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OXN THE PROLONGATIONS OF TIIE FOLINTE BANACH MANIFOLDS
AND OF THE FOLTATE IPIBRE BUNDLIES
BY
LILIANA MANIM

The study of the prolongations of the manifolds and fibre bundles is an important
subjeet for many theories in analysis, differential geometry wrl topology and, in view of this
fact, it is worth to consider the speeial case of a foliate Banach manifold. This is the ques-
tion to be investignted in the present Note, whose starting point is the paper of 1. Vaisman
[15] dedicated to the speeial ease of foliate finite-dimensional vector bundles ; generalizations
to more general maps than the veetor bundles were suggested in the end of the mentioned
paper.

1. Foliste Banach manifolds. Tet ¢ he a foliate family of Banach spaces {[2]), namely
every Banach space Eeo is endowed with o standard foliate structure given by a decompo-
sition BE-=E, « E,, where K, B, are closed complementary subspaces ;3 the leaves of this strue-
ture are the subspaces B)x { g}, ¥ g=E, It will he noted by 6—q, < g, in the sense thal,
for every Eeo, we have E=E; < E, with E,%q,, E,=0,

Now, consider a € -differentiable paracompact manifold F of the type & endowed
with the partitions of the unity of € -elasses, and the topology = subordinate to the mani-
fold steucture of 1. A foliate structure {fotintion) & an 17 is defined in [2] by a class of the
("-differentiable  cquivalente foliate  atlases; a C'-differentiable  foliate  atlas A {h,=
(Uys 90 Byllg g 15 a collection of foliate maps (L. m) k. where U, =1, E <o and g is
¢"=diffenorphism of U on an open sct in F; these maps are C-compatibie in the
following sense: h =(U,, g , E,) is C-compatible with he=(U;, g4, Fg) il

o U, N UB) {resp. pal u.n UB)) is open in B, (resp. Eﬁ)

910@"3": (U, N UB)—HPE(UIH UB) is a Cr-diffeomorphism given, locally, by
(1.1) Vo9t (o e5)iel, &y el = o0 ehs g} € = ety

The pair (F,:F) is enlled a Cr-foliate manifold; il ¥V Byeo, dim E,< j-co the lolia-
tion & is ealled a finite codimensional foliation.

We denote by Tz the finest topology on J°, so that, lor every Lk =(U_, p,. B}
the map g is an homeomorphism of U on the set g, (U,) which is open in the topology
of B given by the product of the natural topology of ET with the diserete topology of E;;
Obwviously, the Lopology T is finer that = it is called the topology sibordinate to the folietion 5

The connected components of the topology Ty are called (us in |2]) the feaves of G,
they are the Cr-differentinble open  submanifolds {in relation to the topology ',:F) af 17,

pure of the type B s op. Let FIR be the space ol the leaves and p 2 FF=17{f their eorrespon-
ding quotient map. The foliation T is regular it on 17[K there exists @ structure ol Cf-ma-
nifold such that the projection p be a submersion of (Y-classes.



The tangent spaces to the leaves of 55 defline an integrable subveetor bundle ([ 1),
T.3.1.) F(), of the tangent vector bundle of manitold 17, (T7°, 17,
tural bundle of 5.

The elements which depemd only on the leaves, are ealled folaie ; such that we can speak
ahout differentiable folinte morphisms 2 1=, 15 Dbeing a (Tditferentindle Banaelh mani-
fold. Particularly, a foliate (function f: '— R is charneterized. fora f. . b (U m By

b HOws ealleal the strae-

by the condition that the function fOpr,_': 2, (U )= 1 is a foliate map. Lenee, a veetor field
X oo Poas o section of TEF)IE and only if Xf- 0 for any foliate function f on 17, Tet

{1.2) TR ) = TVPTCT )
be the corresponding quotient bundle (1] 7.5.2) 5 it = ealled the frawseorsal bundle of 9
In our hypotheses. fron [1], 771, T.5.7. it results thai
TVTE & TR
We shall denote by =, the canonical projeetion
(1.3) 7,0 TE=Tr (),

2. Foliate fibre bundle. Now, consider a triplet (M, 1", =} which consists ol the (-
differentiable Banaech manifolds W01, and the surjeetive submersion (surmersion from |7])
s M= let @ be a e difterentiable groupoide  with {17, 7} as base manifedd and (@, )
P17 1 their souree — larget map (3], [H, [3]L [8]) which operates on the sumnersion
'.:):(IJ:_'U":.” =M. We

shall denote by z: i, | @@ the composition map of @ and by s =@ its inversion law,

(M, 1, =) in the sense given in the mentioned papers, with the law e

It is known [#]. that the existence of a differentiable loeally transitiv {{«, &) surmersion)
groupoide 0 which opertes on the trplet in conneelion with the base (B, #) is o suffieient
condilion that the surmersion (M, )7, =) be o Gibre bundle {[1] 6.1 As in |8} we ceall
that fibre bundle o filire bundle associated to the groupoide A5 10 will be noted by (M, T, .—J"[').
Lthe map (e, b)) D—=1"0 17
Ut ol this

The fibre struetore on (M, ), )Ih is defined ax follows :
heing o subersion, Tor cvery g =17, there exists a loeal cross-seetion &, U
mapping where U7 is a neighbourhood of the point v, it defines a morphism

{2.1) Gy ) U, Tl 1),
which 15 a loeal eross-section of the submersion o : @M=" This seetion defines the bundle map

(U,.aj ‘(10)). where the trivialization diffeomorphism Gy Is given by
Gp tm HU) = U ay), 2=(m(zh 9oy (v 3)).

The bundte maps gD Je AU o, o 5 ) wre Chacompatible in the

(U, 9pe =
sense ihat the ('L-nmrphism:

(2.2) Py ger N {r—=o

exists, 8o, denoting by P Sy =1, P 2 =Fprs = Haoges UN LY, we have : G '_011:(.1: £

L

=1 'r..(.l'). The mapping 7,[.‘1., is miven hy

M ()= '.(GU,(;;O) (rh .\'(GL.(.J'O) {r).

Definition 2.8, A foliate fibre hundle associated to the groupoide D (f.f.0.) is a fibre bundie,
(M., =.)'("|, with the foliate manifold Vo as buse space, so that, for every bundle maps b L
UNs4

s the Clmorphism 7o (2.2) is foliate.
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Renark 200 1 the eross-sections (2.1} are Toliate maps W UC T Lhen, obviously, the maps
[2.2) are foliate. Conversely, il 7, por AAEC foliate maps WU, £ is a connected manifold and
)
e is foliate for an open set Ul then, for every 'c V), g, is foliate too.
Remark 2.2 If the considered fibre bundle is 2 veetor bundle then the previous defi-

| ution lead to the notion of foliate vector bundle (L v. b)) which is introdueed, in the finite-

— T

limensional ease, by L YVaisman ([1#.[15}). P. Molino {{I0fand F. W, Kamber
Ph. Tondeur {[(6)): then a Banach veetor bundle (2, 17, =)F with the foliate Banach
wnifold 17 as base space is ealled toliate vector bundle if, for every two veetor maps (|1
TR U =(U, 0, F), (17, ¢, F) of K, the ('I'-lmlp P UNU'—=LF, F7} ois a foliate one.

Framples : 1. The transversal bundle 'I'r(g5 ) of & is, obviously, a (olinte vector bundle

LoLet e (i1, w0 g e
T Tt casy to verify that the veetor bundle obtained from the collection § by means

a collection ol 1, v, b, and o a veelorial [unetor (|’11

of the functor o ([1] 7.6.2.) is o {v.b, Particularly, if & and & arce the fvb, then &7 {the
stial of &) ([1] 7.7.800 LB ) (1] 7.7.8.0 Th (1) 7.9.8)0 AE(1] 7.0.5) are (v, oo,

S Let (£, F, £) be w pure fovb, of type F (1] 7.10.1). Then the prineipal Libre bundle
of the linear frames of K is a LLb, associated to the groupoide 1™ - GHF),

LID 2o (NG =) is a0 [oliate principal {ibre bundle associnted to the groupoide
7w 6 and Fois a Banacl manifold on which ¢ operates on the right, then the fibre bundle
assecialed to 7 owith & oas type fibre ([1] 6.53.1.) is a L0, associaled to the same groupoide,

Now, consider two f.0.b. (A4, 1, :)f‘D and (M, 17, ~)fi; and & M=W a I-morphism
vl this fibrations (1] 6.1.3.). The morphism & will be called a foliete V-morphisie il his
lival expression ¢ o hoo ! lor two trivialization maps o= ()= U 21, o702 (W)= FF
< foliate map. Henee, il 17 is the domain of a f.one ol 27, the Ineal expression of the ma-
pping g0 hog ! for the maps (U0, 4 oy and (U2 I, g’y have the Tollowing form:

2N (U)W —le) oy (7)) (e %, f)=te, e [0, ).

and their foliale  J-morphising make  up

(v<yYog ohog ta(y!

Now, it is casy to see thal the (6D, on )
a category,

A eross-section of o LEL, (M0, -:):‘I,, is called foliate if it is constant on the leaves
al fF .1t s easy to see that every folinte [-morphism & induces an homomorphisin ol the sheafs
ol werms ol differentiable foliate sections of two considered LD,

3. Prolongations of the foliate RBanach manifolds and of the foliate fibre bundles,
3.1, We consider first the prolongation of a folinte Banach manifold (1. 8F) in the sense of
Morimato [11]; henee, we study the prolongation of the ieliation F to the tangent bundle
T1. The results obtained are summarized inc;:

Proposition 3.1, Let (1. 7)) be a CY-differentiable
and (T, 1, < )80V dis tangent vector bundle.

a) The folintion 5§ induces a foliation T on the manifold 11

b} If 6 is of finite codimension, then TS5 is of finite codimension ;

o) If 5 is regular, then IS s regudar too,

Jolinte  Bunach  manifold of lype «

Ay 3f M U is sedurated relative te 9 then TFI(.N’} is o saturated sel relative to the fo-
(IH

¢) Fvery sulifoliotion (-3 of G defines o subfolintion '1"(_.31 of T on the manifold TV,
Proof a) Let af = {h, (U 5, E,) By S} o De the maximal foliate atlas which de-

lintion

fines the foliation § on the manifold 17 and Vgt W=t < Fy ey be the trivialization

wps on T3 induced by the f b, T {1, =(77 7 U hby, By Bl o is the maximal atlas

on P47 determined by the trivializations alac IUis 0 Ch=ldillerentiable foliate atlas on

t]\ wanifold 717, En fact, the '8 1 :]ii'l'comorphism‘Ilaoflll,;1:111{1(-.,; 1( L.n I'B)) = (5 1“-'“ n
a1 hawve the lollowing local expression :
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L N N - il L N

fD‘, (( ,r" ='1 ) ot i O :'.;-2).
LAY

(1) { el =0 .y

L Ge0me. o

Ilence, T'F is a parncompact manifold of type s [ TE
defined by the atlas '3[ will be denoted by 196 Now,
of b}

Ohviously, 77,:,?

E B Eax By b The folialion

1 o A . .
T (':“j—.):md the projection <. is a continuous and open map rela-
.

tive to the topologics <.~ and =, .
RE (1

Sinee 17 with e topology 7 35 o loeal connected spave

([1] 5.1.6.) it follows that gt is loeally connected and a leaf F of & is open and closed re-

Y

lative to the topology T Consequently, the set = (I-) is open and closed relative to the

topology 'T ; hence it is an union ol the (-nnncvl;t:rl components of this topolozy, We denote
38 Tr the l(llll\’cl](‘l’lle relation on T L
T T, the corresponding projeetion {continuons wnd open),

- f B Ty .
Now we prove that the equivalenee relation © /iy regular, wud, morcover, there exists
the sulnuersion 7, (16 THTR-~TR sueh that the following dingrun of wanifolds commuls :

defined by the folintion 795, by TV T, the quo.

tient spaee and by p: Th—

“p .
v - 1tn
Ty Ay
! l
v = IR

Far this purpose, according to [1{ 5.9.5., we shall prove that :

1} graph T is w submanifold in T S i I

2) ])-rI : graph Tre-sT1" is a submersion.

In faet, from the previous remarks, it follows thai graph "r {=pasie)
R is a regular relation,

[y

Hgraph ). Since
araph 7 is a submanifold in 17217 T T o sitbiersion beecause
Ty is submersion ([1] 5.9.3.) and 1) foliows from | 1] 57046, Denoting by pry dhe submersion

pry s graph =17, we have:

P T, =1,

Tpopr

then 2} resulls from [1] 30020 Morcover, {rom the previous consideralions, it immediately
felows that, if 17/ is a separate space, 7t
exists.

ft is separate too and Lhe subnrersion T8

d)  Let Mo be a saturated set relative to Gi; where M oare Lhe

henee W=y b =

el

l(-:wesof:’ﬁ.'I‘Iwn‘:;"(.H) u % l(lf‘,r) and, for each F*r‘ T 1(1"7) is a union ol the leaves of the
el

folialion T .

¢} it follows immediatelly from the manner of the definition of the folinlion 7dp.

Remark ; For the flinite-dimensional manifolds, a similar resull (a1, ¢)) is proved in
fL3].

d.2. Now, consider the prolongations of the L0b, in Ehresmann's sense. For this, the
'Nmi notul,inm for the well-known notions in the prolongation Uwory should he used, ([}J,

| H], L 181 s we reeall them: JU(H, N) s the manifild of the n-jels of loeal maps of €

H.ma( h manifold M jn ©4 Banach manitold N(u<k), J2(My=-Jn(M, M), j71 = (2, ’J”)‘

it imnedizetely follows the proot

ON THIE FROLONG ‘\[I(J\b ()I 'Illl' FOLIATE BANACH MANIFOLD= e

i

JUMLN) = Mo N the gorresponding source-target submersion. (M) the open submanifold
of the inversible p-jels in JY() VX the composition of the jels X &, "L, N vedt(y, L),
X =ip(0.X where X "0 N - p (N and [ Nea b Wl (0, N)=d (u L) the hotonomie
vil prolongation of #-Lh order of the mapping f given by XN=fX, y.X= SN N

Firstlv we prove the following result :

Proposition 3.2, Let 17 be «a Crdifferentiable foliate  Buneeh manifold of type 5 and M
e or Cetifferentiable Banach wanifold. The sel . I;’,( LMY of the nejets of Tocal folinte maps of
Ein Mis oo subananifold r "0, M) 5 particalarly, the sef IIf(I ) of the inversible n-jels of the

Jotiate waps o Vo oso thal their inverses are foliede toe, is o sibmanifold in 1.
Proof. Let 0= b, (U v Egbl o be Lhe atlas of the oliation sFon 1 and &9 (1,

J o Fgllg gy ot maximal At]:l\ ol the differential slrueture on M. 1t is known Trom [3] U |t.
IR V) (9 Yl 17 (Ey

F)—-E,

U P in e Xt (9 1) Aceording to | 1] 5.8.3..
{Uy. Fplin &g '?“"'-"(:Pu } (1

FB})'tm By e fod s an allas of Lhe diffeeential structure on J’"(l

where LME . FB “Lssu (g FB} aud [g. '\{JBL‘:J--( }al.f'( Fﬁ) carey X Jn

the first part of the proposition follows

franne Lhe remark that {J}'(l' kLo, 2sl, J:}(U,l, Fol L"(EZ, Fg) is an atlas of a differential

structure on the sel J"[I'. My and L'(L,, ‘1) is 1 closed split veetor subspace in LAE, FS)
proposition resulls from the tacl that l."(h,, Eff) i oa
B0 W, o) o L

Now, let (M, 15, 5)F be a surmersion with lotiade mamilold I as base space aml
(Fe(m), 17, = )8 with daf=)y = (XX g, A, iSRRI =ik

.0 (1)) (here 1‘\(,\') denote the

Wiz, Bpef o d, The svumd part of te

closed split vector subspuec in LUE

X 4 with
J’" X

Ju(m) XX ediq), constant map  defingd

v

M), =X j'm"(\',
ou I having their values in oz (\)) be Lheir lmimmmltal prolongations ol u-th vrder (o= iy
(Lransversal aml vertieal luputl\tl}) which are introduced in [ and {8].

The intersections :

.J’:'!(:)

wilk e important, We call them Vhe foliate prolopgations of nth order

I, =2

JUEINLAIE M. SR (E) SERINNY, M)

of the surmersion (W
(tramsversal and vertieal respeetively).
We geb the following result:
Proposition 3.3, The sels I:;( )rml.l
<y (hence they are the whnmmfulr(ﬁ in J¥ il ”)).

:n ;: J"(] s _'”)—_J I y a”) (I.';J

(=) are submanifolds in JU() and JHR) (respecti,
The restrictions of the nedvurad epimorphism

) have the properlies thal :

u. L
LT T h"}:m:-if(‘.)—_ﬁ‘]f (=)

Proof. Consider the sitbtpersions: #z 0 o0, AMy—=Jdue(l' 1), & e M)—=M, (¥, ['} ):
BLIT RN T SR LT RO B n:” aned (7, & ) L (l AhL The pull-bae I\ Fromm the last submersion

of Ui cmbediding : M —J7() <2 is gqust the submanifold J'f'(:).

Dy M E=UL

I the sanes neinner, We pull-backs frone ("=, 5 ) I"(I Vy of the ermbedding :
e oS ah
M=y, Vg M, Uz 2

is the subinamfold J7 g0z The last part of e proposition is obvious.
We denste by f :.i}(.:)—»l"- A the natural embedding,
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In order to approach l!u problem of the prolongations of L4L we shall consider, firstly, The et (h_f",u;l') is the pull-back frome the submersion (e, "b. B} o g g of the same
the foliate prolongations of the differential  groupoides with the folinte manifolds as base ; At

cinbedding s henee this set s a0 submanifold i J}(I". Py : moreover (e, "), Ifj“) l(-f (b))

Lot be a differential local transilive groupoide with the folinle manitold 17 as base " W oo 1 ” # f
; L i b HE ik . § 0 no- i FiiM ‘ o n y o YOIy e S ]
space and the submersion (i b) :D—1 2 1 ax source-target map. | B ()2 ) B ) iy ah Gy g () suel that 7 48} and D20 are the sub

sSpaces,

The transversal holonomic prolongation of #th order  of  this groupoide | 4], is the rantfolds in .l"{;-.th).-uu]tl):f‘f(l-)ci]),(l ). Henee ] LAY s sabaamfold in 111,(l J.mdll), A

submanifold O*7) in Ja(l7, () & |1?(l'; i submanitold in OLI@ ()
) It s easv lo sce that this last submanitold is stable from the composition law & and
DI} AN N s D)y aX -"a:H a0 ANEL from Lhe fnversion law in ©r0)@ M0 given by [H: (X, V=Y LY ).
o ; G @AY s also stable at the law 3 and e proposition s
such that the composition law X defined by l.n-\-(»d““ submadoll @y 1R D) 5 ¢ « o | i propos

Wo shall denote by (u'} h}) (u,“rb?,;) respeetively, the soureestarget maps of the first

two groupoides from the previous  proposilion,
Now, we ean slate the ‘mmlpll resull of this seetion :

Theorem 3.5. fot (M. )7, 7 !‘I I b associated to the groapoide @ with the foliate

F X, V)= Y 5 X ono(YEX. X),

determins . on this subimanifold a structure  of € ~ dilferentiable groupoide with 17 oas
sSmit SEPE g " d n 21 0 3 spretf s . .
hase space and (ut <o Lw o b 2,00 gy} s souree-targel nrap.
canneeted  wndfold 1 as base space.
Then :
B »
a1 T e ! ‘ ) L P
a) The surmersion (J}(..). s, I._,}fm} # s fof o associated to the growpidd D).

The vertieal holonomical prolongation of xth order of the groupoide P|-H. 8] is the
libre product ‘l)":‘(l V& (A7) of the maps (w4, Mo -u’u.'lllizf-l'- and (x . SH) )= 2 1L where

i) IXXed" 0 dy: aX j:\' LAY J" % (.l',(l_, AT We cwll My the foliate Lransversale holonomic protongelion of n order of .
" hy The swrmersion (I,"f(-) | i Y )k s a Jibre bundle associated fo he gronpoide
with the composition Taw given by : . 5 ' e
: : by 1@ 1F()
@ NV (YL Y= (P (XL YL X)L YY) Proaf. 2) ‘The groupoide ®F(07) operides on the surmersion (Fiz)L 1 =, __.'r'__l_r" T with
and the source-tarsel map ; (= {a. bjo _rj" /lll,’f(l‘-‘ b:{ 5. ) the fellowing law @
Finallv, the bilateral holonomic prolongation of wth order of {1 [8] s the fibre ot YD SHE = lf( 30 LX) =L X B )
woduct (P @E G (1) wi s siti W B mive o . n
I et (1)@ BT) with the composition law &3 given Dy where #o s the protongation of the law 3 @@ M— M. Henee this surmersion is a fibre hunedle
O N V) LV V=X LAY LX), 9o (Y L 0Y. YY) associated to the groupoide ll';(l ). Morcover it is a Lfbh, In fact, consider the set ol focal
wlinle cross-seetions Lo Qb b (Renmrk 2.7 and define o setof loeal foliate cross-sections

Now, consider the following scts :

. o agfa,) 1ol U sulmu,lmuu @ (1) = )7 which defines the previeus fibre struclure, For
¢|,?(|. )={X/X e.l}r(l'_ ®y: aN=j, ¢ h..\"Ellf;(l')}. ikt r ) |
H

this purpose we remark that the mayg :
Beg ()=WF0 )N TFE. D) DL B NG DY (@ DY) e ey Usdni o). r—jrg,.
i+ R

anel prove :
Proposition 3.4. The sets 'I)"(l") (I)-f (!-')-'ﬁl [I"(f'} and (I)" (l"l-r (D"(l'} e the ('8 #

differentiod subgrowpoides in G" (1), O} (I )1 Ty and (1 i (]) (. ,-,»,p,m“[,/

is i Toeal folinle eross-seetion of the sulinersion x, I LT LA B Vﬁl.(-l'") and ]"Gul-t'oi (U)o
AU D) Morcover. jia, () (@A) We shall pat (o) o @y (egh cunsequently

Proof. According to |1 l 7] . the brnpmltwll will be proved if we shall prove the  corresponding et f_} {def. 205 s a set of the O — dillerentiabie Tolinle nior-
that these sets are submanifolds in tlu res |:ul|u groupoides which are stable at the com- phisins,
position laws & @, @ and at their inversion laws, A . . v n, - § :

For this purpose, consider the subnicrsion ™ w5 J8(1, )= J5(1 1) s it is obvious h) l'ﬂlll',f the same notalions, the grmtpnulo e (1)@ T} operates on the surmersion

Il i)™ " ’ I () = o by the following Faw :
thal : ' Tl iy
Rep a - i il W{[" g Wil " i - i 5 4 M y
PHIY=("b [0y 130D "0 L U0 "0 iy 1 (307 < PP D@ NG 8 (my=d? (5} (CL ), X=("S L XpZ ),
Py i i . X r in oyl H i 1 i
henee ey s a subimamifold in D" 07y, The stability of {[)}"(l ) orelalive 1o 50 follows immedin- o this surmersion is a0 fibre bandle asseeianted 1o this groupoide. Later, we shall prive
lely because Y.bX=J7(1 . d). v X, Y <d i) and BT T SN SR Y R T JEL D). Tt Aliis Gthre bundle is a0 £ L. ;

The restriction 1o (l)_r“ }yoof the inversion law from ‘|)“(l')-,:i\(-n by N-ssXN{hX) 1‘ is I the f.0h froon the Theorem 3.5 s the G b (M7, 7)Y @ l'lil'(l'. F). then the pre.
obvioushy o morphisn on ‘l.!:;(l-'). Hence this w a subgroupoide in @7y, vious consideralions permit to define their holonomie transversale prolongations J" (%) (veetor
) ]Ntl'}r.l it is known from 1] that D) s the pullback from the submersion (v, 7h), Iiinselles o< k) and their foliale lrzmsvvl‘wnlv holonomie prolongations I'E(—)(l'\ h). Morcover
R 1] O TN . ¥ i lilirhans ap« T O L TR . by e e P
[, { Jfdr ()@ TN @ P of the cibedding gt ) e ) 2D J}'(:)El‘ e "L F I{E.. F) {Eiy, l](luq, F)) and is a sub-veetor bundle in J7{=) {[1] 7.5.1.).

aiven by f= “arﬂ'—'a(nlb(”)’“‘ Benoting -
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Q"= SR,

we Dind again Lthe following local direet exact sequence (1]

FornT) from [135]

I it
0 = A=) = () - Q"(=) — 0.

whiere p? s the eanonical projection.
It is known [3), [7], (8] thal a natural epimorphism of jet bundles =2 _: J#(z)— 02~ Yz)

whose kernel is L7

apnl Ve ©)y exisls. In the same manner ope get a foliate cpimorphism =% :
5 yin . ) =1, f

" - o A g s oT 3 - | — = AHA o i
Jim)= (=) whose kernel is the sub-veetor  hundlc l’sym( v T =). Finally we lind

again the diagram 47(=) rota [15] which has commutative squares, and exact rows and eo-

lumns : we shall denoke it 28 (=)
L} {} o
l ol l _n l
“n—Lf =1,f .
I — _— — ! -—
) — L::}_m {~y Pre(sT ) =} —_— J}*(..) —_— dp (7)) —
L] . -
S a1
. d .
(Thalm) 0= L(5y, D) — Jm) —> e m) — 0
4 yydt=1
l cn y l —u l I
AT -l
LA "‘:ym ps z)-I":l‘nn(':v I'l‘r(:T‘) T —» @) — @ HE) —
0 0 0
where =, is the map induced by = .

Moreaver, one ean obviousty construct the following diagrmon, 28 (=), with exact rows

and columns and  commutalive squares

L o
'I’ E" l 1_tﬂ
0 — Sy 5 () o,/ I} (=) o/ |
n L & Eg J’" 'n:g ’
(20 (7)) ¢ — Jy (m) J7(w) -7 =~ 0
i =" d '
0= Jy (=) = & (=
o { J.]l';.f:,;. ¢ (w) =5
l 7o
0 1]

"

L
where Jg {m}- Ker =g « IR TAR S § L:').m (E, F)), l('," 7 (=)~ Ker .—.3'!
Pp=1
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(Ey F))o AL the end of this scelion it is importunt to mention the following remarks

1) Il the folinte manifold 17 is €+ -differentinble of bype g, where o is a (obiate fa-
mily of Banach C-spaees [3] we ean use the theory of infinite order prolongations of the
surmiersions, fibre bundles, groupoides amd fibre Duulles associaled Lo the groupoides deve-

ON PHE PROLONGATIONS OF TUE FOLIATE BANACH MANIFOLIY
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loped in [8], and we obtain the loliate prolongations of infinitc vrder ot the previous confi-
| curations, Particularly, the folinte transversale holonomie prolongations of infinite order of

the L, (M, Fo2)7 (E,. Fp) with

.
S1RY (1UF) is e Evibe JS (mps PR (0, F 0 IELL
tem}
the doeal conves spaece indicated in parentheses as type fibre,
2) The resulls of this seetion awhnit a generalization to the case of finite and infinile
order semiholonmnic toliate prolongations. Fer this, one construets, by reeurrenee, the semi-
holenemie jet manifolds J7 (17, W) of foliate morphisms; they are the submanifolds in SN

(the semihelonomic n-jet manifold) aml contains J_?(I'.,\l} as embedded submanifolds (¢n < k).

.. H - = - " . .
Using  the cembeddings o g dy (170 M) - J:: (. M) we can define the  semiholonomie
foliate finite-dimensional  protongations of  the surmersions,  groupoides and ELb. In the

I particular case of the Cv.b, one ebtains the semiholononiie transversale profongations _.’;5 (w)
o A Tall] A " | |

pe »
the manifold I s o Banach Cespaee) and the diagrams

8
LP(Ey, F)) ] (e b B% (1 F < 11 L7 (B, F)) (iF Whe modet space for
1 1

Lo (=) 6'(::] which are similar

K] Wi
te Aoy () and Sy (=),
. s 5 - . . 5 "
3) Using some results from (7] we  cun construet the diagrams smiilar to 5y {w)

" . . C K . N . A
n—1 (%) for every surmersion (M. )7, =) or LEb. (M1 z)'&,. Sueh that, from  the proposi-
tions 3.0, 6.1, 7.8 from [7]00t results the following loeal  direel exaet sequences of vector
bindles with " (5) and J% (=) s Dase spures Fespeetively

(") 0=, 'L:m (=" v Ty) = TR = T Vi) =0
("*) 00— T;l o B (=" 7 v Tap) T () — —': _l'TJ"_] (=) = 0,

where | s denotes the puail-hack ol o veetor bundle frone o map [ 1] 7.2 0 b amd v 7 is the

veetor bundle of the _vertieal™ veetors, namely the tungent veetors of the fibres ol m
- o T n
Aecording to the vesulls from Proposition b the vector bundle (’I‘JF (=) A7 (=0

e enbevontor - e e oy
I) is a sub-veetor bunalle o (T (..),I" Sy (=h "

wing dingram o vector bundles with exuet rows and eolumns and communtative squares aaml
. n
the manilold Jy (7)) as buase space:

. r
H ™

}oand we obtain the foilo-

-J:; i

0

}

!

0

!

o '

P ] N e ¥ " pgr—1
I ¢ 7o s I'SJH(" S el VI"_‘IJ)_“ IJ! {) Rl f IJ! (=} = 0
.
h-17)) 'L ¢ l
="
3 " FRN I Te-l ne g 1
0 = 5 p dogy i 1775 ¥ ) 1450 Aty = Ty TR et~ 0
! ! v
b DL e vT) ) = TS(z) —=m " T e o a0
o f Yoy LR 1 L;““ RYT pp b YTyl J}'l:!)”f-’; bl m ! e "
0 o e

where the maps Trf Dand =8 f! arce defined in |12].
)

From renpurk 2 and the sequenee (4557 it follows acdingram

]
Som—imh
IT the ELb, (M, 15 @), is a Lo, then Ty

1 () we

(=) simikar to
N
"

N
n
= M and [rom the disgram

cian obtain the diagram &' 1 (=) (and similar in the semiholonomic case).
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4. Adapted and foliate conneetions of higher order on £ £ b.
LLB. wssoeiided 1o the groupoide @ In (4] . Ver
of wlt order Peconnection clements {(r</h) given by

QI Ay { N X w05 5 (X =ilx, X)) ax J\a (Bop AN ja by

et (M1, :}; be o

Foeekhe introduces the sebmanifold

)1 o 1 - " - L Sar o . i
Denoting by g the map g~ %, QI by (@ (1, ) 1 g s o srperston o

reover, the  groupeids (IJ’:_ U@ D) operates on this surmersion by

(1) O (DA D BN ® @M D)= () ),

wie Lhab the provieus surmersion
mwh space as the Lype fibre |4

({1, B) Xyeoto(P= (L1, XY, sB). (B} o,

is> a fibre bundle associated Lo this groupoide with a Ba-

The  D-conncetions  of  w' wrder on the manifold 17 are the k= rlifferentinble
criesoseelions ol Lhis Tibre bundle,
Now, for every nong k. wecan consider the sel J" (I y=qu (1", )" -I}(l', iy and

VT Q”(I s we

l’rn]msitmn 1.1.

prove
i} Q"( ") i subuedfold iy QR By, 2
sanifolid Q"(l Wy so thet (Q;‘(I'J[’),
vd to this growpoide, .

Proof, Uy Vle subrmersion (a, b) 1 h—=173¢ 17 induces the submersion (1 (e, b), B
Wyed e (01718, (“_M‘l’: we ean wdentify this last subinersion with
(P WY B ) el D) (5 1)@ S J»‘))@tb Then @17, @) is the pull-back of e
crmbedding = (Jv (I )@ (1. 1)@ D (r— (1 A ) from the previous submersion.
The pull-back of the sane cishedding from U suimuhum {{"ee. M), 55 )n,n
RO W) s0 that B is a submanifdd in Ju(l ).
m('lmic-ti in QT W), ro
folil i @ (1, )

2} it inuncdiutety
D= QU ).

Definition 4.1, JF erossesection of the Jibre buadie (Q" (.

holonemic B-conncetion of wth wrder on the foliate nmmjnhl‘ e
adapted hotonowic G-connection clement of order w in x€ V.

According to [#] (11 3.6) the following existenee theorem results :

Theorem 420 Let V' be o puracompact fu.’ml( meanifold of type o, where G Is « foliate
Jewetly of Chnormed sr_ffrrmhh' Banack spaces. Then on 1 there exists adupled helonomie D-connee-
tivus of arder 0 (gn=k).

The morphisim

Qu(h, )

The growpoide @ bt

operales i the AN fff}-'""" is « fibre brtoedie assoeiu-

()

YR the set

henee in g () ,fb) and obvivusly i is

Lhese considerations il resalts that Q} (I dy i a0 sulimani-

follows irone the remark that (‘lljf, I (l')®‘i’}' (e iy (.

M), F, g W ris calivd an adapted
) !

His value in 017 Is ealted un

JrE A ) (XL Y)mpr V=X, )

Tuf, me "

permits Lo deline Uic absolede rhjjrunlmfrrm ol 0 crossesection Y =Yy of I" (=} relative Lo
adapted (h-conneetion Y

Ty ioT,

te—=N, un ; this @S w0 cross-section T Y of S " (=) given hy @

Voo Nowo we can prove the following result

Preposition 4.3, Let (M), ':):‘t, be o ff.b. associated to the  groupnide 1D eith the foliate

cotinected manifld 17wy base space o then the fibre  bundles (":-'; (=), I = I Ll
A 4
. L R X L X 3 %
Cbicorenm 3.5y and (R Sy Fog Yo n (Proposition 4.1} are Jolivte fibre laoadles,
Proof. Yo consider o Tamily Oy (’u}} ol loliale cross-seelions of sabiersion o ;-

— " (Remark 200) so thal ¥ LU= )

i T here exists a oo ha=(lUg, e, Fa) wilh U < Lg
we associale fo this family

o Gnidy VG p Cro) 1 of foliate ocal eross-seetions of the suly-

mersion wo %

2, @:f,f (F). For Lhis purpuse, Ivt Sy (_,“) he a fixed cross-section from Lhe given

11 OX THE PROLONGATIONS OF THE FOLIATE BANACH MANITOLDS R
Fnily :mtl e i foliate cross-seetion over 0 ol the Tibre bundle Q}‘-:I'JIP!. Usinge U
morpiism e"(l ‘l))“,,.j,.; o, |-1- " ‘l"} {1 .-——,—(Ii" (l) (N, Vil X. Y owe shall deline
the foliate |()('.l| eross-section o"’ (r e —rtl’" (l } ;-_x(t)(/ f) Jy et }).
Now, ik is ensy to obtain the E.umlws ol thv tolinte lveal cross- w(-huns ol the gronpoides
P f{l')'- Il"(l ioad r[)n -l )@t[P"(l 1 and the proposition s proved,

WM, ), s Hl (1. F) then, according to the principal resalt from [9], every ho-

ol the Tthre  bundle

Thas isomorphism defines an

determines an isomorphism

whoere w(e) - 2
v.oa diffecentinble sphitting of the sceond

lonomic Geeonneetion of order 2 on b 2,
Jugz) il Fr(mye T B ) T
,,.I(-nnm‘r'!im.' on the veetor buandle (4.
ol

ILis casy Lo see bhal, if ¥ is an adapted P-connection on VUit delermines an somor-
prhisin J of the I|lm- bundles J it and . l}‘(,.) We shall eall an adapted n-connection on the vee-
tor humllv(ll J LY dlllvrvntmhlv splitting ol the second row of N'(—i with their values in
the sub-vector hundl(' l"(..) the

Propaosition 4.4. l:‘ut,r adapted holonmnic Q-conncetion uf w'h order on Lhe folinle sarni-
s (ML) )q, .

The theory ol adapted holonomic r-connections on L\.h. may be developed inoa si-
milar way as the theors of lidonomie r-convections on vector bundles [8].

161 s a O -ditferentinble tolinte manifold of tvpe 6 with o a foliate family of Banaeh
the results of this seetion admits a generatization for the inlinite order case. We
for the semiholonomic case.

considered
row of

Sumiing  up pl‘L'HUlh resalts we oblain :

fuld 17 determines an adapted n-connection on the f3

{C-spatees,
ean also consider a similar theory
more  definition : an adapted  holonomie @-conneetion ol pth
is folinte if the eross-seetion which defines it is o foliate
(M1, =W s cudled foliate w-connection il Lhe

Now, we shall give ond
vrder on the folinte mamilold )7
seetion : an adapted n-conneclion on a fvb
marphism whieh defines it is foliate.

From the previous considerations it {ollows:

Proposition 4.5. Fvery  foliate ®-conneclion
defives a folinte neconnection on the foeoh (M, 17 =

e

Using the holonontie and semiholonemie generalized connections of onler, @ introduced
by I Libermann in 7], tor the surmerions or fibre bundles. we ean extend the
results from | 13] coneerning Lhe adapted holonomie and scimiholonomie conneetions of order
noon fov.h.

A holonomie

uf b order on the  folicte  manifold 1

):], . foeona foliate splitting of the first roe of

meneralized  connceelion of  order » on the sarmersion
JU Y=y dn(m) (O 5 JY ‘(.—,)—-1.7"(':]) ol the
=) . (M. V. R e FRNE, F)

this fibre humdle is a

{seniliclonomie)
(M. Ko=) is o globale eross-seetion € - affine
LA = Ju = 1) (=h_,: PRt R L

a holonomice (semiholonomic) connection of

Iibre bundle =¥ then

order » of holonomie

svemtholoromic seneratized conneetion ol order w0 such that (Iﬂ- (‘I. is a morphism of vees
t
tor hlll](“eh.
We limit here our considerations, to lhe

holonomie generalized connection of wtb order on
i

holonomiie cawse and swe remark Lhat every
the surmersion (M, )7, = defines a spli-
)yt iy given by the eomposition of the canonieal homomaor-
phisi =8 P71 (z) Te—t(z)=Tdn
(=), As i [13]. o generalized connection of order noon the given surmersion will be ealled
acdgpled il (',,(J;f‘l'.':))c.l";(r:). Now, noting by €, (',,..JJ': T f=)we have Cyof =iy0('y,,;
henee TCqp0 Tiy_ = Tiyo TC,

TR )= T2 Yw) with Ty

ting of the second row of A% | =

= P47z with the vector bundle morphisim 1,

=
and by the composition of the eanenical morphisim =8

. o . 5 = .o
we obtain a differentiable sphtting ol the first vow of A gy
= 5 annA 5 = N 1}
it folows that cach splitting of the lirst row ol Ap_
but,
obviously, we cuanpot say that these splittings are the splittings defined by some adapled  ge
ucralized connections of order n.

(=) Applyving the resalts from [15]
(=) is the induced splitting ol the set of sonme splittings of the second row of z’r'r_](::):
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; I (MO =) s a0 fibre bundle assovisted 1o the differential groupoide &, then a g
neralized connertion of order woon it is called foliede 00 the morphism €, ; 1» o foltute mod
phisin, Stieee Lhe first row of Fayi l(:) i~ nob g sequence of Ly, we sav, as G| 13, aboy
the  foliak

ro splittings of this sequence that they wre induced splittings of the folhate gene
ralize

o etions.
Finallv. we remark thal the adapted and foliate gencralized semibolonomie conneg
tions and their relation with the splittings of ecrtain sequences of Al _giz) cun b devs npeg
in a manner similar o the one indicated in the holonomie easc.
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S THEOREME DEXISTENCE POUR LES EQUATIONS DIFFERENTIELLES
ORDINAIRES DANS LES ESPACHES LOCALEMENT CONVEXNES

PAR
NECULAT PAPAGITIUC

0. Ces dernieres wnndes ont pary nombre de travaux de la théorie de la dilférentiabilité
dans les espaees localement convexes (o Marinesecu 18] T4 {301, 3 P Penot [12],
V., Averbuh et 0. G Smolianov |2, ILIL Keller [6], J. Kijowski
et W. Szezyrba [7, R A, Graft |5 M Simonnet [14]. L'an des résulluts
reniarquables obtenus le dernicr temps est Teprésenté par e théoréme d'inversion loeale des
applications de ctasse CF. Ce eésultat a ét¢ demontré par Go Marinescu et R A Grall,
L n autre probleéme fondamental d’analyse locale i implicalion daps Fanalyse glohale est con-
situe par celui de Uintégration des ehamps de veeteurs, Lo bul du présent teavail est
de résoudre ce probléme.

1. Soit & un espace locutement convexe ot @ Uensemble de tonles les senti-nornies

continues sur K, Soit +1; un sous-cnsemble  de Pensemble & qui sabisfait a4 la condition:
(1) pour fout g€ K, w#£0, i eriste un indice 2, & ) tel que |x], #0 (Cest-dedive A estoun en-
1
serble suffisant de semi-normes).
Nous notons por « Pensemble des semi-normes ayant la forme L
ot {141y ooy 11} €8t un sous-ensemble lini quelconeue de Pensemnble A . 11 est évident gue
oy n [}

[T b {I.rl1 ey i Iu b

Fensemble o1 satisfait a la propriété:

{(2)  ponr tout conple d'indices o c:zex.l, i oeriste un indive x= A tel gue: |"'|al< [ty Ir’!a‘)<
<z, Vesk (Uensemble .1 est dirige).

Nous supposons que Fensemble A est équivalent a & (les deux définissent. dans £ fu topo-
Ingic d'espace lecalement convexe).

Dans [10] (p. 19) on introduit unce classe plus large d’ensembles, qui sont des en-
scubles ouverts dang une topologic plus fine que la topologie Jocalement convexe,
Considérons R+ I'ensemble des nombres récks posilits et 2—-r, une appliculion de Pen-

A, dans R .
On appelle intersphére ouverte de centre ry ot de ravons {rp ), (x=d) Pensemble S,
N AT AT Yo 2 g M 0 &S OTON S * - H N q
e (s B Le—xyy, < fe Ulest avea I'aide «vs intersphéres cuvertes quion définit dans
1E,-!o
F une nouvelle topologic appellee la fopologic reffinée «de E, dans laquelle un sous-ensemble
Uck est défini comme ouvert, si, pour tout age U, il existe une intersphére ouverte des

cenire

sembie

incluse duns U,

Les ouverts dans la topelogiv taftinée serontappelés des ensembles raflings ouverls. La
topologie raffinée est, évidemment, plus fine que lu topslogie d'espace localement convexe de
£ty grace A la condition (1), clle est separce, )

Soit J un ensemble dirigé. On dit gu’une suite  généralisée I"(}ie}(""“ applieation  de
Tensemble J dans ) est convergente dans la topologie ralfinée vers un élément aEL s
pour tout svstéme de nombres reels positifs {r }, (2= 1} il existe un iy=d tel que isig impli-
e —.rlﬂ-.:rc|l {¢est-d-dire .t"e.‘ﬂ_.v; :r,‘}).
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