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PROBLEMA CONSISTENTED BECUATITLOR DIFERENTIALL
PERTURBATLE SINGULAR

Rezunmiad

Se consider sistemul (1) 0 = f(f, @, g, ), sy = gl &, 4, 7) unde x si
y sint vectorl n, respectiv m, dimensionali iar ¢ un parametru pozitiv con-
stant, studiindu-se solutiile acestuta cu ajutorul sistemului redus (2) @ =
T .)rl;[: @, Y, 0): 0= g([: &£yl 0}.

Se dau solutiile eare asigurii €d o solutie datd (a0, »%) a sistemului
(2} este limita solutiilor (san numai a wnei pirtt de solutit) ale sistemului
(1) eu z— 0. )

Aceastiv proprictate esle nimiti consistenti a lui (i, ) cu privire
la sistemnl {1), (2, %) fiind deei o aproximare a unor solutii ale siste-
mului (1).

Tn aceastii Nobi sint generalizate wncle rezultate ale altor autori (Tiho-
nov, Hoppensteadt, Butuzov, Chang, Coppel, Levin si I.evinson), extin-
zindu-se in acelasi timp la_diferite tipuri de consistenti introduse de autor
b6 Juerare anterioarit. In Joenl obisnuitelor conditii de stabilitate utili-
zate de Tihonov si Hoppenstendt se presupunce existenia funetitlor Liapu-
nov. satisficind conditit corespunzatoare.
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ON THE EXISTENCE OF CONVERGENT SOLUTIONS
N CTIE CPHEORY OF VOLTERRA INTEGRO-FUNCTIONAL
EQUATHONS

ClE. BANTAS

1. This paper contains sonic vesubls regarding the existenee ol the
solutions of certain Volterra integro-lunctionnl u]u'ntions m the space £
defived below. The technique used is based on the Masscra-Sehi {-
fer-Corduncanu method ([11], [3] — [6]}, on some lixed point
theorems (Schaunder-Tychono s (8], pp. 436}, Krasnose l-
skii’s ([9], [10]), Dubrovsiis [7] and Nuas hed-Wong's
[12]), on thc compactness theorem in £ {Theorem 1) and on some results
(Theorems 2 and 3} estabiished in [2].

Let B, be the semiaxis [, o), R? the p-dimensional real Tuchidean
space and @ the locally convex aml separable veetor space of the con-
tinuous functions @ : K, —= R", with the topology ceneritted by the denu-
merable and sufficient family of seminorms )

| @ |, = sup | &f) ],
@b
here m = N and  o(f)  is the Fuclidean length ol the veetor a(f). Let
be o continuous and strictly positive sealar function on K, In the
ace @, we consider the Banach space () of the [unctions such that
8 I/g() is bounded on R, the norm being defined by ‘
.03, = sup ([|2{f) fifglih.
{aa
. We consider also the Banach space £ ol the functions @ & @ with
lig a'}ﬁnfiplt:\' :.:n.l whaose norin is the one from € (the space C, with ¢ =
. The limit of 2 Geneent 0 < £ will be denoted by 2™

——
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i aff) = a* = R,
S
Plie ball with center i O andd vadius o in Lhe space £ will he deno-
Lot 1).-\. o .
In the ease po= 1, the above spaces will he denoted by @1, €, C!
and 20 respeetively.
Detinitions. 1) L sel L = Lis sudd v be an cqudeontinuons famdy  at
w0 if for each oz > 00 there evists 8. = 0 such fhal,

sup | {) — oy s, Yo e oL

L7228,

"
2y L sel L e £ i said lo be an cquidvontinuous fanily on By = la, o]
if it is equicnndinuons on B, and also at + o.
Tiworem 1. The necessary and sufficient cendition for the set 4 < L
A
tr e vompact is thal 1 be  eqribounded and equicontinuwons family on R,
Prosf. Frowa the definition of £ and (rom the fact that to cach func-
tion ol 0 one ean assien as value at 4+ e the value of its limit at this
poinl, there comes out that the £ space is isomeirie amd isomorphie with
continuous |0, 11— R? functions, space inwhich the Arzeli-Ascoli com-
pactness eriteriin holds. This remark, allows us fto draw the conclusion
that in the space £ such a eriterium holds too @.
2. Lot us consider the operator ' @ — @ defined by
t
() (1) = 8 W1 s) rs) ds, it = o)
J
[

where A Is a0 sguars mateix ol order g, continwous on the set A = {{f, 5)/
a<w< < ool It can be casily shown that 7' is a continuous linear
operator on the space @. Denote by T the operator obtained from T, if
one replaces K by | K| (| K| denotes a usual norm of K).

Delinition. The pair (C,. L) is ealled  T-admissible if 1TC, < L.
(121, [3D)

Theorem 2. If the patr {C,, £) (s T-adnissible, fhen T is continnous
on C,. Tg € C' and for cach @ € C; we have | T} < Clai, where
¢ ={Tgl [2)

Hypothesis. Ilcrealter, the operator T will be, once for ever, sub-
jeet Lo the following assumption :

Ifor t— o, we have

(g K(t, s) 3 s) on every interval |a, b] < E,.

Denote by (4 @ ,): €@ — @ the operator defined by
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¢
(k&) () = 5 F{x) 1 {5y, (rz ).
a
stmilariv ene defines Lhe opurator (4@ ) 2V - @
Thesrem b Lhe pair (C,. 2 s T - admissible i, (1 @g) = 0
and (Fgy = (k@& g)*.
Under these conditions, (Y = (@ ) for wny v = €, |2]
3. Let us conseder the integro-functional equation
(i) » =, + TG,

where (F, 08— L and (F.05 = L, are two conbinnous operalors on fhe
bali 5.

We shall denote m the sequel by #) ) and ry some positive numbers
and by ot the rormin O or the norm i €, 1f no confusion possible.
Theorem 4. Under the condilions of Theoreim 5 we suppose that

A PFeigr, veredsN (i=1,2);

by F S iy equicontinuois on QY

ey o+ €y g s
Then the equation (I9) has atb least one solution @ = 5. Moreover, 1his solu-
fion satisfies e functional relaticn
(1) &= (-"I;Tii_:)* +{+ 9 (}_)

Proof. We apply the Schauder-Tyvelionolf lixed point theorem to
the operator U=, 4+ TiF, defined on the closad convex subset S ol
the space 2. From the definition of operators (7, and from Theorem 3 i
follows that U8 o 2. According to conditions i), ¢} and Theorems 2 and
3 we can show that US < 8 and that U is continuous on 4. For ful-
filling all the conditions of Schauder-Tychonoll theorem it will be enough
to show that US is o compaet scbin the topology of £, Aceording to
Theorem 1 this means that US is o family of cquibounded and equicon-

> ]

~
tinuous functions on K, The first assertion is a consequence of a) and
of Theorem 2. The sccond reduces, hecause of hj, to the cquicontinuity
on R, of T(E,(S), which will be proved as follows : Let us consider [«, 4]
a certain interval of B, Irom a) it follow that for anyv £ - = [, b} with
T ¢, and for any 2 = % we have

E = | (TG () — (TGN T < n] (1K 9) = Ko Yy s +

i
!

R ) .
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Tet K, e the supremum ol the function TR on &y ={ags<
< (< b and = > 0 a certain fixed number. From the uniform continuity
of K on'A, we derive the exisienee of 8 < = such that for any £, + = lee, B)
with [ — = < 8, and for every @ & & we have

< arfb —a + K.

This, together with b), show that TS is an equicontinuons Lamily on K.
It remains to prove that LGFLS) s an cquicontinuous family at 4 oo.
From o) it follows that Tor any e € = </ and Tor any @ € 85 we have

! -

Iu‘sr.,( (G, | ts) s 4 UG, ) | glods +

B

o

(1) t
SECITE f)

wheve H(1.x) = K(1, 5) ~ I{s). On the other hand, for ¢ € ¥ € ¢ we have

ot ¢

3 H
g H{, 5) | o) ds = \ H(,5) " o) ds + §||u(x, ) 1| als) ds <
'u @ ;’
!
{2) g
< (' aysup | H{t,s) | gls) + \ (L 5) 1 gls) ds +
[ F-e 'r,'
{
+ \ k() | gls) ds.
e

From the conditions of 'Theorem 3 it follows the existence of a 1, €1,
such that for any > £ we have:
o

K, ) 1 gls) ds <\ R [ o) de 2,

LA

(3) S ) || alx) ds < =,

r-
g | W) | alsyds <\ | K(1.5) | gls) s + =

e
3
B

-1
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From these ineguadities it follows that,

Noilos) els) ds < Be, {t= 1)

—
R

u‘(‘l

f, in (2), and by using (3) and (1) wo g

¢

0 n“',\ Hit, 8) | o) ds < bz
I m .
a

A = >0 i arbitrary we conehude that

[
nmx (L s) | gls) ds = 0.
PRS- ]

a

As (k) ® 2 = £ thelasl cquuiilyin__«:ctlwr“ill\’.i';:mplics the exi-
-2 3, and & & 8§ we have: I <

of 5, > 0 such that for every /; we
< tosether with the assumplion b shiows that US s an
f;quiu:unlinuons fumily at + 0. Tence, the operator U is completely conti-
nuous on S such that the cquation (K) admits ot least a solution in b,
Aceomting o Theorem 3 it satisfies necessarilv Lhe retalion (R).®

temark. Tu other words, Theorem Loy he stated as follows: [f
the nporator 4 mops €, in the ssace L and cach of the coRIEnUMEs oper-
fors (F, 18— L wal (Fy2 85— Cgon .:;\ maps S inoa sufficienily small bal)
siteh that TF\S ds cquicontinnons on R, then the mapping U= (F + TGz
maps the ball 5 in Hself and It has at leost one firved point.

Fheorem 5. Under the asswmplions w) and &), with S'= 2, of Theo-
yem V. the equation (15) has at least onc solution vo 0. Morveover, this solu-
tion sulisfics the relution (R).

Proof. Like i Theorent b we can show Lhat operator U s completely
continuous on L. Then we can prove thal U 15 an asvinptotic o w#ero
operator ([7

slener
< zr.. This Tact,

1}. Now our theorem comes out from Dubrovski's fixed point
theorem :uwk [rom Theorem 3.8

Theorem 6. Under the conditions of Theorene

W) FF e —Fyh s rje— ul and {(Foely <1y (WO, 0 = S

by §F 0L + 0 Cs (1 — 1) and r € [0, 1)
Then the equetion (1) has at least one selution w = 8. Moreover, this solu-
tion sutisfics the relution (R).

Proof. For this theorem we use Krasnosclskii's fixed point theorem
in which we consider (F, as a contraction and T, as & complctely conti-
nuous opcrator. Ml

we suppose thal

— Analele Ui lap MATEMATICA
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Theorem 7. Under the hypothesis a) of Theorem 6 where § = 2 the
equation (I) has at least once solution v = £. Morcover, this solution satisfics
the relation (R).

Proof. We remark that (7, is a contraction on £ and that (7, is
an asvmptotic to zero and completely continuous operator on 2. From
this, from the fixed point theorem of Nashed-Wong (Theorem 3, [12]) and
from Theorem 3 we can establish the above theorem |l

Starting lrom these theorems, we can derive the following vesults

Let us consider the integral cquation

I

¢
(I5) o(t) = A + g P, s, w(s))ds +SI\(1 s) Fs, a(s)) ds,

a e
where K is a square matrix of orvder p, continuous on the set A and
v, &, P and F are continuous p-veclor functions on B, A x Yand B, x¥
respectively, where 3 denotes the ball of center 0 and radius ¢ in the space
Rr,

We denote by oA} the set of all eontimuous functions 4 : A - R,

with the properties

¢

\. Aft, syds < r, ( \ A, $) rls]

a

0 (Vb2 a)

a

Theorem 8. Under the conditions of Theorem 3, we suppose that
u) PR, ) | < ngly (Yiz a, Ya eX)
) For any (L, 8) € A aml o,y €Y, we have
Pt s, @) — Pt s, y A, s) e — y || with A4 = A@), r = [0, 1).

)
¢ he £ and }i'! H (1, s, 0) ds !1 + €<l rys.

Then the equation (E,) has al least one solution v € 5. Morcover, this solu-
tron satisfies the relation
!

* = B (Sl’{i, s, %) ds)* + \ R(s) Fls, a(s)ds.

Let us consider the integral equation

(E.) wt) = Fit, o) + | K(t, ) F

a

2(‘5‘) ;J:‘(S)) dS,

oY THE EXISTENCE OF CONVERGENT SOLUTIONS a9

7

continuans on the set A, and @

K is o square matrix ol order p.
where 1 e

and 1", ave continwous p-veetor functions on R, and R, >,

tivelv.
‘Theorem 9. Under the assumptions of Theoren
a) ([P @)l rglt)y (Y12 a, Yo & )
) For cvery t2 a and x, r[ e ¥, we lufn’
LI, *)-1'(, yhlh< riw )—.f/n oo, @)
¢ o, +Chg(1—; _
Then Eh!z (’qu(monr(l,,) has at least one solution @ = S. Morcover, this solu-
tinn satisfies the relation

3 we suppose that

= £ aqnd r =]0,1)

o= F N () Kl ) .
Let us consider the differential cquat‘inn
(t9) 2 (1) = Ay + f,

matrix ol order p, continuous on K, and @ and f

functions on R, and K, x> mspu,h\ elv. Let
"= s sueh

where o 1s a square

arc_continuows ) — veetor ‘
v be the fundamental matrix of the homogeneous cquat:on a

tlmt X{a) = I, where I denotes the unit nmtn\
Theorem 10, .Supposc that the following conditions hold :

a) lim X(f) = L and 5 $) il gls) ds < o
o
a
1’) A, '?‘) < fﬂ(!) Yiz a and Yo e
I XX e, | + O < 2

: i . . = ooy - =
Then the cquataon (I53) has at least one solution ait; a, ol = 8 with xg = 2

Morcouer, this solution satisfies the relation

v e LXYa)ty + RLX L) fls, 1)) ds.

"The author wishes to express his thanks to Prolessor C
for his suggestions and valuable talks coneerning this pape:

. Corduneanu
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DESPRE ENISTENTA SOLUTHLOR CONVERGEXNTI IN TLHORIA
FCUATIILOR INTHGRO-FUNCTIONALL VOLTERRA

ltezumat

Aceasta lucrare contine citeva rezultale privind existentn solutitlor
unor ccuatii inteoro-functionale Volterra In spatinl 2 (spatial Banach al
functiilor continue »: |a, coj— R, cu Hmitd Ja infinit si cu norma
sup | ()| ). Apartenenta solutiel Iy acest spatliu it conferd un annnub gen
taa
de comportare asunplotica.
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A FIXED POINT THEOREM ON NMETRIC SPACES
Y

AIEIAT TURINIGE

Let {X,d) be a complete m.ctric space and let T Xﬁ..\' hea mapping.
fn L4, 8. Reieh has established .i'hc following resu : ’
Theorem 1. Let a, b, ¢ be Sfunctions from (0, + w) o [0, + oc) such
?}f;’ ‘v‘! :.- ((l) -;g(b”-%;r:())ira;(ﬁf)fu;p{)oczp{l;tgi?.wh that w = .1+ () = flu) € I{#).
I X = X satisfios :
() d{y, Ty) < ald(, y))y di, Ta) + bld{r, ) dly, Ty) +

4 e(d(a, ) dle, y), Yoy =X, @ #FY,

o T has @ waique fived point. ‘ o ‘
then This result i]ncludes the fixed point theovcms of Ba ]l«:l(.l.l _‘[]17}(;
Kann an [2], 8. Reich [3]. The purpose ol the present paper 18

{ g 2], S, :

extend this theorenu .
Definition. 1 function f:{0, 4 w)x 10, + o) X(0, + w)— 10, + )

will he said to have the property (@) if it satisfics

(1) 0< flu, v, <), ez 0> 0,

(i) vi > 0 ety > 0, k(1) =10, 1) such that

. v) = 10, e(B))x [0, eth) U |1, 1 + ()X, t + el1)),
w e |6, + off)) Dmplies flu, v, w) < K1)

!

Our main result can be stated as follows :
Theorem 2. Let a, b, ¢ be functions from [0, F w)x 0, + )X (0,
+ ) — [0, + o0) such that:

() alu, v, w) = a{v. u, w), Wy, T, w) = bz, u, w), elu, v, wy = e(v, U, W),



