0 on g,
where n, are the direction cosines of the cxterior no_rmal io 'Athe surface S"I..
The tractions applied at the end 23 = 0 ave equivalent W ith a resultant
12 and a moment vesultant
(8) R = (R,, Ry, B, J=(M, S, ) on @ =0,
Wllereoltfitz}llgdeigi qa:igfivsl?ele are applied tractions so that the beam is in

cquilibrium. _ . .. .
! The material of the beam 1s supposed to be with general anisotropy

5 sty : ain
so that the relations between the components of the stress & and the stra
components y; arce given by |1, 3]

£} \We usc the summation convention over the rcpeat.cd indices, The index j
aiter comma indicates partial differentiation with respect to ;.
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where ¢;; arc constants which charictorize the clastic qualities ol the mate-
rial of the beam.
The inverse relaticns are {aken I the form

(5) :g‘:":'_!é'.j!jr G!!:

where v is the veetor of the strain components v ; and ¢ is the vector ef the
stress components a; .

The strain components ,; arc connected with the components of the
displacement w; by

(not summed},
(z #4).
2. Auxiliary plane problems. The solution of the Saint-Veaant pro-

blem may be expressed in terms ol four plane strain problems which we
shall define below,

Let #8 {(£=1, 2,8, 4) be the stresses of the mentioned plane prohlams.
Let a, b, ¢ be arbitrary constants.
The first three plane problems are defined by the equations

Yie = u‘{);‘
«[r“. = /u'!',j + u‘j,i

oty | ot
Lo 2 b epa b+ (e + o) @ + (6 — i) A
3&31 d;[,’z

-+ (cl-l W.p “+ C1s 0‘:]):1 -+ ((.'40 s o L CO;I)__:, = 0}
at]z af.,.)

) + —= Foegu +epb + (e + £p5) @ + (€35 — Co5)d +
§odmy Oy

! + (L'_w 0,y 1 O m,l),l + (('24 W + Cys 0’:1):2 =5
pr ]
ot .
2 =9 in S
dx, da,

and
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bty ety = o Hew (g + by + ¢) + o (@2 Q.;r:l + Adw)) +
4 ey {0y + R — A S (A (e b, + (,)‘-i-l
T gy o, + Qg T )+ e (my, + Rrs— Ax,)) nat
+ by, + ) + ey (0. + QE + Ar) +
V) By o+ fem (et + br, + €) +
(w., + Qr,— A s},

frafty & loaPy = — H TR
+ epfo, + Qv — Ay
+ ey (00,0 -+ Qg Au) + o
l Lamy + Ly, =0 on I.

‘The function o is defined by

¢4 =0 in S
Aw -+ (g5 @ + Oy b+ 20.1_- Q 1 . ' -
Do = — {[eg (aw, + by + o) + (@ + Dy g (R — A1) @] My

1 o4 [egy (v, + by + ¢) + ¢y (@ + Ayap + e (Q — ) ) nyon r
where

i g & st

1 7 g f ¢ ¢

5 w = aw, + bw, + oy

t; = aty + bty + i .

Y l ‘,- 5 CONs (1 p 1C [”0 m ': L4 T 5 [‘]n.Cd bs
bie“ Wl 1]. ])0 \\ fO CC 1C
i er i ar
;\( 3 ct 1

{ Gm#-l'X;:-"O in S

= i ] = 2 . = [ T == = 0).
| Giafw = Pi on (1=1,2,8; 2= 1,2,; Ay =D )
23

-

(10}
iti i ¢ of a solution
The neeessary and sufficient conditions for the existence of a so
for the problem {10} are given by

\ Rbads +RR X.do =0 {z=12)

o ol
-

I
&(r, Py — @ Py Jds + \\ (2, Xy — ¥y Xy) do = 0.

v
\We can prove that the conditions (11) are
problem (6), (7).

(11) \

gatisfied in the casc of the



184 C. 1. BORS

o

It is easy to prove thot the stresses

Ity = — [eg{ay; + bxy & ¢) + (@, + Qay + Awy) +
+ ey (0, + Quy — AW},

tyy = — [ogg (@) + by + &) + €3 (00 Rv, + Axy) +
+ ey (0, + Qzy — Amp)],

ty = — [eg (azy + by + €) + ¢ (0,0 + Quy + Awy) +
4o (0, + Quy — A,

(12 a) tyy = — leg (@, + by + €) + ey (0,0 + Qg + Ay} +
! + e (w0, + Qu, — Ax)),

2 Ly = — [eg (a2y + by + €) + Oy (w,, + Qy + day) +
; + e5 (0, + Qu, — Az)],

bty = — [ (azy + bry + ¢) F eulo, + Qu, + Aw,) +

1
| g5 {0, + Qry — Aip)] + . (ax, + bay + ¢)
U i3
satisfy the equations (6) and (7).
The corresponding strains are given by

§
gy = —(ax, + b, + c), €gy = —2{a@, + by ¥ €), Em= 0,

S R

8,
e23 = ;'3_4((1&:1 + b.’.l’,'2 + C) - (0),2 + le + Aa’.‘,),
733

(12 b)

s
Y = ;33(“331 + bas -+ ¢} — (0, + Qu, — Ax,),
Sa3

)
vip = 2 {ax, + b, + ¢)
Sa3

and they will satisfy the compatibility conditions if

1 1
(13) Q = — (85 b + 5y a), A= —— (5550 — 83 a).
e 28y

The fourth plane problem is defined by the equations
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oy oy
day iy

oy Ay

+ €1y — Cu T (c1a 92 C@s1)or + (€ Pz + Ca Pate =0,

(14) - —= G — Cux + { Pre T+ Csﬁ‘?:i):l + (coy 90 + CoyPet)iz = 0,
day, iy
VoG g _
i Y
Loday dig
and
P n, + 8 n, =— {[eas (o + @) + €5(0,1 — )] 1 + [Cxs (@ +ay) +
+ €5 (@u1 — 2] M3},
(15) 1, + lny = — {[Cy (@0 + M) + s (0, — o)) 1y + [Cag (@, +a1) +
+ Cos (P — 29) )},
9 n, + 0, =0 on T,
The function ¢ is defined by
Ap =0 ind,
(16) ¢

Do = (e @y — @) My + (Cos oy — €43 y) Ny OD I
We shall call » the function of torsion.
From the equations (6), (7) we can finde the equations for the first

three plane problems.
All our boundary value problems, defined above, have solutions.

4. Saint-Venant problem. In order to solve the problem defined by
(1), (2), (8) let us suppose that the displacements are of the form

1 1 1 o ]
Do = 0= = Ajmay — - e T s 8 — Agitg 13 —
| 1 (‘1’1 G B A I ps

= F4 )

1 .
— Ty g 2a0 mg) + Uy,

-

1 1 1
(17) Uy = (\'-’2"' §A1a’13)3 + z Tlmlma“'éb1m§]% + (4 + Aoz ap +

1
+ To%“’a"ébow%) + U,

ty = (ds + " + lel‘%) 3 4 (U5 + @y + Qv xg) +

1 o5
+-2(a1a:1 + bya, + ) ad + (ag &, + by @ + coy s + Uy + Q,
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where
[ §p = a i+ 0y W2 ke WY+ Ty W,
N U= a0+ b Y o ¥+ S0l
l o =a 0, + b o, o3+ 79
Wy = g0y T bgy + oy + TP,
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the funciions VF (G =1,2,8; k =1,2,8, 4) heing the displacements of the
auxiliary plane problems dcfined by (6), (7) and (14), (13); the functions
w,; and ¢ are defined by (8) and (16); U, (¥, ) and Q (i, , v5) are unknown
functions and @y, by, €, = (2 = 0,1) arc unknown constants (7, can be
taken as zero).

The constants 4, , @x are given by (13).

We sliall choose the function Q such that the problem which will be
obtained for the determination of the displacemen tsU,, U, , Usbeaplane
strain problem. On that account we shall call @ function of correction. 1t
is casy to sce that the functions o and @ have the same role.

‘The strain components of the displacements (17) are given by

7
Gy = Tm t T (40 4 ey (@0 + &) + O (9 9] +
+ ey (b + 07 Qi @) + €y (s + Q) + € (b1 + ,)) +
1 1
o= (ay by Fedag + Z{uyv, + byt + o),
S S
G = Ty + 7o ) + e (00 + @) + g (@ — @) +
20 N . . »
=00 o b kot Q) o (U Q)+ e (B ),

Gy = “m T 7o [ + e (52 + @)+ e (G @y)) +

4o (b + 0" + Qm ) ¥ s (Vs + Qo) + o + Q,1),
G1g = T1a + 7o [l + € (92 @) + €5 (o — @2)]
\ + oo {ds + 0" FQ @) - Ly (U5 + Qo) + Cx 47+ Q1)

where =5 ave the stresses corresponding to the displacements U,
"Taking into account the equations (14) and (15), linally, we find for
the stresses =,; the equations

where v

Yu = “{(’1 a3+ vh F e

vea= Yo iy + Yo +

v = (@@ + by +e)an + {ag 2, +
+ boas + €) + (d + 0" + ], & )

Yo = fm¥y T 1l + ey {0k + Q& + Ay ) as ok
+ (wpe + Roay + Aoy + %o ;) + (b + Q)

o = Yu®s T Yh +oem T+ (00 + Q& — Ay x) @y +
(o + Ro Tz — Ay, — Ty) + (b + Qi

T |
fp = Yl + iz T Oz

i; arve the steains of displacements 1} = o5, v9, are the strains of

the displacements u; = ¢ and ¢ the strains of the displacements U .
"Paking inlo account the solution (12) of the auxiliary plane problems,
at the last, we find for the stress components the following [ormulac

{
o |

Sy = Tt %o (2 + ey (952 F ) + Cis (., — )} +

e by + o'+ Qra ey + tn (b2 + ) + 645 (7 + Q1)

Gyy = Tua T To [ + epq (@ + &y} F e (9 — ay)) +

+ en{dh + 0" + R a7y + Oy (U + Q) + € (U + Q,),

a~ oz - . " .
{ —1_1 + =2 4 ey (4 + 0" + Q,a; @) + €y (b2 + Q) + 61 (7 +

oy ax,
+ Q00 + ew (U 4+ 0" + Q, @, &) + Cy (b3 + Q) +
+ O (dt)’] -+ 9:1)]:2 =0,
£y, 0700 . . . R
) 124 T2 g el + o7 Q@) + O (b3 + Q) + (] +
iy Iy
+ Q) + [€as (¥ + o+ Q@A) + (b2 -+ Q) +
+ o5 (U] + Q302 =0;
pa ':—;w .
;o B0 in S
e Iy
fzpmy + Tty = — {le (P + o + Q,x; @) + €y (e + Q) +

+ €15 (37 + Qny + [ess (43 + o + Q) + g (d2 +
+ Q) + o (41 + Q)] 72},

Tty h TN = T {less (43 + of + Q&) (¥5 + Q,9) +
+ el 4+ Q)] + [eo (Y3 + @ + Qyay ay) F oy (Y2 +
4+ Q) + s (97 + Q,01ny,

ufy + My =0 on I
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The equations {21) and (22) are valid if the function Q is taken so that
AQ + [eg (3 + o + R, v, T) + 0y U O3 Ly + [em (b +

* * - 1 .
4 oob A+ Q) + e+ e +— (@@, 4+ by wy+0))=0in S

28

(28)

and

(24) DO = — {fep{dst+ @ + Q@) + ey + ess 1 |y +

+ [eg (U5 + 0" 4+ Q@) + Oy Uy + e $i)ngp on I

The equations (21) and (22) define a planc strain problem and for it
the conditions (11) are fulfilled.

Now, let us show that we can caleulate the constants a, , b, , ¢; before
to solve the problems defined by (21), (22) and by (28), (24}.

Firstly, the problem (28), (24) is of the Neumann type. The existence
condition of the function € requires that
(25 a) L KS((JI @, + by, +e)dos =0

333 .
g

and from two of the end conditions we obtain

1

(25 h) S——SR(Gl @, + by, + ) ado = — R,
o
1

(25 c) S——\g(al @, + by + ) vydo = — R,.
T3 4.
8

From the other end conditions we get the following equations:

l\R (aga, + Doy + ¢)) do = — R,— SRIMG,

Saz .
g

1

- &, - R\ Hy, do,

S

—I—R\ (ag ¥y + by @y + Co) 7y do =

o
g

(26) 1 (agmy + bps + o) ¥y do = My — gg Hzr, do,

ale

8

D, == — My — RS{[—.% oo (0 o+ Quay i) + cg (Uit Q)+

o
8
i

:
+ b+ Q)] [7m + Cplds + @ + Q@ ay) +
\ +C45(¢; + Q) + 655 ($1 + Q,,}] ¥g} ds,

} SAINT-VENANT PROBLEM FOR CYLINDRICAL BEAMS 130

where
i (g, by e, ) = Tm + To 14+ ey (952 + ) + ey (@, — )] +
+ e (b + W A @y ay) + oy (bi + Q,,) + 5 (1 + Q1)

D, = S\ (8 + ey (9,2 + &) + s (0, — @) & —
5

— U+ e (@he + W) F G (@ — ay)} ot do.

We can casily prove that the generalized rigidity D, is different form
zevo and we have D, > 0.

Some remarks

— The given solution is adequate by solving the ecencral problem
fjom the beans [2], namely when the conditions (12) are replaced by

n
Gy Ny = P, ) % on I
h=i

— Tt seems that the used method suits to any matcrial with linear
constitutive equatioans.

— Voigt has given a representation of the displacements in order to
studic the problem of bending by a transverse load [4, p. 668]. If we calcu-
late the displacements by using (12 b) and we particularize the results for
the case of bending by a transverse load we tind the formulae proposed by
Voigt.

— In our monograph [1, p. 252 and p. 268] and in [3, p. 96 and p.
215] are given results concerning the torsion and bending by couples and
respectively resuits concerning the bending by a terminal load. It remains
to decide if the formulae (25), (26) are or not are in total concordance with
the mentioned results.

— In the formulae (17) the terms

a:+1aacr 1-m+1a1: x2
B 003‘3 ‘2 B ad1 3 A N < ]

=

o | =

((' fl“lb Ty )@y + "1'7"1““}"b1 ws)’”gz
. u ot o TR Ty,
\ ’ 9 o7 3

1 a
(agay + bo & + o) To +§(a1w1 + byay + ) a3

are closelv connected with the displacement of a rigid body.
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PROBLEMA LUI SAINT-VENANT VENTRU BALE CILINDRICE
CU ANIZOTRODIL GEINBERALA

Rezumat

Se consideri o bard ecilindrici confectionati diniv-un material anizo-
{rop pentru carc legea lui Hooke este datd de (4).
Pentru o astlcl de bard sc rezolvi problema Jui Saini-Venant delinita
de (1), (2), (3)
Pentrit a vezolva problema sc presupune ci deplasirile sint de forma
17}).

Analele stiinjilice ale Universitalii . Ad B s s
seejia 1 a. Matematica, tom NN, 1974

PIIE TORSION PROBLEM FOR ISOTROPIC MIXTURLES
OF TWO LINEAR ELASTIC SOLIDS

BY

MARIAN ARON

1. Introduction. Green and Steel [1] have developed a general
non-linear thermodynamic theory of two interacting continua. The lineari-
zed theory of mixtures of two clastic solids, as swmmarized below, was ob-
tained by Steel [2]. In this paper the torsion problem of eylindrical beams,
in the context of lincar theory is considered.

o Statement of the problem. The lincarized constitulive equations of
isotropic mixturcs of two elastic solids, as given by Stecl [2] arc™)

(2.1) Gy = 1= oy + My lpy F Radpyl By HF GG 2u3 8 5
{2.2) Ty = 1% ¢ M€y T Rl oot 81 T Zitg €y T 2pe i
[2.8) Sl = T L T 2% liisn

P2

. ?1

{2.4) @y ==y Cppi T 2 Sppi-
0
+
1n the above 65 and Ty » G and =, represent, respectively, the symmetric
and skew-svmmetric parts of the partial stresses ¢;; and =;; , ©; are the com-
ponents of the diffusive force, oy, Ay, Ag,.. cte. arve material constants and
o, and p, are the mass-densities of the two clastic solids. We denoted also

(2.5) e =p1 t+ P

*) Throughout this paper, all suffixes run over the values 1, 2, 3 and the
usual convention of summing over repeated indices is adopted. A comma denotes the
p artial derivative.



