190 C. I. BORS 10

RIFERLENCES

1. Bors, C. 1. — Teoria elasticitdlii corpurilor anizotrope, Iod. Acad. R 5, Romidnia,
Bucuresti, 1970.

2, Bors, C. I. — Nur wne solution complite du probleme A Ahmansi pour les pouires éla-
stiques anigoirapes. C. R. Acad. Se. Paris, 1. 277, Scérie A, 1973, po 47— 540,

3. Lechnitskuy 8. G, Theory of elusticily of anisotrope hody, {(Russian}, Moskow —
Leningrad, 1950,

4. Voigt, W.— Lebrbuch der Kristallphysik. Leiprig— Berlin {Feubmer), 1910,

PROBLEMA LUT SAINT-VENANT VENTHU EARL CHANDRICE
CU ANIZOTRO1L GENERALA

Rerumat

Se considerii o bard eilindricd confeetionatd dintr-un material anizo-"

trop pentru carc legea tui Hooke este datd de (4). ) o
Pentru o astfel de bard sc rexolva problema lui Saini-Venant  defimta

de (1), (2), (3)-

Pentru a rezolva problema sc presupunc cd deplasirile sint de forma
17).

Analele stiintifice ale Universititii . Al 1L G Insi
Scelia 1 a. Matemaliedi, tem NN, 1974

THE TORSION PROBLEM FOR ISOTROPIC MINTURES
OF WO LINEAR ELASTIC SOLIDS

BY

MARIAN ARON

I. Intredaction. Grecn and Steel [1] have developed a general
non-linear thermodynamic theory of two interacting continua. The lineari-
zed theory of mixtures of two clastic solids, as summarized below, was ob-
tained by S teel [2]. In this paper the torsion problem of cylindrical beams,
in the context of linear theory s considered.

3. Statement of the problem. The lincavized constitulive cquations of
isotropic mixtures of two clastic solids, as given by Steel [2] arc’)

(2.1) Gipy = 41— o + Ry €py T Pa ppd O + T €y + 28 8
(2.2 Tty = 42 Ay oy F+ e g ant 8 20g 65 + 20285
(ij) 2 i+ Ypp 25 ppf Yij 3 b 2 B
(2.8) S = — T = — 2k hgigy s
e

5 s P1

(‘2"-1") w; = Ly Lpp,s + o~y Sppt e

In the above a(; and 7y , 6y, and 7y, represent, respectively, the symmetric
and skew-svmmetric parts of the partial stresses o,; and xy; , ©; are the com-
ponents of the diffusive foree, oy, Ay, Ay ... €le. are material constants and
o, and g, are the mass-densities of the two elastic solids. We denoted also

(2-5) p = py T P2

#) Throughout this paper, all suffixes Tun over the values 1, 2, 3 and the
usual convention of summing over repeated indices is adopted. A comma denotes the
p artinl derivative.
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where w, and 7, arc the components of the two displacement vectors.

We consider a cylindrical beam consisting of an isotropic mixture of
two homogeneous clastic solids bounded by plane ends perpendicular to the
gencrators, The cross section N is assumed to be a simply conccted region
hounded by a closed Liapunov curve L. 'The beam is initially in equilibrium
under no deformation, with no total applied force and weare assuming through-
out, that there are no extrancous body forees. We choose rectangular Car-
tesian axes in the initial body such that one of its bases lic in the a, O a,-plane,
while the other is in the plane a3 = I. | being the lenght of the beam. The
lateral surface is supposed to he free of applied force.

In the torsion problem the beam is kept in equilibrium when the end
vg = | is twisted by a couple of magnitude M.

In order to solve this problem we must find the partial stresses oy;
and =, and the displacements w; and , which in the domain Q occupied
by the beam satisfy the equilibrium equations

(2.7) Gpivp — @i T 0, Tpp T O = 0,

the boundary conditions

(2.8) NGy =0, npm; =0, on L,

(where n, arc the components ol the outward normal to the boundary Q2

of the domain Q), the constitutive cquations (2.1) — (2.4) and the following
conditions on the plane x5 = {:

(2.9) S (65 + ©x)ds =0, g 2y (0p + ) dm =0, Saﬁ (6 + =m) 7 = 0,

£ b £
(2.10) S (64 + ) d6 = O, &(532 + ) do = 0,
(2.11) S [2, (03 + Tua) — 2 (051 + 7)) do = M.
z

3. Solution of the problem. We try tosolve the problem by assuming
d priori that the displacement components are given by
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3
(8.1) w, = — ¥y + by, wy = &yl & foy y, 103 = o (g5 ay) +
’ + l'k'l €y,
and
(8.2) n = — wpts Lgwy, fp = 2byay + by iy, = 2 (215 &)+ oy T3,

where the function ¢ and the constants k, , kg, o will be determined in the

following.
From (2.6) we get

€y = Cpy = O35 = Iy, g = 8 = 00 = kg, €1 = £1z = 0,

3. o ¢ o do
(8:3) e = fu = (_ Ty + = ) y Gy = Bm = (1’1 + - ] )
2 ar,

(8.4) hyn = hom = B = 0.

The substitution of (8.8) and (3.4) into (2.1) — (2.4) vields

Gy = Oz = Oz = % + ko (8% + 2w) + hy (8h3 + 2u3),
dep
Gy = Opp = 2 (¥ !J-3)( — &y + -—'),
e,
(8.3) ;
69
Gy = O3 = o (1 + 93)(1‘1 += ),
éiry
Gy = 01z = 0,
Ty = thz = Ta3 = Ya + kl (3)\4 + 2[1-3) + kg (37\2 + 2!‘-2),
¢
T3y = T3 = & (et U-S)(— £y CP_),
(8.6) oL,
e
Ty = Ry = o« (g ws) | &1 +-""]: Ty = Togp = 0y
ax,
and
|:_3.7) 0)' - 0.
The equilibrium equations (2.8) are reduced to
(8.8) (g + ua) A = 0, (o + us) Ap = 0.
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From (2.9), (3.5) and (3.6) we obtain the following boundary conditions:

[—=x, + k(8% + 2uy) + Lo (Bhy + 2ua)| 0y = 0,
foy + Ky (Bhy + 2u3) + Ky (Bhg + 2up)| n, = 0,
de

(3.9) (u, + yv;;)( Wy Ty — Hy b+ —] =0,
dn

d a
(tg+ 13) t nya, — Ny @y ok _(?J = 0.
dn

It is clear that (8.9),, ., are salisfied if and only if

(8.10) ky (80 + 2up) + by (B2 + 2u3) = 2,
Fy (3 + 2u3) + k(82 + 2uy) = —2,
so that we can infer

by = 222 (g + ) + 300+ 2)) Ry — 22 + )
(8.11) A A

+ 3 + M),

provided that
B+ 2, B+ 2us

- # 0.
By + Pz Bhe + 2,

(8.12) A -

We notice that if there are no interactions between solids whatsoever, and the
diffusive force is zero, then putting 2, = k, = Ay = X3= pg = 0. we obtain
from (2.1} — (2.4) the constitutive equations of two individual solids so that,
as usualy, we can suppose (see also [2])

(3.18) > 0, o> 0, 3k + 2y > 0, 3y + 2py, > 0.
An analogous situation appears if we assume that
(8.15) e = 8y and ay = %5 = 0,
Taking into account (2.1} — (2.4), (8.14) and (3.18) we can- write
(3.16) e+ 3> 0, po +us>0,

Bhg + 2u3> 0, 8y + 2uz> 0,

Now, from (3.8) and (8.9), we obtain the following boundary — value
problem of Neumann’s type

(8.16) Ao =0, (—;-(B = — o, + 1,2, on L,
dn
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The existence of solution results from the fact that:

(8.17) g(—- Hy &+ Ry it} do = S vy day + 2y dey = 0,
o0
The conditions (3.10} represent the vanishing of normal tractions oy,
and =, (do'nt sum). Henee the conditions (2.9) are automatically satis-

fied. As in the classical case, we ean prove (sce |3], p. 498) that the conditions
(2.10) are also verified. From (2.11) we obtain

(3.18) oD = MM,

where

(3.19) D =(p + py :.’.p.g)\ ad + af + :1‘1£ — &y 22 ) ds.
éay 2y

<

The integral in (8.19) is different from zero (see [3], p. 500) so that the
constant « is also well-determined.
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PROBLEMA TORSIUNII PENTRU MIXTURILE 1Z0TROPE
A DOUAX SOLIDE LLASTICE LINIARE

Rezumat

Se rezolva problema torsiunii barelor omogene si izotrope in teoria
liniard a mixturii a doua solide elastice prin metoda semi-inversa.



