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Introduction. The main paper where the rods and shells are treated
s oriented bodies is that of J. I. Bricsen and C. Truesdell([1]).
Recently some other authors have dealt with such bodies, for example A. B.
Whitman and C. N. Desilva ([2], [3], [4] and [3]).

In this paper wc have started from the lincar theory presented in [4]
using also the results of J. Hlavacek, M Hlavacek and J. Ne-
tas ([6], {7], {8] and [9]) to obtain an existence and uniqueness theorem
for the weak solution of the cquilibrium equations of the clastic Cosserat
rods. The rod is considered initial straight and unstressed.

In § 1 some basic theorems about elliptic systems of partial differen-
tial equations are stated.

In § 2 the basic equations of the linear theory of Cosserat rod arc pre-
sented and the boundary-value problem is formulated.

In § 8 we define the weak solution of this boundary-value problem and
we establish the existence and uniqueness theorem.

§1. Boundary-value problems for elliptic system of partial differential
equations. In this scction we present some basic theorems whose proofs can
be found in [6] and [8].

Definition 1.1, 4 region Q c E, (the euclidian N-dimensional space) is
called Lipschitz if it is bounded and its frontier T has the following properties :
a) to each point P & 1' there caisis a spheve B, with the centre in P so that
B,n 1" can be described by means of a Lipschitz function and b}y B, n T’
divides B, into internal and external parts with respect 1o L2
We consider such a region Q.
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Let L, (Q) be the space of real functions which are integrable in Q (in
the sense of Lebesgue) and let 1VE(Q) be the subspace of L, (£) of all fune-
tions whose derivatives up to the order A {in the sense of distributions) are
in L, (€2). We introduce the scalar product on Wi (Q) by :

(1.1) {v, n) = Z g D=v Do de,

|la]| sk -
< T

where D= flalfdpmdpe: | Gy ®m . In the following W odenotes the Cavtezian
ki3
product IT 1W,5(€).

s==1
Letu= {u,, ty,..%u, andv={v,,7,,..v,} be two vectors of W.
We now define the bilinear form A (v,u) on W x W by :

m

(1.2) A(vu) = S > a Diy Diude,

Foh-

where «f are veal measurable and bounded [unctions on Q. Let 7 (Q) be
the space of real Tunctions with compact support in Q which are infinitely
S . . . E B,
differentiable, 1.4 (Q) the closure of @ (Q) in WHQ)and W = 11 W*(Q).
Se=i

Denote by Va closed subspacc of W so that W = V< W. We define
the functionals :

S =\ fede, f,=L,(Q),veW
- g=1
(1-3) i FiH "
g(v) =\ go.dl + \Y GodB, g<IL,(T), G, e L(B),
o pwm] o p==1
I B

ve=Wand { I, =2 then G, = 0.

Here L, (I} and L, (B} denote the spaces of real functions, square-integrable
on IV = Fand B = T, respectively. B is a one-dimensionad set of finit mea-
sure. The embedding theorems imply that f{v) and g{v) are continuous on W,

Definition 1.2. Let be u € W. We say that u & W is a weak solution of
the boundary-value problem if

n—uesV
and
(1.4) Afv.a) = f{v) + g(v)

hold for cach v = V.
Let N, (e = 1,2... &), be thc operators given by :
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(1.5) N,v=y_ 2o gD,
r=1 |x gks

where n,,, arc bounded and measurable functions on Q. This operators map
W into L, (Q). o _
Delinition 1.3, We say that the operators N, form a coercive system on

W if for cach v = W we have:

5 W
(1.6) AN E 2w e Vi, o3>0,
e=1 Sl
where ¢, does not depend of v, | |, and| 'y denote the usual norm on L,
and W, respectively. _ .
We suppose that the system (1.5) is coercive and that for each v & w
we have:
A,
{1.7) Av,v)z2 ¢, N.v 4, >0,
where ¢, does not depend on v. We now state the following theorem (theo-
rem 2.8 of [6]) _
Theorem 1.1 Let us suppose that (1.6} and (1.7} hold and thal we have :

(1.8) v eV, :Ejl}i\’,.v]{,, = 0=V = 0.
Then the inequalily

(1.9) ’i\l [N VI3, 2 e v A =0
holds.

Definition 1 4% A bilincar form {v,u] = 4 (v,u) is called V-elliptic if
Jor each v &V we have:
(1.10) (¥, vl 2 ¢yl v . e>0

Theorem L2 (Theorem 7.2 of [8]). Let us suppose that A (v, u)=[v, u]
defines a bilinear form for v.ue W and that it is V-elliptic. Then there is a
wnigue solution of the boundary-value problem which salisfies the inequality :

(1.11) uiw = Gl flaa™ e +1g]v] 60

We now state a simple conditions for coercivity of the system (1.5).
Theorem 1.3. Let n,,. be constants for | ol = k,. Then the system Ne

is coercive on W if and only if the vanl: of the matria

N«;E = E"mﬁa

|xl=Fk,
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cquals m for cach & # 0, & € Cy where Cy denoles the complex three-dimensio-
nal space and &y = B L &%

§2. Basie equations, Formulation ol the houndary-value  problem,
A Cosserat rod is defined as a enrve with a non-coplanar triad of deformable
vectors ealled divectors, which are associated to every point of the ewrve.
By deformation of a rvod we mean the displacement ol every point ol the
roel and the independent rotations and stictehes ol the directors. A deformed
conlteuration ¢ of a Cosserat rod at every time is defined by
(2.1) v=r{s ), do=dqfs, 8), »=1,2,3,
where r is the position vector of a poinl of the delormed rod, d arce the defor-
med directors and s is the arc length of ¢. We fake as veference configura-
tion the configuration at time ¢ = 0. Let @ denotc the undeformed rod.
We have now:

(2-2) R‘(S) = r|z-—0: Da(S) =dal;0

where R.D,, and & are respectively the position vector, the undeformed
directors and are lenght in the reference configuration. The deformation of
o . . . ds
the rad is given by the equation s = 5 (9, 1). We assume fhe stretch 2, = —I
o
to be bounded and positive. We shall use the following clasical notation

for derivatives :

4

d d

(2.8) (A =g (A)=F-

Since we consider Cosserat vods, the dircctors form a rigid triad with
three rotational degrees of liberty. We supposc the directors form an ortho-
normal triad right oriented at every time. Likewise we suppose that Dy is
tangent to the rod €. Hence we have:

(2.4) Dy=T, T,=T.-D, =(0,0,1).

We make now the hypothesis that the rod is initially straight and
unstressed. In thiscase, the following basic equations for the linear theory
are obtained [4]:

the equilibrium equations :

:'oz 2 PRfa_' 0,
(2.5) )
My — €apy Tp Ty + prla=0;

the deformations measures :
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Ta= Uy T Cafly TE(P*( »
ke = Ga,

where
£ and lare respectively the body foree vector and the body couple vector,
og is the mass density on the unit length of €,
= and m are respectively the stress vector and the couple stress vector,
2, and k, are the Ericsen-Truesdell measures of deformation which are Jinia-
rized and vanish in the reference configuration,
1, and @, are respectively the components of displacement vector and mi-
cro-rotation vector, g, ¢y 15 the permutation symbol.
The greek indices denote the anholonomic components ol a tensor with res-
pect to d, and take the values 1,2, 8.

Assume the energy of deformation per unit volume given by the qua-
dratic form :

(27) 2 A (Z,, ku) = Eﬁ; Ze Zn + 21‘1&3 2 isz + Gaﬁ Ky ]1'3 = 2pp =

The constitutive equations for the nonlincar theory arc given in the
form {([2])

de de
s Mg = Ppo— -

¢ Ia.'a

T

Pr ;:—m

From {2.7) these equations can be written
(28) T = ‘Eaﬂ Zp + Fag ’u'-_,_

where E, F and . are bounded and measurable functions of § on [0, L}
Without loss of generality, we can take E, F' and G to be symmetric.

We make now the basic hypothesis that the form (2.7) is uniformly
positive definite, i. e. there exists ¢ > 0 so that for each § = [0, L] we have :

M, = Fog 25 + Gop Iz,

3
(2.9) A z,ken) 2= € 2 (22 + k).
dm]
We shall consider the first boundary-value problem when u, and g
vanish at the ends of the rod :

Ue =0, S =0o0rL
(2.10) x=1,2,3.
¢a=0, S=0orlkL

(in the scnse of traces).
§3. The theorem of existence and unigueness. Using the results of
§1 we put m = 6 and k, = 1. The components of two displacement vectors
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are d.enotccl by u, and v, respectively, and the components of two micro-
rotation vectors by ¢, and ¢, . We denote

f p - L R -

(U Uy Uz, @15 92 ) = (a5 Gad = U, e, Ga € W2(0, L)

S P = o . o — f ; 0

11’1:“2"':5)'?17‘?2'93_! - IT’K:‘:JOC} =V "a:q)a = ”r‘.]!(O)L)
so thatuand v represent displacement and micro-rotation ficlds.

We define the space W and the space W oas follows

W = Iné (0, L)]By W = I ”:l (0: I‘)]ﬁ -
The norm in W is given by the formula:

3

(3.1} it = 20 e 5 s ) e b o )

g=l

. Let V obe that subspace of W contaming all clements v € W which
fulfil the homogenous boundary conditions (2.10}. It is well known that

V=W.
"The bilinear form 4 (v, u} on W x W is the following :

(8.2) Afv,u) = \I [Fgs 2 (V) 23 (u) + Foo (2 (V) ha (u) +

+ oz () fa (V) + Gag ka (U) A (V)] A5,

where
2 V) = Uat Cany T:s'xl)-ﬁ he (V) = Qo

2z, (W) = w + Cape Lo 0y 3 R (W) = :Poc:
and where E, F and G satisfy the conditions of § 2.
We consider now the functional:
AL
(8.8) S =5 o (fute + ) dS s v eV fo,lo= L (0, L)
I
Definition 3.1, We say that ues W is « weak solution of the boundary-
value problem if u = V and if for cach v & V the following relation

(8.4) \ [ Eep ) 25 () + Fug (3 (9) g (@) + 0 (0) B (V) +

J

W O

L
F Gﬁﬂ ‘!"I I;u) ]"B (V)] ds = S R (jfx vy + la: '\?a: )dS
0

e
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~1
[ 2+
1
ot

o' Is.
Remark. The delinition of the weak solution expresses the vartational
principle of minimuam potential energy @ the quadvatie funetional

-1,
g} = \

L

1 5. ) 1. .
(7 B ) % () + Py 32 (@) oy () G b () g (u)] s —
l' - 1}
e e+ ) 48
W0
i minimized on Voifand only il u s the weak solution
If u is a weak solution then =, my € L, (0, L) but they nced not be-
long to W0, L}. We choose the operators N, from §i in the form:

N (v) = (v). N, (v) =2 (v). Ny(v) = (V).

N (v) = I (v) N (v) = by (v). Ng(v) = feg ().

We give now the loltowing theovem of existenee and uniqueness :
Theorem 3.1 Jf the condition (2.9) holds, then there ewists one and only
one weal solution n € W and the estimate

(3.5)

3 1
(8.0) uly<C (E | fu Praom+ | L '2L,(0,L1]—?
=
holds.

Proof. Concerning the operators N,, we have from (8.5)

LS 5
g SN (st + k) 8 = 1NV o
JOa=1 e=l

and from (2.9) and (8.2) we obtain :

3]
(8.7) dfv,u) = o 2 (N.v Breny s 6> 0.

£
From (1.3) and (8.3) it is casy to »ce that n,;, = 1 (i = 1. 2,... 6 non summed)
and n,;, = 0 fori # J. Hence the matrix N,,% has the rank 6 and [tom The-
ovem 1.3 the svstem (8.3) is cocrcive. The set ) defined by

G
P = ‘vcv,z N.v|h,=0 }

em]
consists of those v € V for which z(v) = I, {v) = 0, Applying the Funda-
menthal Lemma of the Caleulus of Variations ki (v) = 0 implies ¢4 = by =
— const, Similarly with the case of the elassienl elasticity (ef. Lennma 1.1
ol 2]} we can prove thal:

15— Analele My lag — MATEMATICE
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Vs = Uy — Lapy L b, S, tty = const.

Henee we have:

U= oy — Cune Ln b S,

Since we consider zero displacements on the boundary, from o, = 4, = 0
it results :

(3.8) D= {0l

We can now use the Theorem 1.1 to oblain the V-cllipticity of the bilincar
form A (v, u}. Theorem 8.1 follows immediately from Theovem 1.2, whose
hypotheses are satisfied. IFrom the incguality (1.11), taking v = g, = &, = 0,
it follows obviously (38.6).
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EXISTENTA S1I UNICITATEA SOLUTIELI ECUATIILOR DE ECHILIBRU
PENTRU TEORIA LINIARA A BARELOR SUBTIRI ELASTICLE COSSERAT

Rezumat

In aceasta Nota se porneste de la teoria liniara a barelor subtiri elas-
tice Cosserat datéd recent de A. B. Whitman si C. N. DeSilva. Pentru aceasta
teorie aplicaim unele teoreme referitoare la probleme la limita pentru sisteme
eliptice de ecuatii cu derivate partiale si obtinem o tcoremi de existenti
si unicitate a solutiei slabe in ecazul echilibrului. Ipoteza de bazi necesarit
in demonstratie este uniform pozitiva definire a funciici energic de defor-
mare. S-a considerat bara initial dreapta si lipsitd de tensiumi.

RECENZI

LE SCIENZE MATEMATICLLE Raccolla di saggl. Unione Matlemutica [a-
liany, Nicola 7Zanichelli. Edilore, Bologna, 1873, NI 312 p.

Culegerea de arlicole aparuli sub titlul de mai sus este t_ruclncelr’(":[{‘cleu'tr;s
I'he tathematical sciences, apirutdi in 1969 Ia Massachl.l:ﬂ.ss?ts Institute (')t lalgum B
logy prin grija Comitetului peniru pronovarea _:ccrcet;u-u in stnnt,lol'e.m{\ _cn(ae C;Fg(;
al ‘Consiliului National pentru Cercelare din $.U.A.. cu colaborarea Inl o
AL W, Boehm. . ) ) . I

Fornind de la necesitatea de a evalua situatia actuald a .I‘n%t(!lﬂcllt:l(,lenllUl.‘ tdc:
a prevedea viitorul ei, Comitetul pentru promovarca cc'rc_etm'u. in stnnl:clc- !Y:{'I c(;
malice & inaintat un rapert C.N.C. din S.U.A. Cu z\cea_s;ta (éc-eme;,milaf;lil]}ll ;:n(;:'al
T i iinta as adaugs — si pamenilor de e Z \
idee oamenilor de stiintd — as adauga en — § llor de cuiturd MR Ao

31 ura o ; alice, s-u atcdluil aceastid  cuicgere
despre rolul sl natura cercelirii matlcmai - ; Luit : el
i i i n diverse ramuri de malematica,
9% aptieole scrise de persoane de mare renuine an T T
e 3 v rle € tar — obiectul, rolul si perspeclivd
care cxpun — la un nivel foarle elemen ) e
iplineci ¢ » ocupa; S lamt, L. Bers. J. Kemeny. J. Lederberg. . o .
ciplinei cu care $e ocupa; 5. U E i r e e o
i l : P ane. . Dyson, AL oo igh .
Coxcter, J, Kiefer, J. T. Schwartz, L. J. Me: h : n,
la(_) Davis, . Forsythe, S. Eilenberg, L. k. Klein, A, M. valCElH.Ul... i I'[[]"“}?'i'ieineca:-'
Lola, R ,H. Bing, [i. Cohen, M. Kac, R. Smuilyan acopera nproape toa r\_.: rl‘-] 4
tematicit si a aplicatiilor ei; de la Topologi_a Ellgnhn_cm I'unf'ln -('_-omple},.,f a f
in{c biomediecale, Lingvistica, Stiinte sociale 51 "’Iop;aloglc"mol.?culm a N
Este remarcabil faptul cd, desi iuerind in domenii tnmi de ?;%?ib:sdideralﬁ
3 3 i i SF ibilitale. incit sa4 poa E:
ulut sa aparad la un nivel unitar de uecesibl sa po: ) S10CTE
([:)a un mogel peniru modul cum irebuie facuta popularizarea unci discipline
st Adolf Haimovici

M. MILLER : Geléste und ungeldste mathematische Probleme. Teubner Ver-
Ingsgesellschaft, Leipzig, 1973, 96 p.

Autorwd a reunit un numér de 25 de problteme care st-z?u dqltamidltricnel?l?{é:
latea aiit prin numete matematicienilor care s-au (_)cupaL Sle Ll% :le $1-in§e old-
resul lor mai aparte. Intilnim astfel probleme privitoare l% nume 113 e e
bach, Fermat, Euler, Wilson sa.), probleme de 1mgart1re a unu.: po 1}52‘1‘1& _
nuiui, a spatinlui, a unei sfere, prin drepte, regpechv ;?lane,“(:E'drr_unng1 B (I:‘ermat
lan, Steincr ., probleme priviloare la Ecuat,n sau -515}em5 I.eltec:‘ tt~i--~ o ‘,1
Leibniz, Newton, Abel s.a). Interesul cartii constd atit in nolileic istorice, €It 5

indieatii i dvind itle.
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