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strongly stable for (L) and let K= 1

Corollary 7. Let the origin be
if the perturbation f(f, &) in (P) is such

be the constant of Lemma 3. Then,
that

fla) = BOw,  BWeM, Y IBEI<+e, 0< Bl < K

s=a+1

the origin is strongly stable for (P).
Evample 7. The origin is strongly stable for (L), where

B 0 1 42!
{1+ 2" © '

A (1)

beeause [X ()] < & 1 XD <L
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ASUPRA STABILITATH ECUATIILOR CU DIFERENTE iN SPATII BANACH

Rezumat

fn lucrare sint considerate ccuatii cu diferente de forma a (I} = f,
(t— 1)), Sint definite toate tipurile de stabilitate (simpld, uniforma,
asimptoticii, uniform asimptoticii s1 forte) analoge celor din teoria ccuatiilor
diferentiale si se demonstreaza o temit de tip Gronwail. Utilizindu-se opera-
torul X (i) = A () A (£ —1)... A (@ + 1)J (care cstc analogul metrieii fun-
damentale pentru un sistem de ceuatii diferentiale liniave) se stabilesc con-
ditit necesure si suficiente (sau numai suficiente) de stabilitate a sistemelor
liniare cu diferente in sensul definitiilor introduse. Teoreme asemiinitoare
sint demonstrate pentru ecuatil cu diferente, perturbate cu perturbatii din

anumite clase.

\nalede stiinlilice ale Unjversilatii o3 1o fnwas — fasl
Seetin 1 oa. Matematica, lom XX, 1971

PHIS CONSISTENCY PROBLEM OF SINGULARLY PERTURBED
DIFFERENTIAL EQUATTONS!
BY
PATRICK LLALBETS

I, hitrednetion. Consider the svstem
vo=f( 0y e)
ey =4y e,
where & :l‘nd y are respectively nowd mdimensional real veclors, and = s
sone smail positive constant. It is natural to investivate the solutions of
this equation with the help of the reduced system
(:2) o= [l a . 0)
0 =g, .y, 0L

(1

One is 11'1h-|'u..lc.=l in suitable conditions which cosure that o given solution
(2%, ) ol (2) is in sone sense, the limit ol solutions of (1) as < % 0. This wil
be vpllml the consisteney of (19, y%) with respeet to system (1} and C‘{pl“CSS(";
the iden that (&, ) 1s a good approximation ol some solutions of (i) ‘Sm'lll
coneepts have been introduced and investigated inoa fairly sy srr-ill'tti.c‘\\'- '
in P. Habets |7). Lo
. The fist important study of this problau has been made by A N
Tihonov [14], [15], [16] "This author proves the conlinuity with 1‘05.1)(;(:[.'
to e, using some slability assumptions. I IHoppenst cadt [9] has
ig:(;;ﬂm‘a;lilltecltﬂ:ﬁ?f_rcisulll‘_;__usmg thL Lyapunov tunctions which are deduced
R, 0 ﬂ”‘ivm..: (f.‘f:)il(ullltflllsi Notice that the hypothesis ol these theorems
WmpY that give a9, anv neichbouring solution of (1) tends to (2% #°%)
Isitics o(f*z‘(};l)lll:s i“ﬁ::::lull'uh wis parl of a colluburation prograi sponsored by ihe univer-
i (Itulvj ;‘m(!. 1[11211;-‘3::35“‘.1\"51‘:? p‘uriml support of ihcf _(.‘um‘;i_g]io ;\'azio[mlc delle Ri-
¥ Nautional de la Richerche Scientilique (Belgimm].

6 — Analcle Univ. layi — MATEMATICA
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J. J Levin and N. Levinson [i2] investigated the same
problem using the propertics of the lincar approximation of system (1) around
the siven solution (2, y) of (2). These results weve extended by J. J. Lievin
[1i], V. . Buatuzoev [t [2) and using exponential dichotomies by
AW, Chang [#]and Ko W, Chang and W. A, Coppel [5} A
fmdanenta! dilferenee with  the ‘Fihionov - Hoppensteadt’s resalts s that
in most of these theorems, the assumptions imply that, given a solution
(e %) of (2), only some neighbouring solitions of (1) tend to {2y} as
e — 0. This is sulficient to justily the approximation of system (1) by the
reduced sysiem {2). Morcover it colavges consulerably the class of adnis-
sible svstems (1)

Our purpose in this paper is to generalize the results reealld herea-
hove, and to extend them to the various consisteney definitions mtroduced
in . Habcts |7] The point of view adopted is similar to the Tikonov-
Toppensteadi’s one but instead of assuming some stability conditions, we
shall sunpose the cxistencs of sowe Tavapunov fanetions implied by these
conditions. In scetion 3, wo introduce gencral theerems that confine sonic
solutions of (1) in a given domain of K'** ¥rom this result, we deduce
viehtaway in scchion |, some consisteney theorems. On the other hand, con-
sidering scparately the motions of @ and g, we prove i section 5 some ex-
tensions of Tihonov-Hoppensteadt’s theorems.

9, Notations-definitions. Let I denote a finite ov infinite interval on the
real line 2, Q a domain of B**® ceniaining the ovigin, and # a positive real
number. Constder the [unctions

S o Q x{0, Bl B (=, 8) = f (D 5 2),
TR R U L e S (R B (A

and suppose f{f,0.0) =0, ¢ (4,0,0) = 0. In the following, we shall wrile
s = (r, ), where @ & B and y = 1" and to shorten the notations, we note
indifferently F (2) or ¥ (v, y). The system of equations

(1) ® = f{{, 2, e},

E.f_;‘ =g (!’: Z, E)-

where . = dfdf and ¢ is different from zero is called the compleic system. The
associate system

x=f(tz0),
= 0=t 0),

obtained Dby setting = = 0 in (1) is called the reduced sysient and is verified
by the application 2°: I— Q, & - 0.

The general solution of (1) considered as a funclion of f, of its Initial
value (4, 7)) and of = will be written

3 THE COMSISTENCGY PROBLEM OF PERTURBED EQUATIONS i

i B (G Ly 2, ) = 2 {6 g, 2, )

The pni‘n[.s of 75 are obtained by choosing liest o point (4, 5. 2} & T QO x«
s (0L and then £ & J{fy, 25, ), where J{f .5, 2) s the interval of
definition of the maximal solution through {fg, ) and for = In thesequel.
we shall suppose such o solation exists, is unique and depends continnously
on the initial conditions (£,. z,). Parther, when there witl be no possible con-
fusion, we shall write == {7) and J Tov ={t: 4, 3. 2) and J (4, 5, 2)

1t will be convenient to use the norm Y '

2| = n}.u( ey Y where zo= Ly ) and e LTyl ave vespeetively e
5 - N - "o, —~ J» Eaa e o Tk = :
pnorms of e R" and e R0 v is a real positive number we write

B(0.5) =iz e Rovw | ]yl

Tor any sct o, A0 will be its closure and fr A its houndary.

In the sequel, we shall use several anxiliary functions. Considering a
. 5 ; - 4 o0 LS o0 . .
funetion w: £ s {0, 5} < 0. ] = &, we define its Dint derivatives

T e o
Do = I",,'lf;?i m [t + by Bf (L 202), 0+ o8 (4, 5, 2), &) — ull, 2. 2)]
o] . fo
1w o= hnind ?[u (+le+nfl, ey + gz g z) — il z )]
N = ) ot ) N 7

compuicd along the solutions of (1). Further we shall use some hmetions
«:]0. o = R.r— ¢ (r) continuous, strictly inereasing and such that a (0) = 0.
Such lunctions will be called K-fienctions. ' '

We now introduce the lollowing consistencey concenls.

The origin is consistenl at ty, & 1 il l .

(V> 0) 3y > 0)(Ve:0L 2 5) Bz, € Q) (V2 4,0 =) =N = .
The ovigin is consistent H for any f, = 7, the origin is consistent at 4.
The origin s wniformly consistent if

(V6> 0) (32 > 0) (Ve 0 e} (Vhge L) (3 23 Q) (Viz (. b)) 22 ()] <.
The origin is completely consisieni al 1, if

(¥9>0) (35,>0) (353>0) (Vz: 0< 2< 5) (V25 € B (0,8) (Viziy ted)| () < 0

. Theovigin is completely consistent if for any i, € I iU is completely con-

sistent at {,. l ' "

The origin is unifornly completely consistent it
(V5> 0) (354 = 0) (I > 0) (Ve :0 < =< o) (Y1, & 1) (V2 = B (0, 3))
(Viz o, t =)= <
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These difinitions have been introduced and their propertics investi-
mated in . Habcets [7}

3. Preliminary thearems. Consider an opein set 11 < [ oand Iy s
= jo, 7).

A point (fy , zp) =t I (1 Q) 15 an edress point of 1" with respeel to
(1), if the solution x{f;14,, 7, ) is such that (37> 0)(V¥t = [ty — = fl),
=iy e 1.

A mapping =18, = 5, S5 18 ealled o relraction from 5, into S, il it is
continuous and the restriction of = to &, is the identity. Let us intvoduce
the following notations:

S
G={{ty,z) & T: 3, > o, (L, = (580, %05 2)) & 5}

il

§(t, ) & fv T (4, =) is an egress point]

and define the mapping =: Gy S = 8 by the relationships = {fg, 20) =
= (ly, %) if (fg, 5) = S and = {fy, %) = (¢, =) where (f;, ) is the first
coress point of 77 along the trajeetory (£, 22 (4)) passing throueh (f, 24) (/0. %) ES5.
We now state a slicht modification of a result ducto ™. Wazews ki [17].

Proposition 1. Let w (¢ 2) end v {t, 2) be read conlinuous functions, defi-
ned on I x @ and locally Upschitzian with respect lo 2. Consider, for some
r> 0, the scls

~
—
-
i?
~—
~

A= {{L, 2 u(f, )<,
U={{tzy:u(t,2)=r,v{t,z)<r,
Vo=t a2y, v, z) =l
and suppose
Do z)=0, (4 z2) = U.
D_w{t,z) =0, {4,y eV
Then = is @ retraction from G u 8 into S=U~V" and therefore is confinious.
In case 1 and v ave of ¢inss 7, 1 proof of this proposition appearsin P 1o v t-
man [8L
The results of this scetion will be based on the following assumptions.
Let 4, & 1, r > 0 and 1 > 0 be fixed.
Assumptions .1, . Let €@ be a n + m projection madrie and w(t, v, ),
v (1, 2, =) some real conlinuous functions defined on Ix Q0,8 oeally Hip-
schilzian with respect to z. Suppose that for any =, T U and I are defined as
in proposition I, and:

In. w(l,0,2) < ale) +ar,izf. () L x]0, E,));
b. u(t,z, 2) =u{l,Qz,e) = (| Q)
!’}’{0: (t:"':.v 3) =1 :‘(Q b ]O;ED}:
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e Doull,~2)> 0,12, Loz sl x]10 K

Ia. vilg, s, 2y als + [z —Q=z[) + or
(70 =9 %10,k |

b, D v,z ey 0dzt,, (Le.e)y eV 5 ]0, 0]
where @ and b are K-funetions sucl that b= (r) exlsts and 2 = [0, 1],

In the following we shall make usc of

Lemma 1. (Non retraction theovem). Lel o be an open bounded subsct
of « k-dimensional euclidean space X and fio— B a continwous function
siuch that ¥z e fro, f(2) == Then [(w) o o

Proof. Let 2 € o, and consider the function
Fio x[01]- () F (z, 2} where F(z1) =2 —x 4% {(z—=f(z)
Itisobyious thatif z @ ro, F(x,)) =2 — 2 # U, and the topologieal de-
gree [13} A (17 (z, 3), ©, 0) can be defined. Using the invariance principle

with respeet to homotopies d (3, — f{2), ,0) =4 (I" (3,1), 0, 0} = d (I
(3,0), @, 0) = d (2, — 2, @, 0) = — L. Thus, therc exists v = o f(2) =2,
Q.F.0.

Now, we are ready to state and prove the main results of this seetion.
Theorem 1 will be helptul in the study ol counsistency.

Theovem L. Suppose t, = I.v > 0 and By > 0 are such that assumplions
A, are sabisfied. Then

(Fz, > 0) (35 > V) (V10 < =< ) (Va¥ = B (0, 8): % = (

@ = Qu + ) (Wt t =) (=)

Proof. Tet us choose gy > 0 and § > 0 such that a (g + ) < (1 — «

Usine assumptions A, —Ia and 1a, it follows (Ve: 0 <lz<lz) (v=r=1 (0,
SRz = 0) (Vo @y 4+ 2% = Q) (V2 1y, 1 = 1)

(1) wfl, =%, g)=1u(l, 0,e)<7
{ii) v{ly, Qz + 2% )< (s + § %) +ar <.

Let = and 2% be fixed and suppose ab absurdo (V28 = Q=5 + 2%} (3t = 1,,
t e J)i, 2 (1)) & 7. It follows that the application = intreduced m pro-
position 1is defined at least on {/;} X, where @ = {z:2 = @z + =%,
w(ly, =, ) — v}, since by (il), Vz = o, vllg, 2, &) € ale + 127 ||) + ar <7
Further o is an open sct with respeet to the L - dimensional cuclidian
space BF = [z = Re+ry » = Qr + 2% Let = (f 2) and =.(4, 2) be respecti-
vely the time and spatial coordinates of =(f, z) and define the continuwous
mapping

)

e T

} 7.
8)

[io— EF, 2o Qr, (fy, 3) +2*

We can dcducg from (i) that 2* € & # @ and from A — Ib that w is boun-
ded. Further from the definition of o and (i), {Vz, =fr @}, (5, 7) = UNV.
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Therclore =. (fy, %) = 2o R + 77 = 2o and f(5) = 20 it foliows then from
lemmma 1 that f{e) = o. In paticnlar 2 = flo). That s (3z, = ), flzg)

= Q= (g, %)+ 2 = 27 This inplies @/, 1) =0, w(m, (o, 7o), 7: {le: 20)E) =

= w(m,(ty,20)s O, 2) << i and =(fg, ) € £ 1 which i impossible. Q.30 D,

As we already pointed out. the proof of this theorem uses techniques
very similay fo Wazewski's method [17], Further. Jet us notice that simi-
lar vesults have been proved by Jo AL Yorke [18]

Uniform consisteney can be investionted with the help of

Theorem 2. Lot r > 0. Iy > 0 be such that for any bty € J, assunplions
A, are satisfied, «a, b and a being independen! of 1o then

(g, > 0) (35 > 0} (Ve 0 =z < 5) (Y & [} (V2" = B0, §): Q" = 0)
(3 = Rz + 2)(VE= 1, 1 = DY =)y = T

The prool of this theorem is a repetition of the proof of theorem 1,
and therefore wili be omitted.

5. Consisteney theorems, The theorems of scetion 3 prove that some
solutions are confined to a set T = {4, 2} w < r, v < r}for any L2 1,
t =.J. If this is true for any r:0 =7 = 7 and i morcover the funetion
w = max{u, v} is positive definite, then given any ball B0, %) there exists
an > 0 such that 7' <1 B3{0, 7) and thus there exist some solutions
confined to B(0, 4) for any L2 f,. + = J. This argunent feads to.

Theorem 3. Let 8, = 1, ry > 0 be fived and suppose there evists @ K-
Jfunction ¢ sueh that

T (Vr:0 — r<r) @80 = k< B) the asswmplions oA are salis-
fied ;

20 ool 2 o8) =max (o) 2 ([ x2])

Then (Y4 > 0)(3z,> 0) (Ve:0 = =< g) (335 = L) (Viz= 1, 1 =.J)
w{t 1y, 28, 2) = B0, r) i e the origin is consistent at t, € I.

Proof. Let 4 be given and choose r < min [¢{g), rpl. B3y assumption,
there exists £, > 0 such that assumptions «f, ave satisficd. Using theorem
1 we obtain then

(330> 0) (38“} ”)(VC:().' s
(_.::.s] = (1)-:. + :*}(V’;’, f:

=
o=
fi
~
=
=
=
ir
&
P
A
=
=
il
w3
3

This implies

and sinee ¢ is o K-lunction, | 25(f) | < 4. The theorem follows by choo-
sing > = 0. Q. .1,

Using the same argnment, we obtain as follows a shight modification

of thecorem 1 of [7].

THE CONSlorL.Cr ihOBunl W PATLATE L ONE B

Corolary. Suppose {1, € § oad Fy > 0 are fived. Let 2, =, = De som
: . »p 0 o O ; 2~ & oAbl
veul continnous funciion defined on 1 5 B0, ¢) x] 0, I} lovally lipschitzian
with respeet 1o = and such thal

ity moe) g oz + 1 2]) (590 =2 x0 I
hi(¥r> 0)D_ (i, z,€) <0, 1z, ({7 :) < Vo o, Fyls
[ T:([: ‘n") 3) 2 C( ” ~ ﬂ ): f; "03 (t' ’:: E) = &2. X ](): jr"‘[)l:

cchere @ and ¢ we K-funetions. Then the origin is completely consistent ab &,
Proof. Assumption A, are satisfied for 6 = 0. It foflows as above

(v > 0) (35> 0}(I8 > 0) (Ve : & & 2 < gy (V2" = DO, 8): Q" = 0}
(322 = Q2 + %) (Vi =24y, t =) ba ) < 0.

This proves the proposition since Q= 0. Q. ..
similarly, we conld deduce an zaalogous modification of theorem

3 of [7], by imposing that @ be the identity matrix. In this sense theorem

3 vives the fink hetween the simple but opposite sinations deseribed

in [7].

W uniform consisteney theorem is obtained in o similar way from

theorem 2.

Theorem 4. Lel o> 0 be fized and suppose there exists « K-funclion
¢ such thal:

1° (Vr:0 <2 r < 7) (351 0 E,< E) (Y, = I) the assumptions A,
are salisfied, a, b and = being independent of 1y

9wt v, ) =max (i, vy el 2.

Then the orisin is uniformly consistent.

5. The ceunsistency by separation of slow and fast variables. The
consisteney theorems given so far make use ol auxiliary functions w, v
whose Dini derivatives must be computed along the solutions of the coin-
plete system (1). To find such lunctions is often difficult beeause of their
awlward dependence in e, The aim of this section is to simiplify the con-
struction of the %, © using the idea that the system can be deseribed by a
successive juxtaposition of slow and iast motions. It gt =, e) = 0, the
complete system can be approximated by the reduced svstein

(2) ! ——f{f ~ 0)
0 = g(t, 2. 0},

If || gt, =, =) | = §fit, =, =) i, the lacter ¢ is such that | y | varies much
aster than ||| . Using the substitution { = f; + s, the motion is then
escribed by

i
— = ef(ly + =5, %, =)
ds
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diy
- L'(‘fu Fozs s :)
s

It follows thai for = small, we ean aporoximate this motion by the =nlu-
tinns of cquation
dy

3 = = . .y 0),
ds )

———

which is called the bowndary layes equation. 'The actual motion being o last
change in the y-coordinate only, we shall eall 5 the fas! carialdes. By
opposition the motion of &, described by (2), is slow and o will be ealled
the slow cariables. The idea in the foHowing is to build up anxibiaey funce
tions 1 and ¢ for the theorems of seetion 1, using functions », mml v, whose
derivatives are computed along the solutions of the reduced system {2),
and functions u, and 5, whose derivatives ave computed along the solu-
tions of the boundary layer cquation (3). To case the computation of
ihese derivatives we shall assume in this section that for every (1. 2. 0)1 Q

glt, 0, 0.0) =0
and for every y &£ O such that {{, v, y} = I xQ
st 2y 0) # 0.

It ean he shown {(I. €. IToppensteadt [9]) that using  chanpes
of variables, these assumptions ave satisfied for w large class of systems.
Purthee some additional assmumptions on g imply that these changes of
variables preserve the consistency properties. The reduced svstem ean then
he written

(L) o "——f(f . (}, 0)

4 =0,

Considering an auxiliny function s {f ) = (f, @) we define its Dini
derivatives

Dot ) = lim in!':— Pt o+ By R L 00 0)) a0
FT] |

P (8, 1) = lim iuf: [, (1S hs R (0. 0)) — ar, (1 2)).
o h

f

Similarly for a Mmnetion o, (4, 20 y) = Wt v, ) we define the Dini den-
vatives

L]
Dyt @, 1) =hm m[}- Ly(t, @3 + hglt, v, 4y, O)) — 10,(t i, )]

h=04+ R

9 (1L CONSISTLMNCY PROBLEM OF PEQTURBED EQUATICNS b1l

Lo
oyt ) = liminf = i (6 o4 halto ey, 0))

k0 i

(1)

In the sequel, we shall use the following asstmptions written  for
= l.or, > 0andr, >0 fixed.

Assumption . Suppose Q =@, xQ, . O, c R and Q, = R

Let Q, be « n - projection natriv and (i, 2}, v {t, ) some rveal con-
tinwos functions defined on I > (., wnifornfy Lipschitzion in & (i, e, there
crists K= 0 sueh that

i ”r(f: .?‘1) e ”.("- .l':) = I\'r I
() —wlta)| € K, |

vy — 0y Land

vty )

Le, Suppose that Jor any (1= .0 = 1)

Tow (1, 0y = o,

oo () = at. @)= b1 Qe ll), & = Qs

e DOy dr), (Laye {(boyu, =0, w8 Rl
a. vl 2) € a{ljr=—=Qrl) +ar,re Q.

o IP e (hays —d(r). (L) e{l e} <. = i

where a,. by and d, are K - functions sueh that bY(r,) exvists. and = = {0, 1[.
Let further §, be a - projection malriv and w,(t, 2), vlt, 2) some
veul lipschitzian functions (i. e. there exists K, > 0 suel that " ug(ty, 2) — mlls,
L€ A0 — S S T ) N TR (ty 2) | S Ky (14—
|z ) defined on T . Suppose that for any (t 2iy. 1= 1)
Lo, w6, 0) < ary;
booaft, 2y = wdt, Q@ v, Q)= bl Qu ), 2= (¢
e Dt ) = dy (), (6 5) & (0 3)
Crallee s i) € a0, ) — (R, Q) [) + e v =
I]' I:h(!: :) = bb( “ _f[ o (eby 1!)7 S gl;

Uy = Py, Uy S 1, 18

oo et ) € —~dy{(n)
(": ':) = {([ ‘:) Ty S Py = "'b}
where a,, b, and d, wre K - funclions such that b7Xi,) cuisly.

| Comparing assumptions A, and A, one sces rightaway that the latter
are, with minor modilications, the juxtaposition of assumptions 1, for the
educed system (2) and for the boundary layer equation (3). Since = does
1ot appear in these equations and since they are ol lower order than (1),
e can expect to find more easily the anxiliary lunetions w, v in A, than
A, We still need some vegularity conditions

t Assumptions B,. The function f is bounded on I Q [0, Fy| so
a
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U, = b Ky R, S R

Moreocer the Junction [ ix continuoits at =0, y = O nniformly in {1 = 1,
t= ) and = 0, 0. o
fi, e oy =, 000) < o (il + <)
wheve @ is a K=finetion.
The function ¢ is econtinnous @ @ = 0 wnifornidy with respeet lo {t =
2 dpt =Ty end 2 & Q1. c.

(1. = 2) — g, =, 0)

bl

= w,{e),
where o, is a K<junction
Lemma 2. If K, v, and r, are choosen swel that
Koo (Ey + 20, (r)) — dfr) <O
K1+ K )E) + offa)] — dyfr,) < 0,
then the asswmptions Ay and By imply that the assiuneptions oAy are satisfied
Jor v =,
o= max (1, P,
v o= max {z,, 1,0,/")
Except for minor modifications the proof of this lemma [ollows {rom
the proof ol theorem 6 in [7], and therciore will be omitted.

Theorem 5. Let ry> 0 and {, = [ be given and suppose there evists

o Kefunetion ¢ such that:
1° (¥r, 0 1, < r) (Vr, 0 0 << 1< 1) the asswmptions Ay and By are

satisfied K., Ky, b,, d, and d. being independent of v, and vy ;
2% we(t, z) = max (u,, uy, v, H o) 2 e( |2 )

Then the origin is consistent at i,
Let us nobice that in this theorem the lunctions w,. 1, v, and @,
might be [unctions of », and r,.
Proof. Let 4 be given and choose (1,2 0.< <2 min (e{1}, ro)), {ry :
0 <+, —min (c{n). 7)) and (I, 0 < FE, < £) sueh thai
Ko lE, + 205 () — d(r,} < 0,
KO0+ K)E, + o)) — dr,) < 0.

Notice that sinee we can choose r, as small as desired, the funetion b,
need not be invertible on the whole semi axis R*. It follows then from
lemma 2 and theorem 1 that,

(Geg> 0)(Ve:0 o< g) (38 € Q) (VE2 1o, 1 =) (1, 2(t) & T

i. e. max (u,, v,) < r, and max (u,, v,) < . Thus
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e( B2y < wlt, 2) < max (r. r,) o)

and sinee e o A - Tunelion |2 v QL.

The same reasoning using theorem 2 instead of theorem 1 leads to

Theorem 6. [f the assumplions of theorem 5 are safisfied for any 1, = 1.

(1, tys by by and o being independent of 1y the origin is wniformly consistent.
Using the matrices ¢, = 0, @, = 0 we can deduee. as we did in the

| corollary of theorem 8, complete consistency theorems simular to theorem
¢ i |7]. In that sense, theorems 3 and 6, exiend the eomplete consisteney
pesulls of A0 N, Tihornoyv [16). F. Hoeppensteadt [9] and
P 1o bets [7]. We must notice that AL N Tihonov and F. Hoppensteadt
do not suppose the existence of the anxtliary functions o and . These
authors impose stability conditions on the redoced system and the boun-
dary Inver equation, It appears clearly from . Hoppensiteadt [9]
that these conditions imply the assumptions 4, with @ = 0. Purther, we
must notice that ¥, Tloppensteadt [10] stated criterions for so-
me of the stability conditions imposed in [16] and [9], witheut nsing nuxi-
liary funetions. However, it scems thal morce practical criterions will in-
volve the auxiliary functions we introdueed in assumptions i, These
remarks justifv. i needed, the poini of view we adopled i this paper.
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PROBLIAMA CONSISTENTED BECUATIILOR DIFERENTIALL
PERTURBATE SINGULAR

Hezuniat

Se eonsiderny sistemul (1) 0 = f{£, @, 4, €), sy = (L, & U, z) wnde @ si
y sint vectorl n, respectiv m, dimensionali iar ¢ un parametru poziliv con-
stant, studiindu-se solutiite acestuin eu ajutorul sistemului redus (2) @ =
= f{{, @, 4, 0), 0 = (A 0}.

Se dau solutiile vare asigivii ¢d o solutie datd (v, »") a sistemului
(2) este lirnita solutiilor (san numai a unei parti de solufii) ale sistenmului
(1) e g 0.

Acenstiv proprictate esle numitic cobsistenta a lui () ) cu privire
la sistemnd (1), (%, »°) fiind deei o aproxumare a unor sofutii ale siste-
mulul (1).

Tn aceasti Notd sint generatizate uncle rezultate ale sllor autori (Tiho-
nov, Hoppensteadt, Butuzov, Chang, Coppel, Levin si Levinson), extin-
zindu-se in acclasi timp la_diferite tipuri de consistenti introduse de autor
intr-o luerare anterioard. Tn Jocul obisnuitelor conditii de stabilitate utili-
sate de Tihonov st Hoppensteadt se presupunce existenda funcliilor Liapu-
nov. sakisficind condilii corespunzatoare.

Analele stiinlifiee ale Universitalii oMLt — s
seetin 1 Matemalici, fomm NN, 1971

ON THE BEXISTENCE OF CONVERGENT SOLUTIONS
i CTHE THEORY OF VOLTERRA INTEGRO-FUNCTIONAL
FQUATIONS
LY

G BANTAS

1. This paper contains some results regarding the existenee of the
solutions of certain Volterra integro-iunctional cquations in the space £
defined helow. The technique used s hased on the Massera-Schi (-
fer-Corduncanu method ({111, [8) — [6]), on some fixed point
theoremns (Schauder-Tyehonol s (18] pp. 1306). Krasnosel-
skii's (19, [10p), Dubrovskis [7] amel Nashed-Wong's
[12]), on the compactness theorem in £ (Theorem 1) and on some results
{(Theorems 2 and 3) estabiished in [2].

Let B, be the semiaxis [a, 00), B the p-dimensional real Fuclidean
space and @ the Jocally convex and separable veetor space of the con-
tinuous lunctions o : R, — R?, with the topolozy senerated by the denu-
merable and sufficient family ol seminorims ' I

” ! ”ul - -‘\”]) ‘FU) ”:
a gt

here m = N and | ) | is the Buclidean length of the vector a(f). Let

be a continuons and strictly positive scatar function on R, In the
yace @, we. consitler the Banach space €, of the funetions such thatl
() | /g(t) is bounded on R, the norm being delined by

pord, = sup (| () [fgle)
[y

. We consider also the Banach space 2 of the functions + = & with
it a't infinity :”.Ht whese narin is the one from € (the space O, with g =

). The limit of wiv clement ¢ = £ will he denoted by 2™



