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GENERALIZED LINEAR AUTOMATA
BY

ADRIAN SOIL

1. In this paper we have studicd a notion of gencralized linear automaton (G, L. AL,
whose partieular case is the notion of linear automaton, We have investigated the propertics
of the G. L. A s regarding the cquivalence of automata, minimal automata, a. s. 0. Then
we have obtained an application of the . 1. AL 5 to the generation of the numerical pseudo-
random sequences.

L1 Definition. & G, L. N ds a J-uple (1,5, O, f, g), where ;

ay I, 8, O are noncmpty sels called respectively the sel of inputs, the set of states and the
set of outpuls, f: 8 I8 and g: §xT-8 are the next state function, and respectively the out-
put fonction ;

b) S and ( are organized as semigronps
the unit elements O, respectively o

with the internal operation denoted by =< and

¢) there erists the semigroup homomorphisms A : §=8, O §—= and the mappings 13 : I—
—, D10 s0 that f(s, i) As - Bi and pg(s, J)y=0s - DI, for every (s, iy=5x1;
d) there exists the element 0, =1, so thel If()r =0 ind DU‘, =()U When | T =1, the

G.L.AL is called antonomous.
1.2, If I, S, O are linear spaces and
the linear automata (2], p. 26).

1.3, The muppings f and g can be extended to &%
f(sr p'r)=f(f(‘5' Phox)
g(S, ]’J')Tg(f(s’ P)- x),

A, 8, €, I} are linear mappings, we obtain

I' by taking

white =8, v=1 and p= I,
We get by induction the formulac :
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Ar T Bi (the general next state equation),
1

ne=|
y=Con s T Cqm 11 B Pil (the general output cequation),

Jeml]

gls, 1 i

where ¢, @ f for j=1, 2 ,..., n and ¥ is referring to the operation
1.4, Since the mappings A, I}, C and I} determine the next state
we shall also denote a G. 1. A, by ao (I, 5, 0 4, B C, D).
1.5. Definition. Let a({, &, O; l B,C, D and &' = (1, &, O .17, B, (7,
(LA, epimorphism s a triple h=(x, 3, v) of surjections »: I—=1I', 3. .S—»-b v Q0=

BlAs S Biy="Bls) = ("Bs) =

If o, B and v are bijections, then h will be called G, 1., N, isomorphism,
2, A connection between states which give the samie answer when the same sequenees
Is introduced in the sutomston is given by :

and output. functions,

Iy, a
su thiy

Ba(i), (Cs 3% Di) Dali), W, )=8- 1
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2.1, Definition, Lot {f. .‘!' L l.‘ 13 J”) with j o200 b fen Glba Ao The st
les s = 8 amd 5,08, we uerI f'r,mmmfr'ut |mm’ denoted s ~8,) if

4, P dis, py o for every o ope I

Tiwo GeliNos o el i, are cqueivalend Bf for cvery state s oof o Hiere caists ol least ane
stede s, of a, such Hm.f. 8= Saand fur coery stude 5 af a0 Here evists ol feast one state x; of

a su that s, -51

2,2, Theovem. Given the G\ 0
careition that 5~ with s, §,=N, Is:

(1.8 600 LB OO o wveessary and suffivient

Cotn sty =t 8, Jor evevy ne= N

The proof is trivial by using Lob and 200,
2.3, Fhe properly 2.2 is generally undecidable for Gl s o dor e spesinl ease of linear
automuata this beeomes o dectdable one {2), p. 3.
In the sequel we shall study a class of GoLoAus Tor which the property 2.2 is decidable
2.4, Definition. .1 G.L.A. ac (1,05, 05 A, B8, €, D} has the power 1, if 1 is the smallest
wafteral wember ke so that for the senvigroup honomorphism A we heve
Ad = oa b a, A2 AR U g =00 0,

Jor every k=N (if such & erid),
The sel

t 2 4 3 !
{rgle e ay At E= 0, T D1

can be organized as a semigroup wilh unil clement by means of 1he operation of S, {aking
(A"l Yg= A8 - s,
Iere Q.1 - O (Lhe null mapings on S) and 1.0 L
. Theorem. ffa Gl.Aw (1,8, Gy A, B.C, D} has the finite pascer 8, then o necessary
and wffu'unt condition thal s ~s, is CAR 1s ={ A Ls, for every ht, where, ¥, 8,9 5.
2.6, The following example shows lh(lt. lh(-rt‘ ('\nts (e LA whieh ]|--u ||0t, a finite
power, Leta-<(1, &, ¢ .1, B, C, Dywith 1T =N, S=(N", ) O (N, 1) ol 85=8 by ods=
, Ot N=0) l)y Cs—x, and 2 and D the nuli mappings, This G las nnL w finite power
hecause VAN, 24 cun not be expressed as s s of 27, 2,92 @b 1

2.7. The notion from 2.5 can be mllodmul analogoishy for Jincar antomata by ;
A E[l s Ay A2 0 i el VRSN, 1 Delongs Lo the bnenar space generated by 1_13 |

Az Al 1})
According to Caley-ILanmilton’s theorem  the power  defined  above cannot  exceed
the dimension of the spaee 5.

(1, & lu)
dthen if s & N we have 8~ s ) tnd

2.8, Theoren. Let I he a G\ eplmorphism ka0, given ly &

with a ={d, .5'] R f] s &) and 0y, o (F, 08, ”z'fz’ g&)
a, are equivalent.

a,oa,
. dn what foltows we shall stady a elass of G.L.As Tor whiel The states giving the
same answers, iU any joput sequenc @ s introduced, are cgual,

3.1, BDefinition, . GoLLAL ds called mininead if s o p)=glsys p) for every p s 1Y fmplies

3.2, Theorem, .8 G iy minimel i and only if the relation inlvintuerd in 2.1 (which
iwhen a, a, i an eqpivalence o the sel S S, s et relation (i e everiy cluss containg
only nwue element).

. . Theovem. (:’tm‘nl the (.‘.l_,..\..\- =|. (I,. 8,00, £, 8y and a (Il,".S'l, ”1‘f1’ a0 if a is
miinad and b a—a s o Gulo o ephmorphisim given by & (1', By ]u) then leis o Gl fsonors

plism and a iy also minimal,
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4. Theorem. If a and a, are equivalent and minimal G s, then they are fsomorphic.
Prouf. We deline 5 S, b f-i(.\'l)—‘.s",_ where s, is one ol the states of a, for which

3 L
1"-2

By using the minimality of a4 and a, one can prove that this mapping is well defined,
Bjective, and finatly, & is indeed o GULAC Bomorphism {one ases also 3.2).

d, We intend Lo attach to every GuLoAL another GUI0AL, with Lhe same external be-
havionr™, (i. e, which gives the same answer when the same input sequence is introduced)
and, in addition, simpler™ than the first one.

4.1 Definition. d minimeal GAoA o, equivadent to @ GaA w, ds called o minimal form

4.2, Iheorvm For every G a=(I, &, 0 1, B, C, D} there erists e minimad G
W=, 8,0 A B0y and B epimorphiism horasq" given by =(1, 350 ]0), such

thet B =8 Is « monoid epimarphism,
Proof. We shall consider the quotient set &)~ wherc
reeh w210 e G o' = (8 S~ O A7 1, G, D), whe

N by A([s])=[. A5},
B io8~ by R{{y=(hi),
1 8 ~—10) by CH{[sP=0C5s,
1 ) by DVi= i

~" s the equivalenee conside-

T

=
-

will be the minimal automaton.

. By using 2.2 it follows that the operafors 7 I, OO 1 are well delined. Then, we
shall organize S~ as a monoud using e operalion 1.\'|]~}:-].\-2] s, 7(—.9‘!]:zuld one can prove
that . f and ¢ are homomorphisms, The condition d) frone 11 is Tulfiled for a® as a consequ-
ence of the corresponding property of o, Therefore 2’ is o G LA Taking into aceount that
(S~ )~ S~ and the result 3.2, i foilows that @' is mimmal, The epimorplisme & will
be constructed by means of the nupping %@ S—=5]~ given by B(s) - [5] which also is a inonoid
cpimorphisni.

4.3, Theorem. Fovery Gl adwdts o wminimal form.

The prool is Dmmedinte, by using -L2 il 2.8,

heb We note that £2 poinls Lhe exstence of minimal GoLaAs and Trome £.3 0t {ollows
the existence of o minimal form for every (LA

4.5, Theorem. | winimal form of o Gl is wnigue up lo a GLAL isomorphism. The

sels of stales of the mianinal forms aree iswmorphic as semigroups.

Proof. 1L a” and a” are two minimal forms for the (LL.ACaand A ca—a” amd f,ca—
—a’ are tl t'pinmrp]:isms‘ from 1.2, given by By, ;.l, 1,0 respectively "’z“(ll’ 32, ok
then Jeza'—a™ with b o (1, 8, 1) where 308787 s given by 3§ B, is the required iso-

morpliism.
3. The simudation lechnigques in computers use numerical pscudorandom sequences.
Sucli a sequence is givenr by the linear congruential method :

I (mvd mYy with a, b, Fyy M fromn N and > <im.

& = ay i
] [

"4l
For h=0 we obtain the multiplving linear congruential method.
3.0 Next owe shall construet a GullAL which produces the same numerical psendo-
runfom sequences as lincar congruential method determined by the numbers o, b, rp and
Denote by “othe opereation o _{- b= a b (med ) which determines on 0 aoino
noidd strgeture and h,l, he o (1, 85,05 4, H, O, DYy where I=5N", S=(M, | m)’ (M,
LA {9 IO

+ )

A 5=8 by dds=das=s- ms_i'm
0 for i=0

Ao -|—ms

B:I-5 by Bi = Ib for an eclement x

|anyhow for the reinainder,
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(= 1” and £} the zero mapping. ‘

One can easily sce that this is 4 G.L.A We shall impose the supplementary condition
thal the initial state of automaton, i c. the state in which it starls to work, to he Ty

3.2, The automaton works in the following way : by introducing at the input wire the
symbol. ro the automaton being in the state z , gives at the output wire the symbol ('r, ¢

o D, henee r,. and turns into the state Az, v B, hence L b.
! 5.3, H we wish to obtain o multiplving linear econgruential method dct(’rmined-b

Lo et anud mi, we shall yse the same construetion as in 5.1, by taking as B the zero mapping
I Ak One can see that the GULeAL construeted in 5.1 §s manimal. Conecrning the (i.L..-\
from 5.3 one ean prove, by usings 2.8 and 3.4, that given the muitiplving linear congruential
method, the autonomons GuLLA (B and D being zero mappings) which one can attach to
i by 5.3 is unique up to an isomorphism,

T o5 Taking into acconnt the results of the theory of lincar congruential sequences,
one can construet G.L.As which supply numerical pscudo-random sequences of maximum
period,
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AUTOMATE LINIARE GENERALIZATE
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