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NOVES ON SUBDIRECY PRODUCTS OF MODULES
BY

F. LOONSTRA

£ 1. Imtroduction. Among the submodules of cartesian products of modules, the sub-

direct products play an important role, although their strueture is rather complicated, sinee
a subdirect product of modules M@= 1) is not uniquely determined by the eomponents M,
Starting with some well known results, we give some properties of subdirectly irreducible
R-modules and of an irredundant  representation of o module M as subditect product
of subdirectly irreducible medules. if M is Noctherian, In §3 we give o necessary and saffi-
cient condition therefore that a subdireet produet is a speeial subdireet product, In § 4+ we
give an application of special subdircet. produets, while §

§ 5 s devoted to relutions between
subdirect product and injectivity,

§ 2. General propertics of subdircet products. In the following, only unitary Jeft  fo-
modules are considered.

A subdireet product of R-modules | M F!ih a submodule M oof the direet product

T 3 . with the property that the cunonical projeetions 7o MM are cpimorphisins, The
iet ! !

usual notation : W o - M. The direet sum and  the
Y]
My (i=1) are both subdireel products of the Mo proving that o subdircet product of the
Mi(is ) is not aniquely determined by the M,
Let { .M} 'Elhc a Family of R-moduales, # an Banodule and wpr M = Figl) an epi-
i

dircet product of o st of modules

1
morphism : then we define the special subdireet produet M- - .\I‘(y.‘ ;s Y as the set of all ele-
Er

i€
ments (o ) WL osueh that 2om g m o Aorall d, je [N speeial subdireet produet s there-
ik 3 i

fore 2 subdirect product of the My (i =) with common Ffactor module. The direet product of
aset of modules 3= Ty as always a speetal subdireet produet (with F (), the dircet sum
@ Mg is (il [ is not finite !) not a special subdireet produet of the M,

el

-lt Bowell known that a subdireet product of fico nodules is a special subdireet pro-
lnet. i e. there exists a module # and two epimorphisms 2 and oz, such that MM -0,
is exactly the set of all pairs (e e} Mo Mo with gy ooy my, (1) -
I M- M, 7 M=H_and Ker =, KG=nh, then 0K (0) 40 conversely an R-
¥ ) el *
module 3 contains a system VR oy of submodales such that N K, (0) then M s isoe
; ied
morphie to a subdireet produet of the factor modules FUIK ) e
e
A representation of an Bemodule M as a subdireet product M - M is called trivial, if
ey
at least one of the natural projections =;: M=, is an R-isomorphism, The R-module M is
catled subdirectly irveducible. i any representation of M as a subdirect product  is trivial.
An B-module J(#£(0}) is subdircetly frreducible it and only it the interscetion of all non-
2eto submodules of M s itself & non-zero submodule of M,
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The inspertanee of the sobdirectly ieecducible ffamodules appears from (he faet that
evory Hemodule 37 ean e represcated as oo suldireed product of subdireetly irreducible -
modutes,

Theovrem 2. §. The it-modide Moos salelivecting drreducilde If and only iF M is an essen
tiad evtennion of o simple Rewoduie.

Proof. 10 M is anoessential extension of w0 simple femwodube S0 then any non-zeru sub-
module 377 of M mast contain S, lwenee W is sabdireetly irvedneible, Conversely, ir 3 s
stthdireetly drvedoncibdes then the interseetion of all non-zero submoduales Wy of W mast be
a non-zero simple submodode S off Hopoany non-zero submodule W7o MW oecontains S, henee
M ois essentind extension of 5. Wo have therefore the result il W ois subdivectly irredueible
and containing the (only) simple subinodule S, then

Fal
Sc Mo s,

where .As'i.s the njecdtive ol of &, Freny The last resudt iF also follows that o sabdivectly iree
ducible f-madule M is indéeomposable @ b particelae. an injeetive subdireethy irreduciblc
madule is injective and indecoanposable,

In the case of an Arlinean ring (resp Artinean femodule} we bave

Theorem 2,20 £f R is an cAvlivean ving then an indecomposable injective R-nwaiule 1s sieh-
dircetly irvedueilie. e 5

rvoof. OF B is Artinean, Uwen every Beaomodale {#(0)) has o simple salusodule, 6

~

i morcover  indecomposable and njective, tlien MWe=8 0 for some simple submoduele 5 of
M,oioes Mods subxlireetly drreducible, .

As o consequence. in the ease of an Arbinean ring B (resp, Artinean Romoduale) we have
the coquivalenee. g

Mok injeetive subdireetly irrcdacihle — Wb injective indecomposabile, 5 R s an
Arlinean ring. then every injective B-modute is a direet st of o Family of injective hulls
of simple modales. Sinee an injective hall of o simple module 5 is subdircetly irreducibie,
wo have

Theorem 2.3, If It iy an Avtinenn ving. then ang injretive’ Romodule s o dircet sim
af injective subdirecily irreducibde I-modules.

Rewark, I B=2, theih the simple abelinn groups are of type Z(p), p being a prine:
the snbdirectly freeducibic abelian groups therefore are Z(p¥). F=1.2 .00, p o prime. [T the
svstenm | }i , ol subinodale- of M, with

(1 N K,—
gt *
has the property that no i contains the inlerscetion of the remaining ones. the system
L I is called frrechendeant, and then 0K L0057 §ooomme of the Koo can be omitred
e jupi

in (1), In thal ease we say Lhat the corresponding representation of M oas suludireet product
of Use My MIKde 2y is an dreedundant represepdation: of M oas subdireet product, 10 is elear
thatt it 37 can be reprosentod asoaosubdiveet prodiet by means of the finitely many modules
My MU 1o, n) then the eortesponding set of submodules K oo Ky eann b replaced
by anirredundant systan K Lo A by the siimple process of successively striking oul those

K; which contain the nlersection ol the remaining ones, Endeed, iU is el thal i thes
situalion

MaMIK, .. ¥ “‘l-'Kn;-nl.'.Kil. X e X ‘”',Ki 5

this can be shown by nappings

i B e KO | Ry e K, booms= M,
j

3 ROTES ON sUBDIRECT PRODBUCTS OF MODITL,

Accarding 1o the fact that we have replaeed the set | KL Ky 1 by the deredumdant system
i h:l e I\_. oo i isomaorphism. Now we ean say something of the number of sithmo-

i
dutes Ky(pe 1) used for an drredundant representation of the f-nodule M oas o subdirec
product of subdireetly irreducilde modules, assuming et 3 is 2 Noctherian -module, This
results from the ntore genceral ease ol an algebra whose congruence relations are permutable
and  satisly the asconding ehain condition  {sev: (G, Birkhoff, Lattice ‘I'heory, ADLS. Coll,
rubl.). Pherctore we nead the notion of irredueibility ;i 1 is o submodule of M, 1 i
said {o be an arredaeible submodule® of 24, i () L M, und (&) there do not exist submo-

dules [0, of M,

f [ '_:' Fand I, M.t LA simple arcument shows that if 3 satis-

3
Y o= A [
e e
fies the aseending chain condition for submodales, then every subimndube I(#M) has u re”
presentaticn s an interseetion ot finitely many irredueible sulnnodules 1.
I the R-module 3 gs subdireetly irrediteible, the zero submodule s irreducible,

Now suppose that the module M satislies the ascending chain condition for sub-
modules and that we have for the subimodule A2 WY two irredundant representations as
mterseetions of irrcdueible components

(2) A= a0 n i, ”1. n B,; n..n H;‘_.

Then we hiave the following two stateoients

(i} one ean suabstitute for any 2 snitable H; and get a0 new drredundant repre-

‘(ii) the number of factors in the representations (2) is the same fur all saeh Fepire-
sentations,

As a consequenee we have the

Theorem 2.4, ff M is « Noelherian Romodule, thew the nuniber of faetors in any ivee-
dnlunt  representation of M as o« sibdiveet product af subeiveetly irvedneilide niadules is the
same for ol sueh representations.

This theoreny ix a direel eonsequenee of the mentioned statement of G, Rirkholt,

¥ 3. Speeial subdireet products. We want to derive necessary aind sudfictent conditi-

sentation of 1 as mterseetion of irreducible components ;

ons under which @ subdireet product is special. I -« 3 . we denote by € 3 N Miaity:
e ' 0 i N :
" - . - il - i el

therefore (0) = ¢« Ma=sn w1 '”i' or M @& M, we have in both epses € M (Yie

S k Y el ' : !
)00 M oas the subouddale of @ U,_ comsisting ol those elements e (oot o) with T ty Q,

) _ ' i€l ! et
Lhen € —o(¥ie I} 10 3 SHLC M M, detine C-u N1 5 then (s '€ M. n

il igel
the cases W 1M or M= G M., we have ¢ M.
) vel gl
It M f,‘".’ define £ - 310 I Mo WM M =M. tor some i1, then we have
i€l s '

M=C 3 D This happens e g in the eases of the direet product. and the dircet sum. Con-
versely s if for 4 cortain i=1 we have M Co Dy then O M N M.

In the cuse of a special subdireet produet 3V = Mz, : ) owe have € Kerfx ).
& , . ié‘{ i ]
(t= £}, furthermore € lelll\” (1r) (remark that M is the submodule of 1] Jli of all clements

el

M, b L) -'Iel Howitl the projection property. Morcover we have for a special subdireel
product : D S C(¥i= 1), Bat for M= M we have also < €, therefore this condition
s, - o aes . el I
I5 not a sufficient condition for u subdirect product to be a speeial subdireet produet.
Theorem 3.1, Let M Ed My be w subdivect product with the Jolloweing properties :
el
e (1) 1) = € (VJ'L 1) ; (2} not for alt (a1 we have €5 My then theee erists an R-noodide
FEA{0} and epimorphisms o, M= F{i= 1) sueh that M is eeacthy the submuodrude af 11 MW of the
ief

clements m={..., m,..., Mj,....) with the properly
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o, M= = oM =
i b7

Remark. The  condition (2 excludes the eases of the direet product and the direct
sunz the only special subdireet product with F={0} is the dircet produet.
Proof. From = it follows MWD = M!.{:'El}. where the isomorphism is given by
L
e W Dot me M, e Now we have
i

MIC = MIDJCID, = MJC, (i),

Sinee (7, s nol equal Mo for all i= 40 we have that € s a proper submodule of M for

i
ab least one e f. Bui then (2) imples that M/C#(0), and morcover Ut (',-C_-_ My for all

= 110 we define M- 8, then I # (0} and Jli.'(-'i;l"( Vi I). Delining = ‘”:_’F .h.\ 2 ("'I)

L, B ome= ML S Hio,oWe s ihat %, is well delined, for 2 (ml,) m’ | O implies

mie D e C For an clement meo (e, Wy e ye M, we have therelore o m, %, M for
all i jel Conversely, suppose Moo HE s m},_,_)e M, has the prejeetion property
ied
w,m ® for all i jef. Lol = m m | O, where meM, i Hl'—Hl‘.(illld sueh an clement
J g " [}

nee M exists) Then %; mow M Coaned = —mw therelore m={.... M ) o m =ML

This proves thal the conditions (1} and {2) of the theorent are necessary and sullicient
conditions for a subdireet produet to be a special subdireet product # [ M

red
i i a Gundly

£ 4. Relations between Hom (M, N) and subdircet produels. irdber
of R-modules, o 001 = Flisl) family of K-hcmomorphisms infu a fixed H-module £, then

the subproduct Aol (:7'i; Iy is the sulmodule of |1 .1, of all @ = (.., 0 bl wille
i

TEl ic! _ )
agig = o a {for all i, je B 16 is clear that L) is w special subdireet produet i all 2 are
epimorphisins onto £, We will study for any wodale ¢ and a subproduct . ~.II.(;~'+'.

el
1}y the steucture of o, (G 1),
Suppose thal the {5‘:(-'—>.|“ (= 1) salisfy
wi- Be=ay L Bi(VjED e B ‘.....,AJ,.H

then the :In‘::-ei detevmine in a0 uidgue wuadyoan F:”/ ”\%

R-homomorphism = 1om (6. psach that = 8 5, P 4{‘ o, -
(vi=l), where 70—l s the canonical  projee-
tion of Lonto L, . Indeed, detine g (o 54 e
. T as easy o prove that § s unigoely determined by Uhe condition =3 Biviel).
Conversely, if (fﬂ:llnml, («r, 1), then 3 defines :",‘.:(.' =1, by ";I =, Buel), aml we
have o B2 ’i-j i(vi.j=).
Let s denote by op: Hlomy, (67 (=L, (65 1), detined by o (B
& Flom (6, 1) detenmines uniguely an #-homomorphism

% Bogi=d). then
a system | Bi ier {5‘ B G—=_1 il and
only i a(f3) 1}&3}.)(%’, Je 0, We have Bhierefore the totowing resull :
{1) lltllllH(“, ,l(".(xu M) = = l[UmRr(:', "i) (o, Hom,, (€, F)).
el TET

With Lhe same notation as in (1) we stale the lollowing )

Theerem 4.1, The vight hand side of (1) is special subdirect product Jor all speeind sul-
divect produets A A (o5 B Af and only if G is a0 projective R-module,

igt
= )

1
Proof. I0 G iy projeetive, then the exactness of A —F=0 {i=1) implics the exactuess

1
{

e
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=i

o
(2) Hom, (G el )-:allnmn((." 1)—=i{ie=T).
It 3, = 1lom (G A ) then o (B )= a3 = Tom (6 F). and by the exactness of {2) forall j= J
I L] .t . . I . g N
there 1:» a _’5 E”.UHIH((-. Alj} \\Il|l-1j({:%) -:7.‘.({3{). It therefare €7 §s projective then e right
hand side of (1) is a specinl subdireet produet for adl special suteliveet. produets Tl
Al “_‘E’
(25 ) ; ‘
] Conversely, if ¢ is such, that the right hand side of (1) is a speeil subdirect product
for all special subdireet products L= - ‘I.ui: Frothen any = I[mn“((,'. Sy induees «, Boa
:E‘i T ¥ ¥
EIIUIIIH((J. F) oand for all j=1 thereis a ”,.IEIImnH((:'. ".-') wilh #. fil % [ﬂj. That implies
5
thal the sequence Tom (65, .I._)—>Il0m”((-'_. Fy—=t0 must be exaet for all possible el se-
T
quenees .l}.—>l"—>(!, henee € st be projeclive,
We now eome to the dual ense! Let | o J atdd 2 be Fomodules and @ F— Ay

i e
(= 1)y then the  generalized pushonl (or  amalgamaded
S}

A 5

— i A s '
\N A’ B i~ defined as e B-module -i?"/li-ll. where If con-
4 AJ H sisls of Lthe clements of @ L1, of the form (.., z.(2)

prt e FhEph e
. a_.(:l) o) witls :‘EF(J'EI), suely that >, z -0 I all
t
g, are wmonomorphisms, L1 is enlled a special amealgeonated sum. 166G is any nm:lnlf_'. we want
1o study ). Le N TRNTT i
;{)I: uely ”“;'t"(-lé( ).' H ((I [5‘]. AT el at B ﬁl.ar.}.(‘v’l._', = Iy then there s an
-homomorphism 8@ =6 indueed by e [ 0 oamd L with Lhe property % 1. =8 (J
where < (o) =(0,.0, 0, , 4.) | I = dhe t‘[, } ! Pt iJ‘('e”.
=(u, el N ‘"J_"'i' Indeced, define Tor o (""”i ) AT the map
o - this deliniti .
by fa) = XBa ) : this delinition o #(«) does ot depemd npon the representation of ae. 1.

For il we add ane clement of 1, e u, (... a.l{::_)....)FF HR X:'- o, then we have 38 g{z) ~—
L2 A

=0, sinee %% =0 i or we have 47 : Pherefu
I .-.|n(c_ :'leljjo:j( Vl._j!"—.”. .l[nr:*mx r rm |l.l.\( ; f2 ..(a') .{f.*{n,.)_. a, €4 Therefore the set
Yo hier s B o (L, G, wilh _5;7.‘ B (Vi j=0) defines i owounique way an element.
fs=Hom (1, €). o .
I, conversely, [’,E]lnm’(.l, G} we deline §: 0, =G by
0 t i -
Bler )= B le) o BUO e e} ), a, s .
I z& F, the s . JSiniti 3 = - 5
» then (using  the definition of 1) ﬂnii{") AL I 2(2) 0.y D e y,j:.*)

e BB .1}(:}. henee If-}' . _‘:,J_ co (W jed) Denating: by oz the map

?; 3 ‘
P Hom ., G}=TTom (F. €},
delined hl\' i s i R !

2B B (e 1),

we sre Lhal for [0 1z ; F) we hiave
ier 1!
(3) Hom (1. G)= < Hom (1, )iz, 2 Hom (1. G)).
IE!

Wil the same notations as in (3) we prove the
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Theorem 4.2, The right hand side of (3} is a4 speciut subdirect product for ol special amal-
sanefed sums A A (o FY i and oy if G is an injective Hmaodute,
PO e

Proaf. 11 G is injeetive. the diagram shows that for any 4% Humn(f", ) there exists

@)
n=F___, .1

! 3

% .._.'
('L'. _.";I:h

afso=Hom (A, ), sueh that 1‘(‘3..) So, o w(¥i= Jj morcover any set [ ey with
9-“"“"';:(-'- . Gy determines in @ unique  way  an R-homomorphism 3@ (=G 10 there
fore G is injective, the right hand side of (3) is a special subdireet product. Conversely, if
the right hand side is a special subdirect product of the Hom (.1, G) (i= 1) for ubl speeial
amalgamated sams =2+ Ai(x‘; F), then for any v = Hom (F. 7} there exist R-homomor-
i€l
phisms B = Hom (A, &), such that {2 =, and this implies that & must be injective,
§ 5. Relations between subdirect product and injeetivity. There are some well known
relations between injectivity and direet produets (resp. direct sums) of modsles in the literature.
We now puy attention to the relation between injectivity and subdirect products.
Theorem 5.1, If the injective R-module M is o non-triviel subdirect product M .1 B.

then M is directly decomposable.

Proof. Denoting the canonical epimorphisns by =y M-, =y =8, we have

Kerm=MN B#0, Kermy=MW s A
_ N N

Morcover MO EAM. M0 B# M, We consider the injective hull M0 in M F = M0
Then
{1) M=FE&F,
where I 90, Morcover i, # M. lor, otherwise M was an essential extension of W0 oA, bl
fromn

(MO .HNMA =0

it followed that M N B0 Theretore the decomposition (1) is & proper one, and both cons.
ponents are injective. We prove morcover: & (us a submodule of M) projects monomorphi-
cally inte 1, and F; projects monemorplically into B, Indeed : let us denote the correspon
ding projections hy = . resp. =, . Then Ker mC MO B, henee Ker zi MM ML= 0 and sinee

M1 is an essentinl extension of ML we have Ker sz = 0. Therefore F) s isomorphic
witlt a submodule oA of £ or W0 has an injective huall in 1. Let gy w2 y) 0. then
g4, henee yedc Fyu .l My Ky, and since £, N Fp<0, we have y— 0. Swnminarizing,

we hmve: if (¢ )M N A, and o =00 When (@7 B)={0, Oy i (a7, W)yEF, =0 then
(a7, U)o (0, 0). An analogous result is

(2} Mo E,d #y where Fo=3 001,
where — in the same way E, projects monomorphically into A amt By ointo 15

a N
We prove that M O o 70 W 10 1A Suppose that (w, e MO0 OMOR (a b)F0,0)

then it follows from the last results, that a0, b0, Using the propertics of an essentinl
extension. there must be clements 2, #00 2,#0 in # such thut

(0, 0} (rgts 2y BPEM N LA, (0, 0)# (e, b} =M 0 1,

NOTES ON SURDIRECT PRODUCTS OF MODULES -

This gives o contradiction, Tor (2pakbyS V04 N MO I and from (g a7 ps ML it foltows

=1 amtl therelore we must have }.lrr O and simifarly rome ca- 600t Jollows s h—=0,

AN N .
Therelfore MO0 N A B0, Vor the wjechive. nonst rivind subdircel jeeodaet W4 0 B

we have therefore the decomposition

) S
{) M=MXna@ MnbBaH N

for some {injeetive) Kamodule K. From (3} 1t follows

2N SN
) B=MMA Lz MA UMD IO UOAHE® K,

proving i more that M N B has an injeclive halb in B, ete.

Theovem 5.2 If M is aninjective non-triviad subdivect prodvet M0 B, and B is tor-
stonfree, then Mz=(M 0 G B, and 18 ix fnjective.

SN
Proof. It e, By MO AL fa, b0, 0), then ap0. 00 h=0, then o D) Nl I
h#0, then there exists an clement oo 8 40 such that (0, 0) £ (ne, 2bys M N oA, henee

rhen and  therefore b 0, contradietion ! This implics that (. )M N L or W0
M N oA, proving that W 0 L is an injective direct sammand of M. From MM N 4=

it follows that £2 is an injeetive direet summand and frow (1) 8=V N BE A

Covollary k. 1f 3 is an injective non-trivial subdirveet produet, W= = .4 and 1
heing lorsionfree, then MW 0@ £, both o1 and B oare injective, Ddead, from Lhae 5.2 it
follows that «f and & are direct sunuinands of 3£ Morcover (3) implies M=, ,@® K,
dp=MR A B,=M N B, henee the kernels of the subdireel product are hoth injective
modules,

Theorerm 5.3, If M is an injective nop-trivial subdirect product M = U B ownd A und

B oare ndecamposable Remodudes, then Mo 0@ B, and A and B oare injeetipe,

Proof. From (1) it tollows A= M0 1, so -4 is direel sunsnand of M. Vhe swne holds

Tor B, hence Moot B

) Corollacry 2. If M is an indecomposable injective B-maodule, then any representadion
ol A s subdireet product M=o« I3 is trivial.

o Theorem 5.4, Lef M be o spf;fal subdireet produet, M= X Mz, 0 Flowhere the M are
injective wnd I lorsionfree ; then M is injeetive. : igr o

Proof. Let L be aleft ideal of B, ¢ : L= an R-homomorphisi,
and 5 0 MW= 3 the usual projection, then o LM oean be
extended to an R-homomorphism 7y R= M extending =, oli= 1) 0 » L » K
Let P (T)- "y, then for <1 we have '.'-';(7) 5 Glry="m, (i=1). 5 i
Sinee o(2)= M, we have () (..., Rht e R, ) will o (g} =

% (}.ml). Vi,j=1!; hence Mag g — o m_') = for ull L €L,
therefore oy —am, sinee K s torsionfrec and £ 4 (0). This means i
l]mr. ".' [P My M e =M und moreaver o 7)saam,  proving
the injectivity of M,

.I\ N o I g . " . R |. e .

o flt_o‘l;.m 5.5. Let M .l:f, ,..,'”2 Loy M e s Y b a special sulddivect produet of the
< omodiles My, M where Fois doesionfree and injeetive. Then we can cetend the epimorplisms
2R Ul i I r g Yy N
% M —=F 1o epimorphisms o, ,H'!_—>If(1 Vo B) and we prove that M 205 v % '”--(7. ;)

M =

) Y - - N e . .Ee
Proof. N=M, ..« M (2 ; F) is an injective #-moditle N, eontaining 3 (thm, 5.0

" erefore s e . H H - i
therefore we only have to prove that. N i an essential extension of 3/, Let we={u ., ) E
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g 3 % n . = RO s . X v 3 : U,
@ N, 0, then oy iy —oo=a, m o Suppose mede M, then at least onc ol the components, o.g

H!l$.‘."1. Then there exists an clement &= M0 #00 such that ll?"—'7‘-1"‘1=m;E.U|. Then
par (g ey i) satisfics
EN N E,) :.;J._(Tr1 ril‘_).
or -
a(m ) a2y Mg) e 7, (g M)

U 7o, d M, then we continue by multiplving with a suituble 2, K, 7,70, sueh thal

B hy 7y My m;E.Uz.
henee
by b =(0y m’l, mé, T TPy geeey Dghpiit o
Continuing  this  process  we obtain, after n finite nwmber of steps, an clement mEM,
"= f.k...}.l'm- {1, Mg yeens mt)qén.
such  that
Fy My g By =2 M
That proves, that
N N
Noe=M, £ v :.\f‘(z, N Fy
= an injeetive cssential extension of M, therelore N is an injeetive hall of M.
Theorem 5.6, If M is an indecomposabie injective R-module, then any representation o'f '.11
as a subdirect product of the finitely many B-modules My ..., .\!u, MM, e ‘-_-.‘lln, ts trivial.
Proof. Suppose there existed @ non-trivial representation M '”U:__."',.f,'"u of M, then
WM contained a set of non-zero submodules N, N with 1 N =0, We may suppose that

i
the system { N} is irredundant (no N, contains the intersection ol the I'Cln:ll!\l'!lg .-\J_). _’l)r-
noting by \1 n _\'i, we have N[ #0, .\'ir/:l] and N, N \l 0, Then M = M(N, :“”'\1
i1 ) } T ~
My M, :lndt the kernels N, N are non-zero. Using the result of thme 5.3, we lind M=
=M _u/r?\.u;@ K, contradicting the hypothesis that M is indecomposable, There-
fore a non-trivial representation of MW oas a subdireet product of finitcly many maodules

ecannot exist, ) .
Remark. M M is indecomposable and injective there may be a representation of M

as # non-trivial subdireet product, but not with u finite number of (-:)mponcnts. l;kt: fl‘ o,
N R D s . prinid o op =2 wen
the injective Z-module @ and define for the prime number p: Qﬁ Faelpv (my, nEZ Y,

QD e,
»
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NOTE DESPRE PRODUSE SUBDIRECTE MODULY
Rezumat
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un produs subdirect si fic un produs subdirect spc_cml.. ’ara.grul:ul toeste ('.On:\::nmt llllllt lI ':E:I;.
cafii a produsclor subdireete speciale iar paragraful 5 studinlui relatici dintre produsy

direct si injectivitate,
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REMARKS ON TWO GEOMETRIC CONJRCTURES O0F 1. PEJES TOTI
BY
1. L SCHOENBERG

Revently Professor L. Fejes Tath discussed in a Seminar on Intuitive Geome-
Ley at the University of Wisconsin-Maison the following two conjectures. [ quote in full
his note [1]:

LJStarting with an arbitrary convex polygon Py we steeessively construct the polygons
Pp Py 50 that the verliees of poare the sudemidpoints ol p Again, starting with an
arbilrary convex polygon l’o. we steeessively construel the polygons PP, i sach a way
that P” arises by drawing a line through caely vertex ol £ parallel to e line joining the
two adjneent vertices of 2 Some years age I nuule two conjeetures [2] which may be
considered as dua! counterparts of ecach olher.

Conjecture 1. There wre affine images of Py e which couverge to a regudar polygon.

Conjecture 2. There arve uffine tmages of P, P, ... which converge 1o a regular polygon.

In my paper |2]. 1 proved the eorrectness of Conjeclure 1 lor pentagons and hexagons.
This puper started some further papers {see [1] for nine further referenecs) giving, among
others, varions eomplete prools for the correctness of Conjeeture 1. On the other land, the
question whether Conjeeture 2 s eorreel or not s not solved as yvet™.

The muin results of the present note are as follows.

1. Twenty four years ago the author showed in [3] how the (inite Fourier Series can
solve a number of (mostly extremum) problems of clementary geometry, in particular that
the polygons p ., ol Conjeebure 1, shirink to a point, In scetion 1t is shown how this ap-
proach yields in o few bines the results of B, Reichardt and G L ko (see |1 lor
referenees) concerning Conjeeture 1.

2. It is shown in section 2 by a counter-example that Conjeeture 2 is Galse for he-
xagons, The counter-cxannple generalizes Lo polygons of an even namber & ol vertices (third
paragraph ol scetion b). However, fhe question whether Congjectire 2 is correct or hol remains
wndecided if the wember k of vertices is odd (k- 5, 7, 9 ,...}. Computations done by my ¢olea-
gue . de Boor {p=1,2,..,20) show bevond a shadow of a deubt that Conjecture
2 is correct for pentagons having an axis ol symmelry.

3, Starting {rotm a convex poabvgon I‘o A ol we obtain a new convex polygon

3 c . im0 L i e i a0 - . e b
P, by rewmoving Prome Ppoall & corner triangles A, 1"l‘i¢'+1 (A=l o "0 -1,). Nerating
this _peeling® process we oblain the polygons £, P . I conjeeture that the intersection

reduces to u point. Compuler cvidenee, again oblained by de¢ Boor, strongly supports
this conjeclure lur pentagons having an axis of syimetry. 1 am much indebted 1o G de
Boor for his help,

1. On Conjecture 1. e sequence of polyvgons (‘”u) of Conjecture 1 was the subjeet
of Problem No. 3547, Ameriean Mathematical Monthiv, Vol 390 (1932), p. 2389, proposcd
by Martin Roscwmwan,  The objeetive was to show that the polygon o, shrinks to



