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EXISTENCE AND UNIQUENESS IFOR SOME NONLINEAR
FUNCTIONAL RQUATIONS IN A BANACH SPACE
BY

N. PAVEL and C. URSESCU

l. Preliminaries. Let X be a Banach space with norm | . and let
F be the duality mapping of X into 2¥°, where X* is the adjoint space of
X. Let us denote by (. ) the pairing between X and X"

Definition 1.1. A mapping B: D(B)c X - X s said to be dissipa-
tive if for any v, y = D(B), there cxists f e Flr — y) such that (Br — By.f) =
=0.

Tt is well known that B is dissipative if and only if for cach o 2 0
and x, y € D(B), we have

(1.1) a—y| = —aBr—(y—aBy)l

The object of this paper is n result for the global existence of the
nonlinecar evolution equation

du
— = A, t = R,
dt 9

(i) #(0) = a.

As an application we shall treat the Hammerstein-Volterra integral
equation
i

(1.8) w(t) = T(t — to)a + S T(t — ) A(s) uls) ds, z € X,

tﬂ
where 7'(t) is a strongly continuous group of linear isometric operators
on X, —co <t + oo, and A is a continuous function from R X X to
X satisfying a condition weaker than dissipativeness.
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Qur results arc closely related To those of [1=—3. 38 We will

need  the following resuit (1,4 — 6]
Theorem 1.1, Swuppose that the following conditions are satisfied
W) For cvery @, 1 € X, there s [ € Pl — ) such thert

(1.4} (A{Ne — ANy, figs)yie—uy 2 e Ry
where = K- Ry ie u continuons funetion and B is the positive half

aris
Y A is a contbiuous function from R,y <X o X
Then for cach @ € X, there is an wnique  funelion i B — N satis-
Sying (1.2) and () for all 1 & R,.

2. A global existence and unigquencss  result. Let us consider the fo-

owing conditions:
(1} Vor each @& ) € Y. there is f € Fr — y). such that

(2.1 Al — Ay N E A e =y I TS R,
where v: R— By is 2 continuous function, and .1 is n continuous func-
tion form R =« X to X

¥

(1) For cach (t, ) € R X there is an unique function 1 : =
- X satislving

(2.2) (:—;!i = A, 1€ R,
12.8) ulty) =, to = K.

In addition, if ¢ is the solution of {2.2) corvesponding to ¥ (i.e. olle) =
= y), then
!

(2.4 Iy — o) 2 fexpl S A)ds | e =yl [ = R.

Theorem 2.i. The conditions (1) and (1) are equivalent.
Proof. We prove that () implies (11). Indeed let ns consider the

following problem

(2.5) = - e = e 1 Ry = L+,
¢
(2.6) v(ly) = & » e X
As o satisfies (2.1). it follows casily
(2.7) (A (e — Ay, NEwD e =y i

where () = ¥(— 1)

-
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» faking into aceount ""heorem 1.1, there is an unique function ©:
2, — -\, satisfying (2.5) and (2.6). Let us denote by w the solution ol (2.2}
: B > ider . 1 - 1
.131(1 (:.[.3.) considered for £z ¢, (such a solution cxists bv Theorem 1.1)
Now it is easy to see that the function = defined by

_ | ul), for tz 0,
| (=), for t £ 0,

is the solution of the problem (2.2} + (2.3). -
3 N R Sacd o (2.a), 101 {, = 0, g
consider the following problem )+ (2.8). for 4 If f, # 0, let us

(2.8) (1)

. s
(2.9) S T E = (3
di : '

(2.10) 2(0) =,

where A {0 = A{t + t)u for all £ € B and « = X. Faking into account
the above result, it follows that therc is an unigue solution 2: R = X
of (2.9) + (2.10). Then the fanetion w: K- X defined by ﬁ(t) = ol — ;)
is thc. solution of (2.2} + (2.3). The uniqueness of the solution ()f'w(\‘; 2) 3-
+(2.8) follows from (2.4): so that we must prove (2.4). For ¢ = im_('"* 4
i known (see [2]). Let us consider the case ¢ = fo. \Ve‘ have SIiQL}gsi\Téig

N du(t) — w(1))
(2.11) ( - LQ=tmmuﬂmwmfm
— ) Lty — 2@ )5, t S I
T
(2.12) :[-é; W) — () 1z — ) el — (), o coon TS L
But (2.12) implies
> d '
(2.13}) (IE{ w(t) — u(t) || exp SY(S)JS }g 0, a.e. on (— @, fy].

-

Integrating (2.18) over [f, {]. we obtain
t
(2.14) [ () — oft) cxp\y(s)ds — e — gl 20 for all {24,
t
which implies (2.4). Now we shall prove that (I1) implies (I). Let 4, €R

and x, ¥ in X. For {2 1, tl S is i
s o, 2 t, the proof is given by Lovelady in {2
that let us consider the ease & = 4, We have | PR

M%W—Mm%ﬁ=c
¢

0
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whiere 1 means the left derivative, and [ & Fla — i
(! P . o
hod (see ¢. g. Kalo [+ it follows

-

A . £ wo(r Yy — wlild |y
(2.16) (:i:n(”““) {(to))s I)_ ulty) — wlle) B i (lo) |

3By a standard met-

fiiy
and therclore

: T Y
(217} (A(tgye — Alfdy. fHrz [ —y \'7 "',(;ﬂ) — il |

tty
3 1Y e hove steeesivels
Taking into aceount (2.4} and (2.17) we have saceesivel

lalte+ Wy — olte + Py ha—y lis
(218)  (A{ty) —-AUodys Izl > — 4 Iihl_l_?l —— =

th
(‘.\'p\ — o~y (&)l =1

z — — st e =y I
h
Obviously (2.18) and (2.18) implies (2.1), and the theorem is proved.

icati i Gl oaply L esult of section 2 to discuss
. E .ation. We will aply the resuit L 2 to diseuss
e Lk I [Tammerstein-Yolterra

existence and  unigueness ol solution to the
teeral equation (1.8). . .
| Theovem 3.1, Let T, 1 = I} he a strongly contunious ..r,rmup'n_] a]n .

& e * 4 . ) ot : J 'I

5 Anpthermore, if we assume that the condition )] :15
e R there is an unlique solufion wlt, i, )

= a — gy Flim
Frealio-

isometric operators on X. 1
true, then for cach x =\ and fy
- integral equation (1.3} . I 7 S T
o ]’mo?'. As Jrin f10]. et us define the mapping C': [ XN X
[3.1) (e = Tt 1y T — b g, b R, ue= N,

i i s mapping v » X to X. We shall
Obviously, € is o continuous mapping frrom R

prove that € satisfies a condition ol type (2.1). Taking into account (1.1)
it is sufficient to verify (for cac
incquality

(3.2) [y, —ivn | [T+ ay(f)] Loy ) — 2| C{E)ry (el

Jor all t = R, my, 2 = X

Sincee A(t) satisfies the inequality (2.1) it follows

5:3) | T(— o)y — ) 1€ 10+ (@) (v —20) — 2 T = D

x [A() T — toyay — ~1(1) T (t — fo) o] -

h %> 0 and ¢ fixed in R) the following

-—

>
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Inas mueh as 274} is isometric and using (3.3) we obtain (3.2) and
therefore ' satisfies (I3, By Theorem 2.1 it follows that there is an unique
solution ¢ : £+ X of the problem

ﬁ:(!)

B
o dt

= (C(f} (1}, o) =

Integrating (3.4) over [f. ] we derive
t
(13.5) wlf, 1. ) =xur -{-\. T, — ) M) Tls— to) wls. fo. )els. 1= R,
o
Taking tnto account (3.3) it follows that the hmetion
{13.6) w(t, £, ) = T —tye(, . ) 1 =R

is a solution of the integral equation (1.8).

To prove the untguencss of the solution of (1.3) it is sufficient to
scee thalt af w(s, t. 0} Is a solution of (1.3), then the function o, {;, 2) =
=T (t, — Hyull, t,, v), £ € R is the solution of the problem (3..4) which
has an unigue solution.

The theovem s proved.

Remarl 3.1 In the case T'(1) is the strongly continuons semigroup
of linear transformation on X', and A is a continuous function from [0,
+ ) x X to X satisfving:

(A0 IO ) S A e — g I ey & Xo f = Fle —y), < [0, + o),

where v :R— R is o continwous function, the equation (1.8) has a
unique solution on R4, This is a reeent result of Lovelady [2] In
9] only the loeal existence of the solution is proved.
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, DEPENDENCE DU DOMAIN DINTEGRATION DE LA SOLUTION
D'UNE EQUATION INTEGRALE SUR UN ESPACE TOPOLOGIQUE
MESURFE
PAR

SENDER SOLOMON

[in partant de certaines ¢quations différentielles pour des lonctions
d'ensemble de A, Haimovici (voir par exemple [1]) nous avons ¢tu-
di¢, dans [2], 'existence ct 'unicité de la solution, d’une équation intégrale
de Ia forme

() Hw) = ) + Sf(-r, y, w(y)) dy

Py

sur un espace topologique mesuré,

Dans [3] nous avons ¢tabli la continumité de Papplication iy — . Iei
nous nous Intéressons i la dépendence I — u, c’est a dire, la dépendence
de la solution du domain d’intégration.

Rappellons les éléments de Uéquation (1)1 u, donnée et wu cherchée
sont des lonetions continues définies sur un espace topologique X et qui
prennent les valewrs dans un espace de Banach #; sur X il v a une me-
sure positive i tclle que chaque ecompaet est mesurable. Soit ' la elasse
des parties relativement compactes et sommables; P est une application
X — T telle que lim u(P, 4 P,) = 0 pour tout 2 € X'; f est une applieation

Y=

continue X« X'« E— F telle que | fle, y.2) — fla,y,z) € L |z — 2 ¢t
iflz,y,0)] = a(y) ott a est une fonction sommable X — [0, + o). Soit
C(X ; E) Yespace localement convexe des fonctions continues X — £ muni
€ la topologic de la convergence compacte et Bo(X; E) Iespace de Banach des
netions continues w : X — E telles que



