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ON ALMANSI-MICHELL'S PROBLEM FOR VISCOELASTIC BEAMS
BY
(H. GR. CIOBANU

1. Let be an isotropic homogeneous and linear viscoclastic material
with the constitutive equations [7].

o, (1) = A (1) B la, 1) 8y + 2 () (@ ) +
(1.1)

' Sw (1, ) 0 (2, =) By + 2 (1, =) gy )] =,
0

with respect to a rectangular coordinate system Or, v, ¥3. In (1.1) we
have used the following notations : o (o, 1) and g (v, {) are the stress and
{he strain tensors in the point a (&) .2y, as) at the moment £, 0 (. ) = =4 (a, 1)
and 3, are Kronecker’s delta,

Latin subseripts have the range 1,2,8 and the usual convention of
cummation over repeated indices is adopted.

Il we denote by u,{x, ) the components of the displacement vector
at the point & at the instant ¢ then

(1.2) 2z, (x, 1) = w,5le 1) + g, ).

The index i after comma indicates partial differentiation with respect
to .
We have assumed that the viscoelastic material is originally undis-
turbed — i.c.
e, f) = syla,t) = oyl t) =0
for ¢ = 0.
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When 2 (1), w(f) are constants, (1.1) leads to the constitutive equa-
tions suggested by Voltcerra [9]. Mercover, il 1(i, <) = 1{t — =) aml
mt, =) = m(t — =), (1.1) is identical in form to the accepled general lincar
viscoelastic constitutive equations [6].

We assume the clastic modulia (1), o (8 and relaxation moduli T{#,<).m{{,7)
are continwous and bhonnded Tunctions on [0, ) and [0, w) x |0, ), res-
peetively. Morcover, we suppose the existenee of two positive constanls
70, 1 S0 that 2 (N 2 2, w(f) 2 g, on 0, ).

When there are no body forees, the basie equations for the quasi-static
theory of homogenous and isotropic viscoclastic materials arce: the quasi-
static equilibrium equations

(13) S, (-T} t) = 0: t = [0: OO):

the constitutive law (1.1) and the geometrical equations {1.2).

2. Let us consider a beam of a homogencous and isotropic linear visco-
elastic material bounded by plane ends perpendicular to the generators and
by a evlindrical surface 3. We will chose the rectangular coordinate system
so that the Oxz-axis be directed paralel to the generators of the beam. The
domain occupied by the beam will be denoted by V. Let D be a cross-section
in the beam and § its area. The cross-section in the beam is assumed to be
a simply-connected region bounded by a closed regular curve I'. The unit
outward normal to T will be denoted by = {(n,, 7., 0).

By z we denote, sometimes, an arbitrary point (2, , 2,) from D.

We assume that the body forces are absent and that the beam is sub-
jected to the surface loading prescribed over its ends ond lateral surface3.
We suppose that on the lateral surface S of the beam, the surface tractions
are

(2.1) G ) M = Py, @, ), L€ [0, ),

where p, (, t) are given functions of v, , 2, and &.

In (2.1} and subscquently, Greek indices take values 1.2,

If we determine 2 solution of the cquations {1.8) which satisfies the
condition (2.1) on ¥, then the problem can be reduced to the problem of
the quasi-static equilibrium of considered visco-clastic beam when it is sub-
jected to surface tractions prescribed over its ends and is free on >. This
new problem is the Saint-Venant’s problem for viscoelastie bean and it was
studied in [2], [3], [4]-

Here, we will tind a solution of the cquations (1.8), * = V, which sa-
tisfics the conditions (2.1} on the lateral surface *.

We will call this problem — the Almansi-Michell’s problem for visco-
elastic beam. Almansi-Michell’s problem for clastic eylinder were considered
in various papers {sce e. g. [1], [8])

We suppose that p, (w, 1) arc continuous {unctions of « = I’ for every
t = [0, o) and continuous of ¢ € [0, o), uniformly with respect to a = 1.
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3. By using the form of the solution for :\lmansi-}[i.chell’s {_)roblem
in the elastic case [8], we intend to solve this problem for viscoclastic beam
by secking its solution under the following form

. . 1 . |
: o !_ b (] — adyas l -~ a (O ad — .r;‘,)} i
2 | 3 6

+ (2% — ad)ad l - : a, (1) (a4 — .rf,)} Azt + Ay +
¥

1 -
+ k() (n‘?, = :r';‘) @ + vy (@, 6),

<

1
uz {r, 1} = {Al (1) (ai’j - .t?) s ay (1) (2a% — 1'5)\.1‘1 Ty +

L 1
+ \ A, (t)(a:f L 12) - % g (8) (2aF — 23) wpas + 5 as (1) a3 +
B 3

F LA, )+ D)+ e oef o+ L)+ O @0+ md @D
4

In (81 4, o), j=1 2,3, 4, k(t) ave unknown contimfous
functions on [0, c0) and @ (2, 8, &), Valr, f) are unk.nown fu-nctlon_s
which belong to €2(D) n C* (D) for cvery ! = 0. o). conhnuo%ls of t, uni-
formly with respect to T & D. These functions will be determined by the
condition that (3.1) is a solution of the problem (1.3), (2.1).

From (3.1) and (1.2) we get

2 ] , .
el ) = — |4 (t)(.z'«_’; + i = .v%) — — 4y (1) .t';J z, — Ay (1) (.x?, —

L5

W~ —

12)12 )+ A B + T, @ 1),

. 1 2\.. ‘ 2 CRENEL I T
g (2, 1) = — Al(t)(‘zﬁ—gw.).a, —l‘lg(t)(aJ 4 aj p 12)
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1 =
= ag(z)wz] 2y — Aa ()@ + A (s + 5 (3, 1),

s 1, 1 . '
e (0, 1) = l A (0 (;:‘5 g :r';] - a (0 (228 — 8af) |y + l Ay (1) (r'{
. 1) 1 " -
(8.2) _g-l.’ —5”3(’)( b J'J)l“ +oag () a5 — ag () ay + d(, 0),

e (5, 1) = [y (1) (25 — 03) — ap (1) 28] g — Aa (D) ay s + (A (0) +

1 ~ =
+a; (D) &y + k(8 rpiy + =[O, 000, 1) + an by (v, 1),

=2

9

e (0, t) = [, (1) (2 — af) — ay () afl oy — Az (Y @y 23 + (A, (O) +

1 ~ -
+ a; () x, — k() 203 + E (@, (2, ) + a3, (2, 1),

1 -~
g (2, 1) = 5 k(1) (28 — @)+ e, )],

where

~

(33) 2;‘&9 (‘T"y t) = I?ﬁ,ﬂ (::EJ t) + I7{3.’1 (:;J i)

B(x, ) = eua (‘;3’ t).
We use the notations :

o A (1) = L (24, (1) — @, (0] + 2} [4; ()],
E, (&) = La; () — 24, (1)) + 2M [a; (8],
j=1,2,8,4, where L {. ] and M [ .} are lincar Volterra operators
L{fil=»0f0) + \.’(f, ) f(n)d=,
(3.5) 0

MO = w0/ @ + | mit, )

L3

By (1.1) and (8.2) — (8.5) it follows
. .
oy (0, 1) = — 2.1.[' AL () i — g(fl () + a, (&) ;r'?} ay + A7) (-1— a; -
3

» 1 x 5 - - el o
- wg) 2 + A3 (1) (5 28— n§] g A (D2 + A0t 0y (@, 1)+ L[4, D,
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(322 ('I'J f) = — 21"

Asyat— = (1 m+az(t»rz] 2y + A (1) (— -

—:r:i)-r. P A0 —*) A(003 + A3 (s (@, )+ LI O

B9 (o, 1) = { oM [(Al(t) L () + a0t + B () e sl

w

+{2M [A2 (t)a? — 1(A2(t) +a2(t))w§‘ + Ey(t) (m§ s ;.rz)}a:z
{

L Es(ad + B () @ + 50 (3 0) + L1 (@ 0] + 2 [9 (& 9),

oo (@, 1) = 2M [ 4, (1) ) (aF — aB) — as (f) ag] a3 — 2M [z ()] wy 1y +

+ 2M [4,0) +a )]y + 2M [K(D)] @y a5+ M [®,,(x, 1))+ 23 M ¥, (%, B,

oy (2, 1) = 2M 14, (1) (0] — &) — a, () e} ag — 2M [As ()] vy s +

+ oM [, (8) +at)] &, — 2M [k(t)] 2, a3+ MO0, (&, ) +ea M 1, @, ],
61s (@, 0) = M [k (D] (a8 — @) + opo (, 1),

where
(5.7) T (0, 1) = LB (E, )] 85 + 23 [s (@, D),
T (7, 1) = L0 (2, D).
7. From (8.6) and the equilibrium cquations (1.8) we obtain

o (D) + Fy (0 + A1) (0 2—:-':’) =0

(+1) s (o ) + Ty (e, 1) + o5 (1) o — a8) = O
128, (1) — M [ (1) + ax (D] @ + 2Fq (1) — M (A3 (O} +
+ MAY @, O w5 + M A, (1) + ag (0] — By (1) + M (AP (x, )] = 0,

for # = ¥V and t = [0, o©), where

(4.2) Fo (o t) = —2M {da (M aw + (L + M) [Loa (0 D))
"The first two equations (4.1) lead to

(4.8) Aty = Az () =0,

(4.4) Gap (T, 1) + Fa () = 0

and by (4.1); it follows
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(4.5) M A (7, 1) = 4M [43 (1)] — 2E5 (1),
(4.6) MIAD (2, 8)] = E (8) — + M [, (1) + a, (8)]

for & = D, t & [0, ), since (4.3) implics that K, (f) = 2M [4a (1) + a:()].
Using (8.6) and (4.3) from the conditions (2.1) on 3 we obtain

S (B = s, (T8) + (3 (0) a3 — AL (D) as) g,
o (0 Ony = 5, (0, 0) + [ () @3 — A1 () ] o,

rdy (z, £
Pa (@, ) ={M -“‘;"’?--)- T2, (1) (aF — a3) — ay (1) 4§ — Az () @y —

(4.7) n

i (t)wz] w2 (g (1) (4 — aB) — ay (1) & — As (D + & (t)xl)nz} @ +

ad (z, t
+M\ ‘n—) b2y (04 ag (0) (v my+ 2y m)|

for every @ € ¥, t € [0, o©) where

si (@, 1) =py (@, 1) + {2M [AL (t) a3 ;—(z‘ll (" + a, () a,gJ @ —
— LU @ Ol — 31 0165 = .

53 (2, ) = py (8, 0) — M [k ()] (0f — ) +{2M Ay () w?—%(Az(t) +

+ ay () ad fe, — LY (7, 0)] -

-~

The conditions (1.7} are satislied il the conditions
(+.9) Aty = A (t) =0,
(4.10) Eaﬂ G', fyng = .S‘a(:tu, £, v=el,
a9 (3,0 n
M l—’ + 2(A, () (af — a2y —a, (a2} — Az ay — L(thag)m +

(4.11) dn

F oA (1) (0 — a) — @y () a3 — s (), + K () @) n] 0,7 eT,

dd (7, 1 - -
{4.12) JI[ dn_) + 2 (A, (@) + ag(8) (@ 0y + 2y nz)] =pa(x, f),ee T
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arc satisfied for ¢t € [0, o).
Because (1.9) implies E; (1) = 2 M [4; () 4 a; (O], 7 = 3, 4, from (4.5)
[+.6) we get
(£.13) MIA (T 1) + daz ()] = 0,
(1.14) MAD (@, 8) + 2 (dy (&) + a,{D)]=0

for ¢ € [0, ), z e D.

In our conditions on the functions g (f) and m (¢, ) (See 1) it results,
that the integral equation M [u (f)} = g (t) has unique continuous solution
on [0, o), if g (f) is continuous function of t & [0, ), [5].

"Therefore, from (4.13), (4.11) and (4.14), (4.12) we obtain

A @, 1) = — 4 (), a=D,

e ,
15 PO Lo, @6 ¢ s+ Ao+ h Dl
+ 2[4, (1) (a3 — 2]} + @ (tyak + Ag (o, — k (8) &l g 2T
and
( 1-16) AD (‘T; t) = —12 (A-l (t) + dy (t)): &5 D;
d(D_irF, tl = — 24, (1) + a (D), ny + @ ny) + Pg (@,1),z =T,
an

for every 1 & [0, 00).

Ilere P4 (v, t) is the solution of the equation (+.12); this cquation has
continuous solutions on [0, co0), because ;n;;(;:{) is a continuous function
of ¢ = [0, «), unilormly with respect to zeT.

The boundary value problems (4.15) and (4.16) ave Neumann’s problems

i~

for the determination of the function ¢ (x,{) and @ (.F, 1) ; the necessary
and sufficient conditions to solve these problems are

Smp(‘a}, ) do =gd_¢(gf 0 gs,
H (3
\Acb(”,t)dc —S@j‘?ﬂ ds;
D T .

for every t = [0, o).
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In view of these conditions we have

{(+.17) Ay (1) + az (1) = — [4a (1) + a (D] 22,
3 ~\ra s
(£.18) M A, () + ay ()] 2S81,i(a,!) o
B

'Fhe integral equation (+.18) has unique continuous solution on [0, o)

sinceng (x,1) ds is continuous function of ¢ = [0, «0). Let ¢, (t) be the

r
solution of the equation (4.18),
(4.19) A0 + a, (1) = 4, ().

The above relation and A4 {¢) = 0 lead to the equation

)

"8l{t, <) + 2m(t 7)

= as (1 +,\ 8 (1) + 2u(f)

oy () ds = — O
! () + 2u(t)’

where
Q, (ty = 2 (L + M) g, (1)}

The equation (4.20) has continuous solution on [0, o0) beeause Q,(t) is
continuous of { = [0, o) and the functions A (1), u {1), [ (t,7) and m(f, ) satisfy
ihe conditions from Sec. 1. Therefore, the funetions a, (1) and A, (3) are
determined by (+.20) and (L.19).

—

The function @ (. 1) is determined as solution of the problemn (4.16)
hecause A, (1) and «, (f) arc known function and the necessary and sulficient
conditions to solve this problem are satisfied.

Now we consider the problem (4.4), (£.10). This is a viscoelastic plane
strain problem for the domain 1) bounded by I'. The necessary conditions
to solve this problem are

\1-; (@ 1) do +\sm (1) ds = 0,
(+.21) p r
\[.31 F, (7 1) — &, Fy (3, ] do +S[a:', 5 (1) — a5, (7, 1) 1 ds = 0,
i r

D
for every 1 = [0, ).
Taking into account (3.6), (4.2) and (4.8), the condition (4.21), becomes

(4.22) \-cﬂ,d (z, e + Spa (v,f)ds =0, 1[0, )

D r
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Beeause

iy,
D

Rcam:} (': f)(!G - _(_' \“t’d Gana ("'1 t’) dG}
D

and taking into account from (3.6) [8} 1t results

T (1, 8) = 2Eg (1) (g — ag)w, — K (1), it follows lllatS Guges 11y 1) do =
D

= 2l Eg (), where Ty = & (e — W) {25 - rg) do.
D

Thus, in view ol the relations (4.8) and (8.4), j = 1,2 from (.21},
we obtain

1 -
(4.23) Lo M Az (0 + ap ()] = — \Pa (&, D ds.

o LI

Sinee A = I, £, — I > 0, by (£23) we have

124} M A () + ax(t)] = fa (B,
where
1 D
(4.25) Fa®) = o e Iy \ps @01,
i.
and e, arc e = €3 =0, €y = — €n = 1.

The function f.(t} are continuous of { = {0, o) and therefore, the
equations (4.24) have unique continuous solutions on [0, o). Let g« (t) be
the solutions of thesc equations

(4.26) Ay () + a. (t) = g« (2}
From these relations and (4.3) it follows

(£27) e () + Sgl (t,2) +2ml5) (g, . Q0

2.(t) + 2 () T ) + 2p)’

where Q,(f) =2(L + M) [g. (®)), 2 = 1,2 The functions 4, () and a, (¢
are determined by (4.26) and (4.27).
By (4.17) and (4.26) it results

(4.28) Ag(f) + a3 (1) = — g (1) 22
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and by A3 () = 0 we obtain

!

"3l < 2m (f, = ( v
() ao) +|TODIIBT oz = OE
Bk (1) + 2u (1) 31 {1) + 2u{t)
0
Thus, the functions A, (), a; (1), j = 1,2, 3, t, arc determined.

5. Now we can determine the function & (r, {) as the solution of the
problem (+.13). The necessary and sulficient conditions to solve this pro-
blem are satisfied. The solution of this problem is

(5.1) Y@ =730 + 2 (D) g, a),
where % (z, 1) and o (z;,,), arc the solution of the problems
Ag (zy,w) =0, @ = D,
5.2 a =
(5:2) d(""..-(;’;" 2 _ Ty — Xy Ny, =T
and
Ay (@) = — das (), & < D,
dx (2, t
(5.8) —xé:,, ) =2 () (@ — a?) +a, (f) a3 + Az ()| n, =

= 2[4, (1) (2} —ad) + ap ()2 + As(t) ] ny, 2 € T

for every ¢t = [0, ). By (4.28) it results that the nceessary and sufficient
conditions to solve the problem (5.8) are verified.

The function ¢ {x, #) will be known if we defermine the funection & (¢).
This function is determined from (4.21),, by using (4.2), (4
Indeed, from these relations we obtain

P(t)+ Q) + R(1)

t, le ()d~ = ol

(5.4)

¥

where
P) = g (22 py (‘T ) — @y Pg (,:E t)] ds,
r

Q (1) =2=M 4, t)]Sa (22 5508 do i M [a (t)]Saﬁazzdc +

.8) and (5.1). E
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+ M |4, (1} S (g — o}y do + M {a, (£)] r\ e

D n

i do-l ,
J

R (1) = 2M [ 602 (30 = w220 5, D)o

D

D(ty = p(8) S [af + ad+ @y @ (B, 2) — @9, (1), )] do.
b
D () is a positive function on [0, ) because w (£} > 0 and g [@% + a3
D

P {t} and Q (1)

, 1) are conti-

oy o, (), @) — @y 9, {0, 1)} ds > 0. It is obvious that
are continuous functions in [0, oo}, since A4, (£}, a, (1) and Pa (£,
nuous functions of ¢ = [0, o).

The function R (¢) is continuous in [0, cc). Indeed, by transforming

R (1) and taking into account that (a2 — ad) x (, #) is a single valued function
for every t= [0, «0), we get

| —

|ﬁWhﬂd
ds

b"

»

— — Id
\ s 20 @0 — 2 74 G, D) o = s
D r
so that

R() = M“(n’;’ + a9

r

dy (x, 1) f-S'J
ds

d x(z, 1)

n

since is continuous of ¢ = [0, o) for cvery #  I' it follows that

Muﬂ
ds
nuous funection on [0, o).

It follows that Volterra’s equation (5.4) has continuous solution in
{0, %0). The function % (f) is the solution of this equation. Beecause the func-

tions & (2, 8), k(1) and A,(2), a.(t), «= 1,2, are determined, it results that
I, (2, ¢) and s, (z,1) are known functions.

We assume that the plane strain problem (4.4}, (4.10) has the solution
e (1), % = 1,2, which belongs to C*{D) n C* (D) for every t e [0, o)
continuous of 7, uniformly with respeet to z & D.

is a continuous function in [0, o) and therefore R (} is a conti-
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IFinally, we can conciude that the Almansi-Michell's problem for visco-
clastic beams has the solution (3.1) where : A (8), «; (), j =1,2,3,4, are
given by (£17) — (120}, (4.26) — (£.29), () is the solution of the cqua-
tion (5.4), @ (7, t) is the solution of the problem (.16), 9 (x, t) is given by
(5.1) and vy (v,8), « = 1,2 is the solution of the plane viscoelastic problem
(4.4), (£.10).
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ASUPRA PROBLEMEI LUI ALMANSI-MICHBELL PENTRU BARE
ViSCOLELASTICE

Rezumat

Se considers problema lui Almansi-Michell pentru bare cilindrice visco-
elastice, ecuatiile constitutive pentru mediul viscoelastic fiind date de(1.1).
Solutia problemei este data de (8.1).

=

Analele stiintifice ale Universitatii Al L Cuza‘s — Lasi
scetia I a. Matematica, tom XX, 1971

LA DEFORMATION DES COQUES ELASTIQUES MICROPOLAIRES
PAR

CRISTIAN CONSTANDA

Le dévcloppement de la théorie des coques ¢lastiques commic unc
hranche spéeiale de la théorie de I ¢lasticité est dit non seulement a son importan-
cepour la pratique, mais cuncore & fa possibilité de réduire le probleme tridi-
mensionnel & I'un en deux variables. Les recherches dans ce domainc ont
¢té commenedes apres 1850, avee les travaux de Kirchhoff{ [1]surles
plaques élastiques minces et de Love [2]surles coques élastiques minces.
Plus tard, au début de notre siecle, Pattention des auteurs s’est divigée encore
sir les coques Cpaisses ou d’épaisseur moyenne. Les nombreuses thdéories
développées au XX-tme sitele répondent en arande partic aux ndeessités
applicatives, parce quelles proposent des formules ¢t des schémas approxi-
matives destinées a simplifier les calcules. Mais la réalisation de ce désidérat
a influencé d’une maniére négative presque chague fois la rigueur de l'as-
pect mathématique et mécanique du probléme : les théories mentionnées
présentent des incompatibilités mathématiques et ne sont pas soumises aux
principes mécaniques fondamentaux.

Dans ce qui suit on construit une théoric des coques élastiques micro-
polaires qui contribue a élimination de ces inconvénients. Elle peut justifier
quelques résultats antérieurs obtenus par des méthodes sans support théo-
rique et, par des particularisations convenables, elle permet de retrouver

beaucoup de théories déja connues dans la littérature de spécialité.
Parmi les auteurs roumains qui ont amdlioré la théorie des plaques
et des coques élastiques nous citons : M. MHaimovici [8],[4],V. Manca
(5], M. Misicu [6], P. P. Teodorescu [7] ete.
On considére un corp ¢lastique occupant un domaine D borné d’une
surface S dans Pespace cuclidien tridimensionnel. On fait les notations sui-
vantes :
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