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ON THE STABILITY OF DIFFERENCE IQUATIONS
IN BANACIH SPACES
BY

. 5. DE BLASI(*) and J. SCIIINAS (%}

1. Introduction. Difference cquations oceur in many branches ol ap-
plied mathematics. In a number of practical problems onc is required to
predict, for a given cquabion, the asymptotic behavior of its solutions as
well as their sensitivity under the effect of small perturbations.

In the present paper we shall be concerned with stability, in par-
ticular asymptotic stability propertics, of the equilibrium point of a lincar
time dependent difference equation and we study when these properties
are preserved under the effect of a small non-linear perturbation of the
foreing term. Similar results on this problem have been obtained by R. Bel-
Iman [1] and, more recently, by 8. Sugiyama (8]

It is well known that methods in difference equations are, generally
speaking, parallel to the corresponding ones, which are valid in the con-
tinuous case of differential equations. The discrete analogue of the so-
called direct method of Liapunov has been studied by many authors [8],
[4], [5], [8]). Here, however, we shall use a technique bhased on the discrete
analogue of the variation of constants formula and Gronwall’s inequality ;
such a technique, which has been widcly applied in differential equations
(sec [2] Ch. III and [7] Ch. IX), was used by R. Bellman also for certain
classes of difference cquations in E* with time independent linear part.

The contents of the article are the following. In section 2, notation
and definitions arc introduced. In the following one, we prove an cxten-
sion of Gronwall’s incquality (see also [6] and [8]) on which depend some
of the proofs of the subsequent theorems. Finally, of the last three scctions,

| {*) This puper was written while both authors were at the University of War-
wick, Coventry, Lngland, with financial assistanee of a N. A. T. Q. feliowship.
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and uniform stability, the second to various
ilie third to the strong stability of dif-
are followed by examples.

the first refers to stability
kinds of asvmptotic stability and
ference cquations. Some theorems

2, Xotation and hasic detinitions. Denote by

Nt = {lp o F 1y where f, is any natural number or zero: I =

=fa a4+ 1.0, where @ is a rixed integer; I{ty) = {tofp + 1 ety g =

= ;I a Banach space with norm - | ; E* the n dimensional real Ku-
H

clidean space with norm & =5 | M the space of all lincar ho-
=1

meomorphisms from £ on F with norm | - | indueed by | - |3 M* the space

of all n x n non-singular matrices . =(a;;)} with norm. induced by the norm

n
in 154, [l d || = maxz UTRE
LT |

Let f: Ha + 1} = I = F and consider the dillerence equation
(1) ety = U, @l — 1),

Deiinition 1. For any i, vy EE, the function a: I{ty)~ Ely:
NI, + 1) = E) s called right (lefty solution of (1), if @ty = ¥ (Ylts) =)
and a (1) (resp.y () salisfies (1) forall tel (o + 1)l (a FOysT (G4-1))s
if v (1) and y(?) exist and a(t) = yilo) =20, the Sfunetion z: 1= K, (1) =a(1).
t = I(ty), =) = ylt), t = Ity + 1), will be called solution of (1) with
sltg) = 2

’ 1"01? any fy = Iand 2y £, the right solution a(t) of (1), with a(f,) =
= &, exists and is unique; while the left solution y(2) of (1), with y(tg) =
= x,, if exists, can be nol unique. It may happen that two right solu-
tions (1), (1) of (1), starting at the same time {,, from two different
points a3, @, can be equal for some f, = I(t, + 1) and thereforc for all
¢ e I(t,). To exclude such a possibility it is necessary and sufficient that,
for any t € I(a + 1) and 2,y = E, ¢ + y implies f(t, ) # f(t, ¥)-

We give some definitions of stabilitv of the origin for {1). To this
end we assume f{£,0) = 0.

Definition 3. The origin is said to be stable for (1) if, for every ¢ > 0
and any t, = I, there evists @ 3z, to) > 0 such that, for any right solution

x(1) of (), _
a(ty) | < (e, ty) implies la(t) | < ¢ for all t € I{1,).
Definition 3. The origin is said to be uniformly stable for (1) if, for
every > 0 and any b, = I, there exists a 3(z) > © (independent of ty) such
that, for any right solution x(t) of (1),

&{ty) | < 8} implies la(ty| = ¢ for all T = I(ty).

Deiinition 4. The origin is said to be asymptotically stable for (1) if
it is stable and, for any ty € I, there exists a 3(1p) > 0 such that, for any right
solution z(t) of (1),

3 5 e B ——
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8 o )

| @(fy) | < 8(ty) implies lim | x(8) | = 0.
P ]
Definition 5. The origin is sai )

- efinition gin s said lo be wniformly ] ‘
jf”d(l) ?fd Ef:) iis un _foa:mly stable and (il) there is*fa. SOi (;'t-;yfri;:!})?‘é;ca(fiﬂ 'Stmg;
and € > Q there evists a ’I () = N (0) such that, for any rz’ghlsolut’ion a(t) éfo(l).

) Hl.w(to) |<< 8 tmplies | a(t)| < < for all ¢t € I{t, + T(2))
efinition 6. The origin is said to be stron it

- gly stable for (1) 1 7
f:,;;;:o(:; 87(;») gfs?lm)h Zih_;t, jzc;r) any 1, 2:‘ )1 j{md b2, <8, ther{; crgst?s Ezft l’(;c)zstth;:zi
solution 2( ith z(ty) = 293 (1) for any = > 0 and t, = I, there exi
@ 8(2), 0-<8(e) £ 8 (independent of 1ty) such that, for any .s~of!)ution.‘ :(t; EQFJ(;-S;S

‘ | z(to).| < (<) implies | = (1) | < 2, for all £ = 1. }
:l;or\(l). the origin is said_- to be unstable if it is not stable.
| 3. ﬂlscfrete analogue of Gronwall’s inequality. To prove the discrete
analogue of Gronwall’s inequality we shall use the following
_Lemxp‘a L Lettysland b:Hi)—» E+ L I(t,)> E* (i‘*’ = [0
be given. Then the scalar equation ’ (B =10

(2) () = b(t) + ‘i k(s) ax(s), t = I(t,)

8wty

has the unique solution which is expressed by

(5 o) = b(1) + 3 bV k() [I (1 +A@), b 1),

Proof. Let xft d E— . N
— b, \{e A (t) and y(t) be solutions of (2). Setting () = | &(t) —

(4) ()< 3 his) o(s), t = I(t).

st

Since 2(f,) = 0, we have 2() =0, whi

- =0, ich proves the uniquene
ihow fth-at #(t), given by (8), satislies (2) for any t & I{4). this i:size%;::gn}lls
rue for { =, Assume it to be true for s =14, t, + 1,....,{. Then il

D) = b +1) +3 b kE) ] (1 + ko)

sty rmgdl

=Bt + 1)+ 3 bV k(s) ] (L + k(o) + b)) k(D) =

s=t, =gl

SbE 1)+ (RO DR 1] (L + k@) + b @) k@) =

sty re=g41

— (1) + (1 + kD) (@) — b(t) + b(t) K(E) =
=D+ D)+ O = b (O] + RO = b+ 1) + 5 k() ls),

LR TN
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which completes the proof. L cronwall’s Lemma,
The following Lemma is the disercte analogue : 5

jemma 2. Let 1, €1 and b Hig)—~ I‘)*‘[,' Lo 1 (ty)— I+ be grien.
Then, for any solution y(t) of the scalar Inequalily

S < bl + 5k p),  t= L)

(3) 2
we have

) 5 Disy k(s m 1+ k(o), t € 1(t),
{6) y) < bit) + ?th h(s) b )v_|!+1( o
(7 y{y < bf) + Ii b (s) & (8) exp “2:1 k), tel(t).

In particdar, if ) =¢, ¢ @ non-negative constant, we have

t~1

(8} y{t) < cexpy) vy, tel{y).
O ‘ =

any s i 3} and by a(f) the solution
Proof. Denote by y(f) any solution nf‘(:) aind by a{t) t A
of (2) wh{ch is oiven by the formula (3). hubtm‘ctmg (2) FIOT (;:) .(m(!
s('ti;ing z(f) = -y(?) — a(f), we get inequality (4). From this, 1t 15(.),lv10'u.<.
that At < 0 implics ~(t) € 0, i e..y(t) < (), for all t & I(fy), which pro-
ves (6). Inequality (7) follows from (6) becausc

tl_ll (1 + K (v)) < exp 2 k(v).

=g+l past 1

Now assume b(2) = ¢ and denote by y(t) any solution of (3). Clearly y{t)

[ =1 -1 : . . .
< ult), u(t) =cl1 +55k (syexp Y, kl0)]- Let us show that, for any t €1(),

=iy ped 1

(9) u(t) < w(t), w(t) = cexpik {(v),t € I{ty).

v=t,

Clearly u(ty) = w(to)- Assume u(s) < w(s) for s =1ty o + 1,..,t Then

w(t + 1) =w (exp k(1) = u(t) exp k{t) =

exp k() + lii kL (s) exp ‘2 !.'(v)] =

sam=iy pe=a+1

1+ ]c(t)+§ L (s} exp 2‘ L‘(v)} = u(t +1).

1=ty t=e+1l

=C

[
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So, for any t = I{t,), (9) is true and a fortiori (8), since y(f) < u(t) < w(f).
This completes the proof.

4. Stability and uniform stability. Consider the lincar difference equa-
tion

(L) a(t) = A(t) a(t — 1)
and the perturbed non-linear difference equation
(P) a(t)y = ) x{t — 1) + flt. x{t — 1)),

where 4 : I{a + )= M and f: Ha + 1) x E - E s such that f(1, 0)=0.
Occasionally we shall refer to the time independent lincar difference equa-
tion

(C) a(t) = Ax(t — 1),

where 4 € M. For any ¢, € I and any &, € E. the unique right solution
2(t) of (P) with a(f,) = w, is given by

(10) *(f) = X (X1 (o) v {ho) + Z X (X M) f (s, v ls — D)t T {t)

where X(1) is the fundamental operator of (L). i e. X{#) = A(#) A{f — T)...
o (e 4 YT and J is the identity in M.
We start with a lemma which connects the stability properties of
the origin for cquation (L) to the fundamental operator X{f) of (L).
Lemma 3. For (L) the origin is: stable if and only if ' X(1) | < H,
H > 1, t e [; uniformly stable if and only if

IX(NX-Ys) = K, Kz1,s = I, = I{s);
asymptotically stable if and only if | X(1) | = 0 as t— + oo i uniformly asymp-
totically stable if and only if, for any s < I, we have
X(OX-Ys) | < K2, t = I(s), where K> 1 and 0 < b <1
strongly stable if and only if there exists a constant K 2 1 such that
X < K, | X-(1) <« K, t=1.

Proof. As for differential equations (see [2] Ch. III}.

In the particular case of equation (C) we have:

Lemma 4. For (C) the origin is:

stable if and only if it is uniformly stable ;

asymplotically stable if and only if it is wniformly asymplotically stable.
Theorem 1. Assuwme thal the fundamental operator X (1) of (L.) satisfies
the hypotheses
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(i) X <H H=z21, tel,
(ii) for any s =1, | X(HX () s Kb (s),t = I(s),
where K = 1 and his)= 1. If the perturbation f({t, @) in (P) is such that

(111} L f, ) < e(tylr] and i bis)e(sy < 4 o0,

p=g+l
then the origin is stable for (1.
Proof. Let t, = [. Let v (8) be the right solution of (P) with 2 (f5) = @ .
From (10), using (i), (ii) and (iit), we have

L2 < HIX-1() | o) + K S b+ et + Dlas) 1, ¢ <)

s=ky

Then, by Gronwall’s inequality,

z () € H| XU (&)l |.1';(1![,)|epr‘2—1 b(s + Defs + 1)

and so o
(11) | = () < M (1) | afty)l, M {tg)= H [ X~ (o) lexp K> b(s)cls) < + -

s=a+1

This shows that the origin is stable for {P).
Theorem 2. Assume that the fundamental operator X (t) of (L} satisfies

the hypothesis :
(i) for any s = I. XX "< K, K=z1,t= I (s).

Then, if the perturbation f (¢, &) in (P) ts such that

(i) |ft,a) <c(®)ial, 3 €l < +

=gl
the origin is uniformly stable for (P}).
Proof. The proof is as in Theorem 1 with the difference that, instead
of (11), we get | a () € M | x(ty)| where M is a constant independent of f; .
Ezample 1. 1t in (L) .1 (f) is taken to be

1 Dl
A = i = N (1),
0={4 sr4g] ¢=NO

then t
XX s 1 4@ <e

r=85+1

Condition (i) of Theorem 2 Is satisfied and therefore the origin is uniformly

stable for (L).
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f

Example 2. For any {, € N (0) the right solution (x, {{), x, (f)) of

12) (ml(t))z(o 1)(.1’1(1—4)
(1) i ojle@t—=1 )
with @, (£) = a), &, (t)) = #%, is given by
() (0 TVl (t) 5
[mg(t.) (1 0) (10 (10)) » LE N,

whi('h‘slm}vs that the origin is uniformly stable for (12).
Consider the following two perturbed cquations of (12):

I T R S e
R OO

or any iu = i\ (0) t}le Ilullt Q()Iutlon‘; Of 13 a l(l 4‘ W t t ¢ same 1 ltl
I = al ] 1

(m,(t))____z’i4 1(0 1yt fay (4,)
as(t)) t+1\1 0) (mg(za))’

(Y _t+ 200 10 () .
(.~. )) ¢ (1 0.} (.1-2(10)}’ 1R ek

Theref‘qrc for (13) the origin is uniformly stuble and also asymplotically
stable ;bu.t not um'f?r-ml_v asymptotically stable), while the origin is clearly
ur‘lstal'a)e for (1‘4:). This e_‘.cz?,mple shows that, without hypothesis (ii) of The-
orem 2, the uniform stability of the origin for (12} is. in general, not suffici-
ent tovguzsrantee even the stability of the origin for the perturbed equation
Ll R .\\\mpwu_cl and m_lil:nrrp asymptotic stahility. In this scction we
sha prov.o_i_;lmt, if the origin is asymptotically stable for the lincar ditfe-
;I:::; i(c:)?]uﬁ’“)m (L), Lcal sciml;lar property does hold for the perturbed difference
, provided that the forcing term [f{t, &) satisfics conveni
B e, a term Jf{t, o) satisfics convenient
Theorem 3. [n adidition tothe h it iiiyof T
. i ypotheses (i) and (i) of Theorem 1, assume
t’i"ullzt the fundamental operator X (1) of (L) is such that | X{t) ~asi— + 0.
en the origin is asymptotically stable for (P).
>, v i -- .
Proof. Let ¢, = I and z > 0 be given. Since also hypothesis (i) ol The-

- orem 1 is satislied, the origin is stable for (P). This implies the existence

of a 3(f,) > 0 such that
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(15) if |2 (tg) | < 8 (t) then [ ()] <1, t = I{t,).

From (10) we have

e <1 XWX () I HIXO) Y5 X @) f s, dls=) | +
(16) h
X )X @ (s ls D))

gl

where ¢, is an integer, { < {) < L. Takea () satislying (15).
'Then, for a fixed and sufficiently largc t ,

S X OX W fleal— D<K S bs)els) [als — 1)) <

s=1+1 s=4+1

K S bishel) < =
s=t,+1
From the last incquality and (16) we get lim |z (t) = 0if |2 < 8 (o).
=+ o
because | X (8 — 0 as t— oo and ¢ > 0 was arbitrary. This completes the

proof.
Theorem 4. In addition to the hypotheses (i) and (ii) of Theorem 2, assume

that the fundamental operator X (1) of (L) is such that | X ()|l + 0 as t » + .

Then the origin is uniformly stableand asymptotically stable for (P)
Proof. From Theorem 2, the origin is uniformly stable for (P). Morcover
f Theorem 8 are satistied.

it is asymptotically stable since all hypotheses o
From Lemma 3 and Theorems 2 and 4 we have:
Corollary 1. If the origin is uniformly stable for (L) (uniformly stuble

and asymptotically stable) and the perturbation f(t, 2} in (P) satisfies con-

dition (ii) of Theorem 2, then the origin is uniformly stable {uniformly stable

and asymptotically stable) also for (P).
Corollary 2. If the origin is uniformly stable (uniformly stable and

asymptotically stable) for (L) and the perturbation f(t, @) in (P) is such
that

(17) fa) =Be, BO=M 3 |BEI< + o,

sg=a+1

then the origin is uniformly stable (uniformly stable and asymptotically

stable) also for (P).
From Corollary 1 and Lemma 4 we have:
Corollary 3. If the origin is stable (asvmptotically stable) for (C) and
the perturbation f(t, r) in (P} satisfies condition (ii) of Theorem 2, then the
origin is uniformly stable (uniformly stable and asvmptotically stable) also

for (P).
Particular cases of Corollary 8 ave found in [6] (Ch. Iyand in [1].
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Example 3. Consider the scalar difference equation
(18) () =A{tya(t — 1)

where 42k + 1) =k + 2, k e N(0), 4 (2k) i1 ~2
. : s R =(k +1)"% k & N(1)

Let 1, = N (0), xy = E'. The right solution x (¢ : t with nitial

¥ ()=, , ts given, for any { = N (4}, by (Rt C8), it b N

a{t) = X (@) X1 {t) = (t,), X (2k) = o
. (k + 1)t
e+ 2
X@t+1) = . e
o ) Ty , k€ N(0).

'l‘l}errlt;qre for (18) the origin is stable and asymptotically stable ; but since
by u,l 1ngl;n (19) {g = 2h, t = 2h + 1, we have w(2h + 1) = (i; + 2) m(?hj
it cannot be uylformly stable and so is certainly not uniformly asymptoti
cally stable. Now consider the perturbed equation of (18). Y AR
(20) () =A@ + B{)Ha(t—1), B(2k +1)
L ), =0,k N
B(2k) = (k + 1)), k = N (1). .
The rizght solution x (2) of (20) with z (#,) = a,, is given by
at) =270k + 2P a) il t=2+1, ke N(@©
2 () =27 . 2/ |, k=] ,a(l)y =271k + 2);
;‘fi‘czc ﬂ.’].. / FII ;\(’ (0}, Wh'ld;l St!IOWS that, for a perttzrbat(ign whicl(l is+ no)trsg(f)')
ntly small (as re s i in ' y 1ol -
e e on quired for instance in Theorem 38), the origin may be
Lemma 3. Swuppose that
[4
E XX (s) =K, K>1, (=1
where X (1) = M, t = 1.
Then we have

(21) X () < K1X (a)] ( E—K—IJ'_“ Jorall tel

Proof. For any 5 = I, we have | X (s)| > 0. Then

X)X =3 XOX X)X, =1

amil

from which

(22) IXOI X @) < K.

$=a
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{
Setting L (1) = >l X (s)]-1, we have
Ly —Li—1=1X@, t=T@+D)
and, after substitution in (22), we get
_ K
I.l(t) = _Il(t_"_l)7 iEI(a -!'1)’
K—-1
. AT K
which implies L (> L (a)( ) , tel
K —1
Using last inequality in (22) we finally obtain (21).
satisfies

Theorem 3. Assume that the fundamental operator X of (L)

the condilion
t
E'X(t)Xl(s),isK, K>1, t=L
el

Then, if the perturbation f(t,a) in (P)is such that

St a) < (0 + e (1)) x|, where 0 < b~ K-! (mdi c(s) =d =< -+ @
sma-tl

ble for (P).

\at the origin is stable for (P).
From Lemma 5, sinee | X ()] = 0 as {— + o0, there exists a positive con-
stant L such that [ X ()<< L, LS I. Let tg= I and let z(t) be the right
solution of (P) with @ {fg) = %o - From (10) we have, for anv § € I{t),

the origin is asympiotically sta
Proof. First we prove tl

le @ < LX) | (i) + b lz X (X s (s — 1) +

ge=lyt+1

[1
+ 3 | X () X-Ys)lels) (als— 1)l.
g=lyt+1
Define p (t) = max { @ (t)], | vty + s |2 ()} Then lor a certain in-
teger 1, to < L € f, we have
fy
p () = | ait) < L X () L@t + bp () S IX @)X F

swip+ 1

+ i Ke(s)p{s —1)

s=1g+1

11 oN THE 5 . e
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SPACES

1
Ir

and therefor -
ind therefore, p{t) < L{| X7 (L) |« (t) + bKp (1) + 2‘ Ke(s)p{s — 1)
from which, since UK < 1, we have e

LX) —_ R
pt)g =0 ¢ K
Y I‘L(o)|+§°1mch(s+1)p(s),

From this, by Gronwall’s inequality,

e < p()< | LA Kd |
Pt < | 1—bK0 expl_bKJIw(to);,

This inequality implies that the origin i
1 : rin is stable for (P).
qul‘ti;?g's&()lﬁgl(l{:}j\’, fp{:hany toel there exists u 3 (to)>(0 )Such that any right
To complete tl s with [ @ (f)] < 8 (f,), satisfics | « (t)] < lforallt = Iyt ;
p he proof we shall show that, if | ()| < 3 (¢ have | (to)-
as i — + . To this end define ¢ o), wehave [z (1) » 0
M= ﬁ_n'.; I (t)l'

I
=+ m

Obviously, 0 £ M < 1. Choose R such that

(28) 0< Kb< R ~ 1.
It M > 0, there exists {1, & T (§) such that
(24) | @{t)] << MR~ for all ¢t = [ (¢).

From (10),

e (t) < .\’(i)li[llx“(to)ll i) + 3D X6 Sl — 1) |+

sty +1

!
+ X () X1
s;‘m AT () X1 (sh| [ fls, @ (s —~ D)
and, by virtue of (24) and the hypotheses of the theorem, we vet
i =]

2 () < || X () l X-1 ! 4 ~ 1
[IX7 G ot + 551X 6 (s s 1) +

saiy-+1

+ KbMR™ ! + KMR™! ‘E ¢ (8).

a=t+1
t > 0. Si >
* mee s (S) — . o
E: - < + oo, taking if R
L : g if neeessary a larger ¢, and kee-
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t

el <1 X O 1 XN e+ 3, 1 XTES et | =+

s=lyt+1

+ KbMR™ + <.

By Lemma 5, | X ()| — 0 as t— +00. Hence

M =1lim|r(t) < KbMRE™' + =

=0

Since z > 0 is arbitrary and M > 0, this implies Kb = R in contradiction
t:) (‘?S)H. Therefore M = 0 and the Theorcm 1s pyoved.
Example 4. Let the matrix .4 (&) in (L) be given by

0 (f + 1)-1) t e N(1).

A0 = e 4 21 (4 1)

rator isfies th
SinceifX(t) X 1(s)| — 8, the fundamental operator X (%) satisfies the

E=1

y ses of Theorem 5. ) '
& pOt'llzl?:mem 6. Assume thai the fundamental operator X (1) of (L) is such

that, for any s =1,
IX (X s) < Kb, K21, 0< h =1, 1= 1(s).
If the perturbation fl, @y in (P) satisfies the inequality
el € (d + e i
where d = 0. Kdb '+ g b0 and 3 lu(.s*) =L = 4+,
s=a4
hen the origin is uniformly asymplotically stable for (P).
Proof. Let 1, € 1. From (10) we get
~ K ) B L (s — 1)1, b= T (t).
L (f) € K| {to}l + s.§+1h (d +e(s)b a (s 11, (to
From this, multiplying both sides by b-¢=t and setting
p ) = b=t~ | (t)|, we have
—1
pt) < Klalt)l + > p-1K(d +cls +1)pls) -
g=fy
from which, by Gronwall’s inequality,

o)< Klotglexp Y b 1K (d+ b))

=gkl

13 ON THE STABILITY OF DIFIFERENCE EQUATIONS IN BANACH SPACES

-l
=1

Hence

|2 () < K () exp(t — t,) [Kdb' +1gb + KLb (1 — 1))

a 1 E]

which implies
(25) |z (@) < (K exp KLb™ 1) 2 (t)] .

Let ¢ = 0 be such that — M = Kdb—' + 1gh + ¢ < 0. Then, forall t  I(1,)
such that t — £, > ¢, , where ¢, is a sufficiently large positive integer (inde-
pendent of t,), we have

| & () = K| () exp (— M (1 — 1,)).

From this and (25) we obtain the uniform asymptotic stability of Lthe origin
for (P).

I'rom Lenma 8 and Theorem 6 we have

Corollary 4. If the origin is wniforinly asymptotically stable for (1) and
the periurbation f(1,2) in (P) satisfies the hypothesis of Theorem 6, then the
origin is uniformly asymptotically stable for (P} too.

Corollary 5. If the origin is wniformly asymptotically stable for (1LY and
the perturbation f(t,x) in (P) s such that

Sy = B, B < M, Z | B8] < + oo,
t

=4

then the wrigin is uniformly asymplotivally stable also for (1)

From Corollary 4 and Lemma ¢ we have the following Corollary which
was firstly proved by R. Bellman (1]

Corollary 6. If the origin is asymplotically stable for (C) and the pertur-
bation f (L, x) in (P) satisfics the hypothesis of Theorem &, then the origin is uni-
Jormly asymptotically stable for (P).

Example 5. It in (L)

o 27

4@ =

( ) \ —4 3"£

the origin is uniformly asymptotically stable for (L), because
| &) X1 (s) || < 2o,

) 1N (1)

Example 6. 11 | 1 | < 1, the origin is uniformly asymptotically stable
for (C) since

XX =ha < Al

Theorem 7. _Issume that the fundamental operator X (f) of (L) satisfies,
or any s = I, the inequality

XX ) < K(s) b, K(s)=1, 0 <b<l,tel(s)
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with K T{a + 1) E¥ such that, for any 1y = 1.
—a !
i (G} P Y K@) = Lty < L < +o0, t €1 +1)
2+ el 41
If ther perturbation f (I, ®) in (P) satisfies the inequulity
Sy s (d A+ e(t)) dz 0,
where ¢ [ {a + 1) = BT is such that, for wny ty = 1,
{
lim (¢t — Lo} ' >0 cls) K () =M ()< M - +00, 1 < I{i,+ 1)
=t i=tet]
and if Lb ' d+ Mb ' +1gh <0, then the origin is asymplotically stable
Jor (P).
Proof. By the same method as in Theorem 6 we get
i
w (1) < K (t) | wl(to) lexp {t — &) | b7 dt— )™t 5 Kis) +
(26) =t

. .
F Ot} S e (K (s} + lgb A
g=fy+1 )

> L,M,>Mand —q =L b 'd +Mb*+

Let L, and M, be such that £,
hypotheses, there exists a positive integer ¢,

+ lgh < 0. Then, under our
such that,

(@71 o) < K (to) | @ () exp (—q{t — b)) for all t = (& + 1),
which shows that |z (¢)] = 0 as t > + oo0. Finally from (26) and (27} we get

T (t)l < Q (to) & (tO)I7 i e I (tO)J

where @ (1,) is a suitable positive constant, which shows the stability of the

origin for (P). This completes the proof.
6. Strong stability. In this section we shall prove that, if the origin

is strongly stable for (L), the same is true for (P), if f(f, 2) satisfies conve-

nient hypotheses.
Theorem $§.
K> 1 be the constant of Lemma 3. Then, if

is such that
S a) — fL < bW —yl 3 b)) < +oc,0< b(t) <K

tma 1

Asswme that the origin is strongly stable for (L) and let
the perturbation f(t,2) in (P)

the origin is strongly siable for (P).
for anv t, = I and %, € E, (P) has
To this end it is sufficient to show

Proof. Firstly we shall prove that,
at least one solution z (1) with z (%} = 2.

15 ON THE STABILITY OF DIFMFERENCE EQUATIONS 1IN BANACH SPACES -9
N - i

that we have ¥ (1) = K, t € I, where Y {a) X
. c , =E Y () = {1
e Y (=1, tel(a+ 1) Assume V(s B s =a
and let y = H.j'.l‘hc equation R LR LR R B e
&= T, (e) where T, (r) = AT () y — A1) f{2, @)

has, for each y = K, a unigue fixed point si s o

15, fon | A B Fh pomt since T, (&) is a contracti i
I_.lpSC!‘l'lt-Z constant less than 1. Therefore ¥ (1) = f{:( l\)\": czllf(}l?rf:\('u;t]i?:‘.‘t‘}:“tl;
'the origin is s';trongl;v stable for (P). For this purpose we establish .'m u l'al
inequality. Since X (f) = 4 (1) X (t — 1), we have R =
N 2@ =Xt -1 - + XV {2t —1), tel{a+ 1).
Setting © (s) = X7 (s} 2 {s) we get

e —le{t =< [z —ct—1) < K200 vt —1).

Therciore

(I—KbMheE—DI< e <A +KbENIvlt—1), tel(a+ 1).
Take {, € 1,1, = [ (1,). Then

o)l 1] (= K2 b)) < o)l <vit) 1] (O + K b))t = 1 (1)),

et PRI
]

and, setting m, = ;] (1 — K2b(s)), m,= 1 T2
s=a+1 Uoi .7.—_':!+|(] + K b (s)}), we have

(28) mjo{hl < e () mylo(t)l, b =1(t),

where 0 - € My ‘ 2 ; ici

prhere 0 < )(1;,8; my <=+ co. Then, taking N 2z 1 and sufficiently large, we
N o) < lolll < Nlvlw)l, &= 1)

Therefore for anv t, € I we have

{29) lv(t) € N|v(t) for all ¢t = 1.

}Isglgl t}lxs ;11Equalit)' we show that the origin is strongly stable for (P). Let
t:a B ;2 =L ar:cf)i_z cgt)‘ be any solution of (P) with z (ty) = 2, , whose exis-
e proved in the first part of the proof. Then, using (29), we

l2MI< | X0 v(@) < KN o) < KN |2(t,), t = L.

ce this inequality holds

_ nequalky s for any ¢ T a——

(};)‘}] This concludes the proof s, L = I, the origin is strongly stable
1en the perturbati (g T .

‘have the f'olllm\-ing”tlon F(t,x) in (P)is linear in &, from Theorem §
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Corollary 7. Let the origin be strongly stable for (L) and let K = 1
be the constant of Lemma 3. Then, if the perturbation f(f, @) in (P) is such

that
fua = BOr  BOSM Y IBEI<Te, 0< I BEI <K

r=a+1
the origin is strongly stable for (P
Evample 7. The origin is strongly stable for (L), where
0o 1+ ._,_,)

A =
@ b1 o 2ttt 0

beeause || X ()] < e X)) £ 1.
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ASUPRA STABILITATH ECUAJIILOR CU DIFERENTE ix SPATII BANACH

Rezumat

fn lucrare sint eonsiderate ecuatii cu diferente de forma a {¢) = f(2
v (f—1)). Sint definite toatc tipurile de stabifitate (simplad, uniforma,
asimptotici, uniform asimptotici y1 forte) analoge celor din tcoria ccuatiilor
diferentiale si s¢ demonstreazia 0 temi, de tip Gronwall, Utilizindu-sc opera-
torul X(0) = A B A — 1. Ale+ 1) J {cave cste analogul metricii fun-
damentale pentrn un sistem de ceuatii diferentiale liniare) se stabilesc con-
ditii necesare si suficiente (sau numai suficiente) de stabilitate a sistemelor
Jiniare cu diferente in sensul definitiilor introduse. Teoreme asemindtoare
sint demonstrate penteu ccuatii cu diferente, perturbate cu perturbatii din
anumite clase.
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PHIS CONSISTENCY PROBLEM OF SINGULARLY PERTURBED
DIFFERENTIAL BEQUATIONSE?
BY
PATRICK LLALFTS

t. lntreduetion. Consider 1he systemn

(i] ‘{ =.I.(!)"': i :)
sy =gty e,

where @ :l‘lld yonre respectively noand m dimensional real veclors and = i3
sonie smadl - positive constant. 1t is natural lo investigate the sointions of
this equation with the help of the reduced system )

(2) &= L . 0)
0 =g,y 0

One is interested in suitable conditions whicl cosure that o given solution
{2, 59} ol (2) is in spme sense, the limit of solutions of (1) as 2 %o, This will
be calleld the consisteney of (9, y?) with respeet fo system (1) :mdl CNPTCSHCS
the idea that (2. 1) is a good approximation ol some solutions of (i) Such
coneepts have been introduced and investigated inoa fuirly sy stcin'lti.c‘\\'-w
b P Mabcets 7). A
Y The tivst impertant study of this problen has been made by Ao N
Fihonov [14], [15] [16] "This author proves the continuity with l'csiuéc{
to e, using some slability assumiptions. I IToppenst cadt [9] has
ig:;ﬁratlilltmltﬂ;ﬁ?f_rc.sulllf;'.u.-;m_sf vtlu': Lyapunos l‘unct.ions'. which are deduced
R, 0 ﬂ”‘i\_m_: (fl.‘;):l(olllc‘ms.' Notice that the hypothesis of these theorems
Py that gven (o 4%, any ueizhbouring solution of (1) tends to (a2 2

litics o(f 1\';;“11‘? l‘LbL‘ll(.h wis part ol a c.olluburaltlun prograns sponsored by ilie univer-
- (ItrP] e -.m(l I,uu\:mn, un_dc-r pariial support of the Consiglio Nazionale delle Ri-
aly) and the Fonds National de la Richerche Scientifique (Belgium}
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