b F. LOONSTRA 8

W N, m#EO, then amy — .. 'il B Suppese e M. then at least one of the components, ez,

xists an clement 7= ReO7 FH such that 0?‘-‘7‘.11)41:",;5.”" Thet

iy & M. Then  there ¢
oy *--‘-7-1"';,~) satisfics
1,(/1;,) .5;;(71;‘;-)'
or _
:r.l{m;) 3‘-2(-’-1 my) e 2,y m, ).
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hence
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Continuing  this  process  we obtain, after a finite nuniber of steps, an clement wm €M,
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dy g Mg = M
That proves, that
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N My M (g 3 )

ix an injeetive essential extension of M, therefore N is an injeetive hull of M. )
Theorem 5.6, If M is an indecomposanle injective R-module, then any r(-pre.w’utan_uu u'f _.lI

as @ subdirect product of the finitely many R-modildes M ..., .\!", MM e ~.‘lln,.m trivied.
Proof. Suppose there existed @ non-trivial representation M ‘”131_..‘“,::,‘“:1 of M, then

M contained a sct of non-zero submodules N, NV with 1 N = 0. We may suppose that

i
the system [N} s irredundant (no N, contains the interscetion ol the remadning .\]). De-

o i - ¥ I o'
noting by \; NN, we have N #0, _\'i:;hl) and N, NN 0. Phen M = M|N; < M\
i

=1l i . o .
My My, and the kernels N, N) ure non-zero. Using the result of tho. 5.1, we find W=

13
=VnME .\I/FT\.\I'I® K, contradicting the hypothesis that M is indecomposable, There-
M as u subdireet product of finitely many modules

fore a mnon-iriviat representation  of

annot exist. ) .
Remark., 1 M is indecomposable uand injective there iy be a representation of M

as @ non-trivial subdireet product, but not with a finite number of components, 'l'-:xke L 8
the injective Z-anodule & and define for the prime number p: QP Lmpt [m, nEZ }, then
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NOTE DESPRE PRODUSE SURBDIRECTE DY MODULX
Rezumat

n luerare sutorul stabileste unele proprictiti ale R-modulelor subdireet ire-ductjlulo
i di 0 reprezentare iredundanti a uoui mothul M ca produs subdlr_c(-tl de _m‘odulc hubd:re("l
ireductibile, daci M este noetherian. In § 3 s di o conditic neecsard yi suficientd pentru i..l
un produs subdirect si fie un produs subitirect special. Puragraful & este consacrat \Ill‘('lt a.pll-
catii a produselor subdircete speciade jur paragralul 5 studinbui relatiei dintre produsut sub-
direct 5i injectivitate,
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REMARKS ON WO GEREOMETRIC CONIRCTURES OF L. PEIES T
BY
1. L SCHOENBERE.

Reeently Professor Lo Fejes Tath discussed in a Seminar on Intuitive Geome-
Ley at the University of Wisconsin-3dison the following lwo conjectures, [ quote in full
his note [1]:

LStarting wilh an arbitrary convex polygon p, we steeessively construct the polygons
By Py 50 that the verlices of poare the sidemidpoints of p \gain, starting with an
arbilrary convex polygon l'o. we steeessively construcel the polyrons PPy o e such @ way
that i’” arises by drawing a line through cacly vertex of £ parallel to the line joining the
two adjacent vertices of Pu - Some years age I made two conjectures [2] which may he
considered as dunl counterparts of each olher.

Conjecture 1. There wre affine images of B Dy e which converge 1o a regadar polygon.

Conjecture 2. There are affine images of I, P, ... which converge o a regular polygon.

In my paper|2f 1 proved the correctness of Conjeelure 1 lor pentagons and hexagons.
This paper slarted some further papers {see [1] for nine forther references} giving, among
others, varions eomplete prools for the correelness of Conjecture 1, On the other land, Ui
question whether Conjeeture 2 s ecorreel or not Js not solved as yvet™.

The main results of the present note are as follows.

1. Twenty four years ago the author showed in [3] how the finite Fourier Series can
solve o number of (mostly extremum) problems of elementary geometry, in particular that
the polygons p ., ol Conjeeture 1, shirink to n point, In seetion 1t is shown how this ap-
proach yields in o few hnes the results of B Reichardt and G0 L k& {(see |1 lor
referenees) conecerning Conjeeture 1.

2. It is shown in seetion 2 by a counter-example that Conjeeture 2 is false for he-
xngons, The counter-exanmple generalizes to polygons of an ezen number & ol vertices (third
puragraph ol scetion #). Towever, the question whether Cowjecture 2 is correct or ot rendis
wndecided if the wenber K of vertices is odd (5, 7, 9.} Computations done by iy ¢oleat-
gue . de Boor {(n=1,2,..,20) show bevond a shadow of a doubt that Conjecture
2 is correct for pentagons having an axis ol symmelry

3, Starting {rot a convex pobvgon I‘o Ay we abtain a new convex polygon

3 + . = " P TR, o i — e ki
Jfl by removing from lo all & corner triangles l‘ ]‘l‘.it.____ "'11_"l»\-+1’ .10 ) Merating

Lhis _pecling® process we oblain the polygons 22, P . I conjecture that the inkersection

ne,
S B

reduces to a puint. Compuler cvidenee, again oblained by d ¢ Boor, strongly supports
this conjeclure tur pentarons having an axis of synunetry, L am mueh indebled to G de
Boaor for his help,

1. On Conjecture 1. 'I'he sequence of polygons (pu) of Conjecture b owas the subjeet
of Problem No. 3347, Ameriean Mathematieal Monthty, Vol 30 (1932), p. 239, proposced
by Martin Roscnman, The objeetive was 1o show that the polygon p shrinks to
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the eontroid of the vertiees of pyas n==4. Wor a diseussion of Uis problem, and athers, by
menns of the finite Fourier Series (L F.8.) sce [3).

The main tool used in [B] is the lemma stated Belosw Let po 5, 5 ez, ) e
tlie verliees of the polygon pin the comples pline, Writing e vap g2efu/ky, we expend the
sequence (2} in its LF.5.

n 2=, -5, o, SRS R el (v=0 o k),

the f ¥, coeflicients (L) being given by the inverse translormation

1 " ——1 . .
(2) L .’.‘ (2,1 % 00, | 205 | b2 0y b (v Oy 1)
Lemma 1, If we subject the sequenee (:v);fu the eyclic transformation
Sy R ol s A ey By
z z e fr =
o= ]..0+rrnz‘ F-o, p
¢4
¥ . ~ )
Sp—y T Fy T A R e
and torite
- | - =l
-+ £z O RS . =

then the f. K. cocfficients (Lf;)\ of the transformed seqpeence (:;}, are given by

'
y r r [ v .
(3) L, .,vj'l_nv). (v=t .., k1)
The derivation of the vertices of Lhe polygoen p. from those ol p. is seen to be ex

pressed by o evelie transformation ¢3) such that (4} takes on lhe simple form fiz)—={1 F2)/2
Lierating # limes we find the L1 8.0 of the vertices of p ('-:_(,"’.---. £l ) be wiven by

. h
. Ny \11 ¥ (l mm ¢ x
(") "y o eyl Vg
xe=0 o2

We alsa assume that T =L ! Ye=0, henee Ll Lhe centroid of the vertiees ol p. andd there-

fore also of P, is at the origin 0. Observe, furthermore Lk

14 73 faml o 14+, 14 T . .
(T} —— " = cos ('xp( ], ens - = - m| e b = ees—,  (z=2, 3. 2
2 k ; 7 T - S 3

Using (6} and L =0 we casily obiain thal

| =4 ) N . I ek N
@) 2 (“‘ ] &kl ::[ it J L -G, .)sm[ , A‘J O (g
where

< p, < l).

T ared B

) Py = S Tl vos 1
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Writing
(1o fog, mebie M58, b il 5N =al pi

L L W v

wlhere r,...,yf"‘] are reals, we mav rewrite (8) as

J-' AL D no D nw u
o o | mreos (7 4 5 asi 7 B e

i k I 3
() wf =" 2mv Aw B EA ;
iy {.Ho( L_] =¢ oS (—,;—- |- -}:] el .sm( Ir. I.'J O(Pk)'
In terms of the affine transtormation
(1%} Arai=ar-phy, y=er-ldy,

Al the regular polygon I|"=(<.-.v). we may restate (11 as
Theorem 1. 1. The Conjecture 1 is triee without the assumption that pg is conver.
2, s n—+c0 e fave
UEH |

(1) [coc-.i) p,=-1e _l'-[lo) 1 0(p}),

where A is defined by (12), (10), and p, by (9.

The retation (13) shows that the left side of (13) has 2k distinct limit positions, one
for each residue class of #, mod. 2k. For the polvgon p as a whole there are only two limit
positions : A(LE) and AgeTHE ).

2. On Conjecture 2. My reaction on hearing of Conjecture 2 was to try to establish

it by the . F. 8 which was so cffective for Conjecture 1. My attempt failed, naturally,
hecause now  the construetion of P from P, can not be expressed by a evelie transfor-

mation of the form (3). For if it could, then the assumption ol convexity of l’“ would clearty
Le unnecessary, while we know that P, need not exist if Py fails to he strictly convex.
A bit vaguely we may say that the construction of P is evelie” but not linear {in the Al-
gchra ol €). See [3. Pheorem 3 on p, 298] for the conditions on (3) to lead, on iteration,
Lo a polygon p having an affinity for affine images of regular polygons as #—co.

Phis remark made me doubt the correctness of Conjecture 2. The following is a

Counter-example. Iigure | shows five expanding convex hexagons. Just now we are only
concerncd with the three outer hexagons.

Let 1’0- {v) (here and below v runs from 1 to 6) be a convex hexagon (Figure 1) which
is n modification of a regular hexagon : The two triangles T1=(" 3, 5) and T,= 2, -4, 6) are
still concentric regular triangles with sides parallel, the only difference being that the triangle
T, is smaller than the triangle 7.

We now derive romn Po Ly the preseribed construetion the hexagon P (v'). Nutice
the lollowing

Property of . The siz chords joining two nearly adjacent vertices of Py (like 627),
are parallel o the sides of I’D:=(v) (like 12).

This follows from the fact that our figure is invariant with respeet to all rigid motions.
including rellexions, that leave invariant the trinngle 7 (1, 3. §). In particular this im-
plies that the verlices ol P are the midpoints of the sides of £, and this implies the above
property of I,

It lollows that J*, =(v"} is alitained hy drawing through the vertices of P parallel Lo
Lhe sides of Po' Thus 1727 is paraliel to 12, ete. However, the invarianee mentioned ahoye
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implies tin LA T i avi . i

. mli l(qﬂlil;‘l.l, 1.2. i5 i hexagon having the same structure as £ The triangles (", 3%, 5"
and (2 Lo, 6 are coneenbewe cquilaberal trinngles  having parallel sides, However, the
parallelism of the sides of £, nod Pyonow implies that - )

» gr ¥ P H
{14) IO el P, are Iomethetic with respect to their common center 0.

We conelide that i we conti ini
H 0 & e r ]

P X ntinne t,.hc process obtaining £, 0. P, ..., then the hexagons

e e P l:m yeee itre aldl homothetic Lo l’u. Likewise l’l. PP v v all homos
thetie to £ However ither P + - ine i p e
o t ,l y neither Poonor Pooare affine images of a regidar hevagon. Indeed,

s not, because o sile sides are aralle . ;

\? N s : ; pposite sides are not parallel even though Lthey are cqual in lengths,
Also is not, beeause o sile sides are L of coe
Al ‘ s v opposile sides are nob of cqual length even thinugh they are parallel.
I'his disproves Conjecture 2 for hexagons,

Figure |

3. A modification of Cenjecture 2 : The pecling provess. Let " (F;) (v 1, Kibea
- wees K
convex polygon., 1o ' Wy rive > CONVEX r i
polyy il In 20 derive the convex polvgon P {v'} whose sides are Torimed
by the f'h(n‘(ls e 13,0,k 11 of I’U. Clearly P[ iv oblained from £ by | pecling of(* its
Hhark formied by the wnion of triangles ! .

L PO I S AT 38 o DY o 7 B T Y

We ierate the construction » tines oblaining Uie convex polygon P .
N e

fQuestion : Pocs an appropri ine i +
] ) ppropriate affine inage of 1 , ronverge, as w~scn. fo a regilar po-
1 gon

Phe answer is again negative, For a counter-example we refer again lo Figure 1, where
- , o . - =
P, I_u (v) (v=T..,6) is our old hexagon. Figure 1| shows the pecled polvgons 2 {v')
and P (v7). I

Lemma 2. The hevagon I, (" Yis shmitar ta Py=(v).

2 = The r i v real H - .
Proof « The new figere preserves its old invarianee property, 1t sulfiees Uherefore Lo
show that

—————C e

i

e e T

IS le[-:\l\lzl\:s ON TWO GEOMETEIC CHNFECTURES OF 1L Fddks Toll H
{15) 67217 s equal Lo =2 510,
Fovidenlly z="%6"271" TR T | Lo U6, Flowever, tiis last angle s cqual o % s we

~r

immediately sec i we olserve that the four points 1. 3, 37 G are on g cirele, while {3
== 37146,
A prool that e alfine e of £ can possibly converge Lo a regular hesagon is now
completed as the ease of Conjecture 2, )
.. Concluding remarks. The above rerarks raise some guestions and o few will now

Iy stated.
1. At the endd of seelion T we found for p | as wesoo, a single limit shape in fice distinel

posikions, [n Figure 1 we [ound for l’" feo distinet shapes, henee adso limil shapes. We found

the same situation for P.,‘

The construetion of Fioure 1| generalizes readily o polygons Ppowith an even number
oo 2we of vertiees. We starl fron a vegular 2iv-gon Pu (1. 2, 3 ..) when T (1. 3, 5 ,..)
aml T, =12, - 6 ,..) are regular m-gons. We now shrink 7, shghtly making it smaller, but
Still concentriec and parallel o the original T, Again we
for ‘Pu‘ I’: venre the other Tor I’_, 1’3..... il -n(ltiw,r of these are alfine regular.

Problem 1. Does the appearance of just o lmit shapes in afl these cases have qny desnes
reld significance ? cdre there conver polypons I’". with b 2m verliees, such that there are three,

find only fwen. distinel shapes, one

or meore, Nl shapes for ‘“,.,..' or fur Pu'! (h none al all?
The remark in the paragraph betore Ui kst disproves Conjeeture 2 fur all even values

ol k.
Problem 2. Dees Conjeclire 2 hold for odd koo do pentagons
Concerning the Lpecled® polygon PP L owisly {o state
Conjeeture 3. The sct

[146) I, lim £ = M} P,

H =L 1

reduces to o point.

I 2 is a pentagon obtained from a briangle by culting off Two of its vertices by
two small Lriangles, then graphie experimentation seciss to indicate thal the limit set (16}
might be a segment, Again Carl de Boor kindly performed the eonstonebions™ on the
compater obtaining P2 for n—1. 2 ,.., 15, and these show beyond a shadow ol a doubt Lhat

P, reduees Lo o poinl in the ense of pentazons having an axis o symmetry.
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