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", S0it maintenant #: R« lf“ = O, L ")—J-(JU(I, E) détinie par Pla, a, o) (1) =a2{t} — af(et,
&) et montrons yue Foest de elasse * Bidenunend # s‘éerit comme différence de deus
applications P I"l l":3 oi ]"] s Uy CJ(.J’, UU)—>('0(I. I7) est cdéfinie par l-'l(u. W#yom) (=

() et Fy R U, o), U"J—-‘("U. £y estoéfinic par K (a, 000} (= flal, v 4 o).
Compie & est une applieation lindaire ¢ conlinue, done de classe €'l reste & montrer
que Fyest de olasse €L Soit alors 71 R=CY(1, ) Fapplication définic par [=(a}|{t) = a. ¢ pour
toult wst 1ot =1, Lapplication < ost lincaire et conlinue. Nolons par g: C(F, Uu)x (,'{l,(l,
U =1 U) Tapplication définie par: o(r, @l=w+0 ol par ('({, U)o anote les appli-
ations v J= U définies par ()=« pour tout f< /1. Lapphication ¢ est un plongement,
de C(1. U(J} '- ("l](l, ) dans (f'(l. U) et done clle est de elasse €1 Notons encere par
o0, )= O E) Tapplication définie par S9 (a. g ag quis evidemment, el une appli-
wdion linéaire ot continue, On dédait alors que :

o R ] 4y, | :?’H‘
Ro U Coldy, U) — O, Ry CF, U= I (1, B)=C(1, F)

dime F: M- .‘.lfu (7 - a) est une application de classe ' comme composition Capplications
de elusse 1

Dune Ineon analogue. si f est de elusse €51 sesulie que P oest de elasse F e

o

dune que Foest de elasse (',
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[NSTEADY FLUAY OF A SECOND ORDER FLUID BETWEEN TWO POROLUS
CO-ANIAL CIRCULAR CYLINDERS

BY

MOTIAMMED LATIF PASHA

Introduction. MavLovitze wnd Colewman [V have seggested sime practiocal
o Lhodds Tor e determination of the anatlerial constants of a0 Sceond order Thiid, One of
those melhods makes use of ILelieal flow, A Helieal flew i o combination of two flows,
Lt axiat flow throveh an annubus of two coaxial eiveular eviinders and the other. o rota-
Lenol Bow due to e roladicn of une of the eviinders aboul their common axis, Sceveral auat-
hors have discussed similar flow problems [2 - 5]

In this paper o genceralized Helien] flow of a Seeond order flaid is considered by assu-
wing the eviinders 1o be porous. Different eases ol this problem have been solved, Tt has
Been asstumed that the rale of suction al one exvlinder s cqual to the rate of injection at
the other evlinder and that he Reynohls nimdwer ot the Clow is small.

Equations of Motion.: The censtitulive cqualion of an ineoiipressible second order
fluid as sugoesied by Coleman and Nodl [6] is

P I3 LI e Ly i Line
wlhin ¥ ‘H'i L v
atnl Ty ST S L

" s Lie slress tensor, v, ansl f, the velocity and aceeleridion veetors. . Wy, g the rli-'l-
levinl eonstants, poan undetermined hvdrosstatic pressure and o comma denoles (-n\'uru.ml
difterentinlion, Let us eansider Uhe evlindrical polar co-ordinates system (v 00 2) assuming
caxis along  ihe eonunen axis and roalong the radii of the exlinders. Let an im-umprvhhi.}.l]v
second  order finid be contained hetween bwo perois co-axial eircular eylinders of radii o
and b {a< b).

sinee the rate of suclion al one evhinder is equal to the mte of injection al the olher.
the velocity profile will b independent of § and 2 For the present ease the cquations of
motiot and conlinuily. in exvlindrical co-ordinates (v, 00 z) are

e PRV i 7] P I3 FE S T iy, 2
) - —_— 3 H ; L
L ir ¥ ir h i or r or ’
(1)
((.c i R U
g [ ’
Lel ir i ¥
d
[$4] T {ner) = 0,
i

where 2 i the density of the fluid and a0 and w0 the velocity components along v, ¢ and
B b \ g ; | ’

2 respeetively, The equation of continnity (2) soggests that the form of radial velocty should

e .

H(!).

r

(:{] He
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We assumie that the other two  veloeity ol the form

(1) T

For an arbitear

CONTPOE nts daro

rla(r, 1)y o= Mr, 1)

genvralized Helieal fow, for the present ecase, the dvoamical cquations iy

the absener of the body forees reduce to
Vol . - _
i Gir=—-"4, I Mot 26— 2
rood r s i l p
2 T 16 12 e
266G WURY o — BN o § = - P T LT T (ol O
¥ o r
(5}
G HiG - e e SEEE SN
e, 2 7 T T R R Y R iy . i no |
i r &t ] i "
PF O HE o Py ) O R T l Fhp T
" ¥ ! T ¥ e " ] |- wyter —
c! r r il ret r rt fd l = )

where o prime denotes dilferentialion with respeel to

Frome the above cquations il is cleae tiat the three ditferential cquations cuntain fogs
unknown lunctions boe.p, H, G and F. Henee in order that one could oot o solution o
these equalions under suituble houndary conditions, one has o assume one of these functiol
¢, I a constang

¢, N

to be known, Here it we assume the suction, injection o be steady i,

I8 Foand & can be delermined Ly equations (3} In erder to make e Tanclions F,

and p, v and § nen-dimensional we put
= - , Qe
Hify = & QHITY: Glro 1) =0 QG(s. T, » sl B
[4)
‘ Vi ey g
Fr, ) adP1a. Ty T o only %= —; * o S ve= T h (wsa1,2,8),
[l " - .
¥
(7) 0=

The equation of motion now takes Lhe form

2 I ‘P PAYIE
P e (,--r,} Sk akt M 202G 260G G
f‘ ( 'I' 'f]:l f ’i Tf
[N a)
2/'% LRI 7 E L
S T U } B { - - I ST A SR FIE R PP M ’} )
n s 1
(G 2 o GO BIGT BHEG
(4 b H{m'q - - : H(."} B S A xh’{ HI ¢ Ty ! y 2 I. UG NI 8
i or QT 7 7t
oM e TR (SR T § S 7 F S T T
e FY I e [ i I I
T ¥ ¥ ér nol b e '
(8 ¢)

oIt Y
-.—BRI-I o2 H}
L i

a prime will devote differentintion with respeet to 7. We shouldf
foluwing analysis s valid onby for smadl e B we assume o to b
can be calenlated by cquations (8 b} and (8 ¢} and p can be deter
cquation {8 a).

From here and onwards,
mentien here that the
preseribed, ¢ and #
mined by
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Selution : Let us put

. pikT Z o

m = ib

T Y g

m=1

o) Gin. T) g, (hwe) Fiz, T) (o w)

in cquations (3 B), (8 ¢) respectively and assome that ondy real parts of funetions have any

phy dcal meanings. Kguating  terns in like powers of R i (¥ h, 8e), we gel a set of or-
dinary rllﬂ(‘rultnl cquations. Integrating them we have
e BT Gy, T) — ., Byr ® 1 RH{A, B

1) 2100 )} RIF L+ B 2 gyl m, ey}

| . —

e BT By, P)= Ay Bylog v RH {,{1 B gy
ke o} (REDE LA, 4 By bog w4 fal 1, o)}

whiere

i) an, o) (T il 2 logy 1) oty

L -} " 1 l “ £

{24, i B (2log v — 1) + if-:l.'ll’r‘z H_

(1. )
A7ty . .

g . .
[OEI A Fon(2.1, | fe I, .
1707 W21+ P dig) 72 (4 bog n,—3) +

12 i+

EAE
14 +

{m,( bty o B (2o, 1) oF .-lo-.-,'-'}
X - .
'

(12)
[T P for Ity)
|

{(log? 7, — log )} —

. B B ,
) S o) S gt Byt o Doy " )
= _

A By Qo 1)

T 7 TR I .?lu:_r:-f )
By (o 1 1/2) B, } 5 By (ot 7 Yo #,-1-3/4) - u(l_l:‘jl._i} s
4 ’ G4+ : 8 2

ol )

3

I -t
#i (Iu!-’ N e (T E{A“i +
7] (i)

Iire
--”"llrlb’r{luur- 1) !"T'}
s 2

? (log o)
6

B of v o .
37‘:2 {2} B) x{ ()5( .,“ T,

i Bty iy =
Ry i H log 1By 1, el PRy
I 4 0

AR

2 T

B log +,

He i, .
log=g |

bl -I-'r"‘ @ -_..'.‘4
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anrd

[5¥T b
(15) € N g (-n:. e

I f1L)

and Ao, B b By A, Be A By A B Ay and E, are constants of integration which
will determine the pattern of Plow.

We should point out that by the prineiple of superposition, & more ecueral [orm of
time dependence of # oand 6 can be diseuassed,

In order to know the mature of fow in more details, the following six eases have
been diseussed :

(1) The inner eylinder is oscillating about the commen axis of te eviinders aned the
ouler rotates with a constant angubar velooity,

(2) The inner eyhnder oscillates about the eommion axis of Lthe eylinders whereas the
outer oscillates parallel to its lenglh,

{31 Both the inner and the onter evlinders oseillate in 0 direction about common axes.

(1) The inner evlinder is rotatinge with a eonstant angular veloeity when the outer
o=cilbales paralel to o its lengeth,

{31 Both the imner and the onter exlinders oscillate parallel to their fengths,

(6) The inner eylinder moves parallel to its length wilth o constanl veloeity and the
ouler oscillates parallel to its length.

Case L When the inner exlinder oscilintes as o0 cos bef and the ouler rotates with
i eonstanl angular veloeity Q0 the bowndary conditions are

vyl costiad w=0 ut r=u
t=rldy} WAk ek,

Ly the light of the transformations (3) amd (6), the above bonndary conditions beeone

-
Cor

Q
(1) G T Teost Py M0 AL a1, G ;;F_n ab o K
¢

-

b
wliere fooe - =1,
o
The substitution (%) changes (16} into

0
4 . : : =1l
A A s 8 =0 fm = Ay for wezioatb w1
(7)
: 0,
()] g e Gp f o= for mz0 at =R,
wimp. 0 : W=l o

Evaluating the constanl-, we gel
e, - 1) K? 0, -0,
QK- 1) K1l 0
(2olg-+ fny B3y )
+ 8
ity A (K2 ])}

N Ty, -

R {(mc CienBg),

(18) Ki_1 ) :
By = i (2‘.4“ b don Bg) log K+ impAd (K2 — 1)
K1 2 .
K2 ,

Ay 24l o) t.-:gz(K. M —g,(1, )] B, = g AR, 0) g1, @)}

vy

K K?
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LD Ay By Ay= By Ay Byt

Case 2. When the inner exvlinder oscillates as r0)) cos ket about their common axee

pol the outer oseillates as 1 cos bt parallel to its Tength the boundary conditions are
vl eos ket w0 oAt oroa
A VI wo Vyeos kot oat ro b,

In e Hght of the transformations (33 and (6). the above boundary conditions ehange into

{
[ Yo N L LIV
1My Q
[ FooMeosk,F at v K M, ek,

The substitution of () in (20} changes the boundary conditions into

. £ n, G oat v 1 Tor mz0
:'-Ju B St N 'fml(.,,__u ‘ % =

e fo Mg fm+| 0 for mz0 at v K,

p'-'
”‘|(|)|—li

Fvaluating  the eonstants we lave

Q Q K*
{22) g By=
O(K* - 1) Q (K1)
e By, By oare the same as in case 1,
= - M
Ag=0: By = e
logy K

- — 1 (B
A, Bz By B= —{ =18
i ! P . Iu;_r.F\'{K2 l

_ ieny = . . i "
Boat s 2 B Rog K—1)- 7% oy .\)1}
' 2
-'Iz' "fz(l) 0} ;
— 1
7, [ TAR. o) 100, 08
loe K
Case 3. Let the two exlinders osciltate with o phiaese ditference of 11, In the present
= e bowmdary conditions are
voorl) cos hont; w= ) ut rew
v=rld, cos (bt - 1), =0 at r- b,
This in view of (3), {8) and (%) becomes

N
B } B =V fo=0at 5=1 fur m=t

o
{24)

A 1—; P H =05 [0 at = K formza,
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Applying the above houndary conditions we get

K2, +Q, K- L ey
T B —
(HK* - 1) h=—1 Q
‘ 2 ety im].iﬂ
-4
I 8
i I (20 1 by I3y) P gK? eyl
=<lg ) e i - v1- T e de
[ | ) 8 8
o R fRbiediy, o i Ay K2 oy,
=1 23 8
-1y By— (1, o)
K# .
(20} hy= AR, o) —go{1, o)}
e |

Ay By Ay Bi=d,=F,=w.

Case 4. In Lhe present ease, the boundary conditions are
vty we at rea

r=1}; w=1"gcos fynt ol r=10.

In view of (1), (6) apad (9) the above boundary conditions change into

I . — 7 U al -
LA . 3 “,I'-'lu-._u 0 "f;u!;.._.=u_“ lor mz0 al v F,
{27) £,=93 L= me—_ﬂ for mz0 ot =K
i
M=,
Ou
Solving Tor constants we gel
) p) % 2
Jy== ! H % Sl=t Iy= : ) X g T K
(A1} £ KE—1 2 Ae—1
K2
N " Ayl K
hi—1
(25) .

{gg(’\-, 13} gz(l, ll)}

-"2 z'-"_’(]! U)“'
e —1

K
n, S, 0)— 1, 0)}L.
E I 1 -:{-_( ) gl( s )]'
The values of Ay, Hy A By, A, B, are the sume as in casce .
Case 5. Assuming that both the evlinders oseillate parallel to their fengtle (willy a
phase dilfercnee of =), the motion of the eylinders is deseribed as

v=0; w=y coskut al r=ua
{29)
r=b.

v=0; w=uv,cos{lnl -} at

In view of (3), (63 wel (), the wbove boundary conditions will become

UNSTEADY FLOW OF. A SECOND ORDER ¥L.DID T

=1

g, f" Mo, -fu|+|"0 for mz0 at v

gm0, f”: -M s f 0 Jor mz0oat 1o K
I [
M, . M=
el )
solving for constants, we have
- 1 1
(1) .I"- I, i I -r'2 B_: [] A" My ”:‘.= |..”._, ¥ i
logk
aiKE o .
o 1A (log K —17)

~ e e N 1
A =4, BY L Byr 1B), Bi= [

4 log K 3
_ e iy B
il Bo (o e - BB _ . ]
- o K
R i 1. .
A, Fa1, ol B, — [A-Ef K e
looe K

Case 6. In the last ease, lel the tlow of the (luid be given as

=03 w=} at r=a,

vl w0 17, cos fgnt ab r=1h.

In view ol {(3), (6) and () the boundary conditions will hecome

g2,=0; [, leogmth Mz foL, c-;.-.|=“ al =1

(:32)
-fu|+| g

g,=0; Jo=My; at n=Kk tor m =1k
solving for constants, we get

Agem By Ay By dy= 1y =1
- o 1 :
Ap=My; By — - - (M+M,)
log K

‘&1=ED(°: i'{j)

_ 1 - (A K2
Be= —— [—b’,,(ct.+i'-})—c-:2-i{{“l" :
log K 4

[HHT]

3 B e ke 1))} LTI J\')z]
1) : 2
“Ia =—Jfu(1, 0}
: 1
] Ayt fl K )}
2z IO;_{ K{ 2 2 2 }

In the same way many other similar problems can be discussed. We should again point
vt ihat equations (8 a, &) are lincar and therefore if we have to solve a problem whose
bowndary eonditions are the linear combination of the problems we discussed above, the so-
tution of that problem can be obtained by taking the corresponding linear combination of
their solutions. For example the solution of the folowing problem

rQ, ;
vemr(d, ;T

is the sum of the solutions ol cases 1 and #,

1), cos kynt w=1{) at rea

{15
Paeosfpnt at r=#6
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CURGEREA NESTATIONARA A UNGI FLULID DE ORDINUL AL DOILEA
INTRIEE DOI CILINDRE COANLALI POROSI

Rezumat
Se studiazi curgerea clicoidali nestationari o unui fluid de ordinul @l doilea intre

doi cilindri coaxiali porosi, Presupunind eid numirul i Revoold, R, este mie, se determini
vileza in forma unci serii dupa puterile lai R, Citeva eazari speeiale sint considerate.
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ON BENDING OF MICROPOLAR PLATES
BY

AUREL INELOVICE

1. Statement of the problem. Consider a (hin plate of constant thickness 2 & with
its middle surface in the w @, — plane, Lot €2 be the region seeupicd by the pi;llv..Z its
; g fnee, - ) i urve given by o= (s
poundary surface, & - the cdge surfnee, € its boundary curve g Vo, q( ) (=
1, 2), where s is are kenglh, The plate is assumed  to econsist of isotropic. homogeneous
=D ik
clastie material, ) ) o o ' .
‘ In what follows, we use the netation of 2], [6]. Greek indices take the values 1, 2,
and Latin indices take the values 1020 3, Subseripts following cominas denote  partial dif-
It P b R
ferentiation. ) o o ‘ o
"l'lw husic cquations of linear micropolar clusticity: with independent loeal rotations,
in the absenee of body forees and couples, are:
the cquilibrinm equations

e constitutive ecquations
}.BM Sﬁ } 2|J.G(I_) - ‘.’1[3[“._, ",

e .
where g are stresses, w. couple stresses, 3., and o
e rs

Epn B,

strain tensors, I'l

Y 5, DGy 289G

. displacements
= N N -
th microrolations, 2, i, %, & 7. € — constants, g, — the permutation sy mhol, o”—l\rnnec
ker's deltu; the symbols () and [ ] denote the syvimmetrie. respectively the skew-sym-
- ) o +
melric part of a tensor.
I'ne boundary conditions are
= P . n [N
(n O N f o P 1 13
where 1%, @ are exterior loads (surfiuee traetions and conples, respectively). and #n, are Lhe
i* e

components ol the outward unit normal Lo I, ) ) . .
In what follows we consider only the bending of the ate, assuming that, DE’ (Da

" are even functions of - i, , ure odd mnetions of g

ay s T v Mg H 1

] i
cand O Do g
teeordingly we impose the following houndary conditions :

I o e o S
(3] Typ =V, ay, = 050‘-) gy = Ty h My 0 on faces (y=+h)
- . = T . P.=qg,. N =« _J i
Py = 30 1 = oy 3= %M o’ on S o .t'; (5), g b= R,

_— = .. =Y
Q= ke o Mo Q= gy 4y



