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ENISTENTA SOLUTHLOIR STABILE DUPA POISSON A LCUNTHLOR
DIFERENTLIALLE CU ARGUMENT INTIRZLAT

Rezumat

in acest articol
aecuatiilor diferentiale e argument intivzint in sputii Banach. Se demonstrea
un eriterin de existenti a soluttilor aproape periodice pentru acest Lip de ceuantii.
cenatiile neantonome (Ara ipeteza unicitafii solutiilor

se stabilese conditiile de existentd a solutitlor stabile dupa Poisson
i in particutar
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ON PEITURBED STOCHASTIC DIFFERENTIAL EQUATIONS
BY
1B G PACHPATTL

1. In recent years stochastie differential cquations bave heen studied more and more
intensively, ‘Phis is apparently duc, in part, to the importance of such systems in varions
branches of teehinology, Stochastie or random dilferentinl equations arise olten in the en-
gincering, biological, and physical seiences, and recent aticmpts have been made o develop
and unily  the theory of sueh equations, see [T] 8] (3] [6] and some of the telerenees
given there. In this paper we shall consider the ponlinear stochastie differentinl svstem in-
cluding an operator 1 of the form

(1) 2y @)= Mw)r (o} B e ek () (L wlh 10, o)=an).

The system will he studied as o perturbation of the linear stochastie differentinl system

Alo) gt o). g, oY=y fo).

(2) ¥ w)
Here w. g are stochustic processes. o<} (o probability space), V=dfdi, o} is an o 20 natrix
whose elements ure measurable functions, f i a veetor valued fonetion defined on 12 R%:
MRAP=RE where [=[ o0) is an interval, RB*ix an Buclidean » spaee and T is a conti-
nuous operator from B¥ anto in,

In a paper poblished o few vears ago. €0 Corduncanu [2] has used the idea
of admissibility  theory to study the nonstochias integral equations. Corduncanu’s
results in this direetion are the starting point of exteasive later developments 5 some recent
ones are found in a scries of papers by Padgett and TsoKkoes, and brought together
in a monograph [6]. The problem considercd in this paper is in the general spirit of the
investigations in {6). in particular, if we impose on T various mcanings, it is apparent that
cijuation (1) has a great diversily, For example, if f(f. 0, 2) in (1) is of the for

JUy oy 2)=fl1, )z,

sed it the operator 7' is delined by

{ Ty i, o) — Sk(f. T, ey (T, mpis,

L1}
1

{(Te)(f, @) M, w)| Sl’.‘(l. T, by gz, o5, @),
Ll

and s on, then the stochastie differential equation (1) will reduce to various types of sto-
chastic integrodifferential equatic

Nonstochastie versions (alling into the form (1) (when Troor) have been the subjeet
of mmerous studies in the theory of ordinary differential equations. "The main purpose of
this paper is to obtain some very general results concerning the existence, uniqueness, boun-
dedness and asyviptotic behavior of random solution of (1} under some suitable conditions
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un [ and on the operator 7, The loots that will be employed are the well known fixed point
theorent of Banaeh and the integral inequality of the Gronwall-Bellman tvpe recently
established B [ 1],
2o Let Bodenote the set of nonnegative real nubers, The symibol will rdenote
sote convenient norm o 2% as well as o corresponding  consistenl matrix norm. Let Bo
10, ) denote the set ol all bounded functions & £ - Q=8 and ifrs Be |0, o), denote |

its norm by | aft, o) [=sup | oL @)} . By a ramdone solution of a stochastic dilferential cqua-
130

tion (1) we shall mean that for caeh (€, 2{f, o) satislies Lhe cquation almost surchy.
et Mt = o) be a nomiegative stochastie kernel delined for ¢ and < satisiving 0
s T=l<<co such that

() LY, o) Y =1 (5, w)l <k,

where Y, o) s the stochinstic fundamental  malrix solulion of the homogenous systen
(2) such Lhat Y(0, w} is the unit malrix. Let g{t. o) be a bounded random
lincar homogencous system (2) such that g0, )
Y (1 o(o). )
In order to establish our results in Section 3, we require the lollowing integral inc- |.
qualily proved in |4 '
Lcmma_ Lo Let wlt), pl} and 4(t) be real valued nonneguative continuons frunctions defined
o 4y for schich e incynality

solution of a1
dglm). It is easy to observe that gl «)

iy | ployues S:ms)(gq(:»«r»tﬁ}m, te1,
1] U 1}
hott

where w05 a wunnegalive constanl. Then

I

Wil g (I S_llr:\}( xp [

1

{p(<) 1 (<)) fl':) s J , del,

C e,

3 In this scetion we state and prove a theorem thal gives conditions wnder which
the stochastic differential equation (1) possesses i unique random solution. A well known
Bunach fixed point theorem will be used in the proof,

Theorem 1. We consider equation (1) subject o the Sollowing conditions :

(81)) suppose that there eeists a constant M =0 such that

3

SUp S e, = g Mo
{30
i
(LY f{t, 0, )=0 for any ficed {=0;
(2.} For cach x>0, there ervists n>0 such that

fit, wtty @), (Tw){t, @) | =
[y, w)

[ ftd, ot o}, {Ta){t, @)

2mz| Lol o) —afd, )| ()it e

weniformly tn f =0 whenceer |a{t, o)

()

y i, o) 12 g5

() (o) —( Ty, o)l =yhald, o)
where >0 is a constant and | a(l, @), h-'(!. @)l =5,

: n’l'h('n theve exists « mamber £,>0 such that to ary =y, gyl of | gty o)
fived Wi (0, 1), then theee evists o wnigue randum solution
f=0, solisfying || 2, v)||<z.

v{l, )i,

g Jur summe
afly @) of the equation (1) for all

12

o LG ol ) (Td (1 oDl < B |,

aniformly in !
deline
Frefine The uperator {

|
T, W),

|

|

for of), @)= 5(2), whose fixed point correspends 1o the solulion ol ihe
(i (3 00 and (3] we obitain
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Prouaf. Fix 0.>0, v>0 such that 2.H(1 )< 1 Fix a number 30 such that SW(1 =
Uow. Using (M), () and (H) pick =40 sueh that

(-)) |,

Define z IFor any g, gz, we

T
z,=min (A gl

=1 whenever |2t o) | < 8.

Sie) = {at, w): i, w)s BCo, ), | i, o) |]|€: .

by Lhe relation
'

{(Ux) {t, )=yl o) g\’;t, w}Y Wz, wlf(ze (- o) (), (20 iele

)
1]

caquation (1) Using

4

LU (& 0) 1< Wt @) [+ §1Y0 @Y 5 alf(s, a(n, o (1) (7 o) Hds<
’
t
= 7.8 S!.'(.f, T, @) B LT, b deEe B byl (1— 1)

0
Henee U naps S(g) into itsell.. On Lhe other liand using (3), (1), (), (1) andld  (5)
we have

£
H(Uz) [t )= (Ua) (1, o)]|= S;.r_.v, 5, whall )il a(s, o)—a(s, o) ds
U

il

I (UZ) (8 @} (Ua) (1, o) <2 E) el o) =2t ©)

for any &l @), a(l, 0)=8(g). Since aM(I 7)<, U s« <1mtmtsli<.)n on .S'(a). ll.un('v by
Lbe weil known contraction mapping prineiple, the equation (1) has o unique solution a{f, )<
e 5(z) with || x{t, e){ss. This completes the prool of the theorem. )

4. In this seetion we shall study the boundedness and asymplotic behavior ol cqua-
tion {1) as a perturbation of Uie system (2). )

Theorem 2 below establishes that corresponding _
uf (2) there corresponds o hounded random solution of (1) under some suitable
on f and on the operator 7'

Theorem 2. Suppose that

to every bounded random solution
conditions

{6) LY @)Y o)f(t, 2t @) (T}, o) [€p(n o) (adm o)l FI(T) (= o)),

where po I <Q—=Ry muls,u(-., ol t=co. Furlther, suppose thal the operalir T satisfies the fn-

0
cyuality
¢
03 [Py (L @)= Sq(r, @) | afs, o) |ds,
0
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"
where g1 o e T
chere o [V mm’Sq(.. oMs<oo. Then to every bownded random solution Wi, @) of

i
-3 ’ . M N
(2) on l{, 1he mr_rvxpmu!m_z{ random solution w{t, @) of (1) is bounded on
ouf. ] : i ; i 3 |
| roof. I is knwon [6], the sandomn solutions of (1) and {2) with the initi
o apToof, 1 I L & e same initind v

{8) Al @) oyt @) - g Y e)¥Y =, )f(z, a(=, @) o Te) (= o)),
[}

From {6}, {(7) and (K), we obtain

| ' :
[{t, o)l ge ] 51)(‘.. @) [z, w)!ldr gp(-., ) (g lx, o) Lafs, ,.,)i,m] -
0 v M

where ¢ is the upper hound Tor } ow an appheat [k
‘ sl ) [ 2 o '
vields f( } § No ' Pl lication ol Lemima 1 with H(”":

Lt )]

M7, @) exp (S

0

brit, ) | e (l - (s, @)-Fgly, 0)) ri.x-J o= ) ]

= e, -

I'lie :ul:;\':: t'.'\‘ti-lllill-i()ll implics the boundedness of rft, ©) on £, and the theorem is proved

S (l,l| (":;-\-:-"(:’h;‘;::-.(.")l(.r::“,I“h[_' that un(.h-r some suitable conditions on the ['llll;iiztlltlt:l(i_j]i

i aAits 1 irhation term in (1), all the randon solutions of (1) approach
Theorem 3 Let the fundamental matrie Y1, o) of (2) satisfy an ivequality

. .

(9) 1Y(, &)Yz, o)l ghe 277

where >0,

(1} satisfies

{10}

x>0 are constants. Suppose that the perturhation term S 2, o), (Te) (1, ) in
) il s L

Sl b (Tt ) ] <pt, o) (1{f, o) 1ERT2) (8 o)1),

s

where pod o € = = H
ere poo =10 umlSp( T whlt<on. Further, suppose that the operator T satisfies the ine-

. o
waseelidyy

]
(11) (P, @)y ge ™ S 47, @) ) {7, o)fds,
0

x

where g2 F o Q— & . T
/] sofnd V gty opds< oo, Then all random solutions of (1) approach zero as
= "
Proof. The random soluti [ i
by An solutions of (1) and (2) with the smne initial values are related

t
o w) V(I g (o) - S YL e Y7 Us, ol s, a7, o), (T0) (5, @) dr
v
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Using conditions {9y, (10} and (11), we oblain

¢
|l @) 1=k | gle) e LU [ Sl.p(:. e} |l ) e

S kp(=, o) ( S gl e ™ s, @ple™ d.s-) = ]

) 1
shultiphying Doth sides of the above incqualily by & applving Lepimac T owith wifh VK

G xt ;
| o) ¢ then multiplying by ¢ %, we obtain

ol ) [ =e “ | Ry (1 gk;»(—:, w) exp ( 1 {hpls, o) |- gls, oo 'x"‘)d.s-) o ] .
0 n

The above estimate vields the desired resudl i we choose Fooand | agleny | small enongh, il

| . . N
the: prool of the theorem s complele.
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ASUPRA FECUATIILOR DIFERENTIALILL STOCASTICE PERTURBATY
IRezmat

Lucrarea este consacrativ studivlui existentei, unieititii, midirginirii 3 comporlarii asimp-

Ltiee a solugiilor aleatoare ale unor ecuatii diterentiale stocastice perturbate.




