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Si (M, NG, alors N= a:(.H"), elestaamdive Jaxw L:Ii[.”') telle que oz, J)o N el
par (.21}, comple tenu de la propricte profiltrate de r;l(.”'), il résulte .\"Ccrj(.”') on (M,

Nje 6; Done Gi_ G, viel . .
On peat démontrer aiscnient que dans T fumidle des relations dapproximation en-
sendrant par (L8) ~ (L1H une slructure svnlopogene & =i X L stracture tl_:‘ conslnnle

par (3.21) est b moins hine,
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STRUCTURI DE ATRONXIMARLE, OPERATORL DI INCITEDERE GENERALIZATI ST
STRUCTURLD SINTOPOGEENE

Rezumat

In aceastd Notd se introduce nofiunea de structuri de aproximare pe o multime X,
im raport cu dirijanta o1, ca o submultime a produsului cartezian X K(.1, X}, m care
(.1, X) este multimes tuturor xc . f < X.

in primu! paragral sint studinte structurile initiale $i limitele proiective de spatii e
structuria de aproximare.

in al doilea paragraf se stabileste, prin propozitia 2.3, legatura dintre structurile de
aproximare unipunctual dirijate $i operatorii de inchidere gencralizati.

Se stabilese, de asemenea, in ultimul paragraf, legaturile intre strueturile de aproximare
si ecle sintopogenc.
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OPERAVTORS AND FUNCTIONALS ON BANACTL SPACES TTIAT AREK
TOPOLOGICALLY INVARIANT UNDER THE ACTION O A 5-COMPACT
UNDMODULAR A ENABLE
aRrove

BY
JEAN-PAUTL PLHER

i 1. Topologically invarviant operators. Lot YV he o loeally compact space endoweld

wilh @ bounded positive measure & and et E(N) be o vomplex Banach subspace either of

the space @(.X) of bounded complex continnons funetions defined on X or of LX) LP(X )
1< p<oo. Suppose further that, i€ fo f(X), then fe BIX) and | f| = LX) By K(E(X), XN
1 be denoted the conves set of all positive linear {continuous) operators on F{X) sueh
1,3 henee

wil
hat (|1 T, Tn ease f(X) contains the constant functions, assame that T(1 .}

TI 1. In the same manner, KB will be the convex set of all positive linear (con-
tinaons) funetionals £oon E{X) such that | 1] Lo =1, Inense (X} conlains the constant. fune-
Lions, asstne again dhat Lo normualized ;. henee K{E(XT) will then be the sel of all the
means on B

Definition 1.1..1 fopological group €& is said o act on N owith respect b F(X) if there
cristy @ measuriahle mapping (v, 2)==a2 from €2 X 0 N suel that. i (R = JUE) for fe=E(X)
ruli, B X, then

(i) fur every w6, fo 1, f belangs to K(F(X), +(X)).

(i) for every fI(X) ol all v, el e L fy=cleg, S

(iii} 7 is inoueriant by the action of G 1 e, for every fe E(X}y and overy v a6 oA fy=2(f).

In the sequel. & will always be o focally compact drowp with Ihar measure depoted by

or de; LAGH-le=LNG)Y: o=0, ) gl =11

The following lemmas ecan he readily proved:

Lemma 1.2, Lel ¢ aet on X weith vespeet to K(X). If [ = F(X), 3¢ LNGY, then | () f(eE)
de eeists for ahwostall ZEX. Putge f(2) 0], ofd) f(a%) de for almost all T=X. I felriX)as
<p oo oon, one has e fELAX]) and | oe fliv, = lplen [ F vy

Lemma 1.3, If, for some feLp(X), 1=p=x, one has
also v f=f. for cvery @ = L),

Definition L4, E(X) s swid to be lopologicelly invariant {for the uction of G) if, for
every fER(XY} amd every 9 <=L (G), o« o E(X). e then say that an opevator T K(E(XDb
BLXY) is lopotogicaity invariant (for the action of €Y if. for every [ LX) and cvery e L),
Tips fy="Tif; a functional L= KUY s setid o be topolugically ivvavianl  for  the  uetion
af ) if, for every f=R(X) and cvery oF L) Ll ) LAf)

By KolB(X) B will be denoted the set ol all topologically invariant. operators
in A(EX) KA s Ke t2(X) will be the sct of all Ltopologically invariant funetionals in
K{#(X)).

1. f= [ for every 2 ©G, then
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In § 2,
the action of o g-ecompact amenable  unimodular group. I § 30 we meelion an application.

First we state some more immedinte lemmas for the ease where 6 acts with respeet
o a subspuee of L2(X): 1gp<oo.

Lemma L3, If o= lMG), feLo(X), Vgsp=o, and «=( one hos

Adp e )=, 49) s fooe Iof.
(Here wp(y) =gpley) for a funclion o defined on € ane . ye(i).
Lemma 1.6, If 7, ¢S LYG) and feLP(X), L <p<co, one hos

R ) CR TR

being the convolution preduct for G,

. Lemma L7, I € acts on X wwtih respeel to (X)), then every = K (F(X), kX)) s
invariant. for the aetion of G i, ¢, for cvery fERX) and  every  as(, TEAGSY - 1Y) The
andlogous resull holds  for cvery element of K (FE(X)).

§ 2. Examples. Reeall that il @ is o g-eompact amenable group, thore exists SE4IENEe

:H”} of meusurable subsets in 6 such that 0< (M Y=< o and lim pledd Al Wl£E Y 0, uni-

L n i m n arll ] '
formly for cvery we6; il morcover & is unimodidar, Lhen also Loy (8 o AH Y } -0
“—iw. " 72 4 I

-

uniformly for cvery w<sG (| +]). et (J“ l_',i(Hn) l”n ; RENT

Lemma 2.1, If € is a s-compact amenalde gronp, then lim | — o T =0, wnifermiy
H—rn " L ’
for. every p = L(G) ; if moreover (i wnimodidar, ther lim |0u - ﬂ" oy uniforndy for every
3 LUG), Ry o8
Proof. Given g0, let nai X be suel that, for cvery o =6, pledd A YT Y<e il
“ - a ' ' . U :
in ease € iy unimodular, also Ir:.(l[yw-_\llﬂ)'u.(”‘)c'_ €. !
> E!

O Nl = g FOulyr — mow Ou(yh ) iy s Oy o) die—

{ te 47

Then, (0, =«

Sfp(.a') By} ff.l.'id_ff = SS FOu(yy — O 1p) | sladed oy =

1) o6

L(f, A-T’].f”)
S w(H,) olw)de= g S o) ey« 3

o fr
n ease & is unimaodalar,
|00 — By s D1, Buly) 0 = wly) | dy S Su., () tor) dle — Srr,, (10 ) e} e dly =
It 0o [
Wy A, )

wlth) o) dr<Cg Sr;(.r) dymm g,

"

< SS [ Dt} —Ouigr 1) | le) dre dy < S
o« «

i«

Greendical ({6])) Corollary 3.1) proved the followings

Proposition 2.2. Let the c-compuct amenable group @ act an X wwith respeel io LEX)
Jor V<<p<tcoor for p - Uin case Gis compael. Then to every f< LX) one ity associale f",_. LrX)
such that

(t) for every ao@, .-I,,?—.f,

ity Hm [ 0g e ff|p=0,
]

we eonsider some particalar examples ol Lopologiealts invartant operators for

e h i,

UPFIHATOIE ANE FUNCTIONS ON BANAOH SPACES o

Next we consider agencral version of a definition stated by Chatard ({1} in ease
p=1 and @ is g-compuct abelian.

Definition 2.3. Let & be u locully compact group acting on X with respect tu LrPiX),
1<p<oo. Then a function f= LX) s said to be L7 almost periodic if the orbit o (f)=1.f:
s} of fis reladively compact in LX)

We will denote by PPLX) the set of all f& LP(YX) that are Lp . almost periodie. 1t
fe Pr(X), then f=1'P(X} aml | f1= Pr(X): the latter result is o consequenee of the inequality

Y= Py = L fG- S 1,

for fePP(X)and %, neX. Obviously, Pr{X)is u vector space. One ean easily prove that

Pr(X) is closed in LP(X), 1<p<oo. Hence, PP(X) is a Banach suebspace of LP(X).
Proposition 2.4, PP(X) is fopologically invarianl in LP(X); l=p<oo, .
Proof. Notice that, for every g>0, every fEPA(X)and every o€ LHG), there exist

Hy goeny € (¢ such that to each wed there corresponds k=1 ..., m for which [ f '“L'fl ﬂ<

It. then follows from 1.3 and 1.2 that

los (A, F '-'ﬂl.f)':,.. £ | hid, f-- J

<cfliol.
Afoe =, @ N,

Henee, if fEPPX), o+ fo PPX). I

In proposition 2.5., Chatard’s proof is carricd over.

Proposition 2.5. Lel the a-compacl amenable unimodualar group G act on X with respect
to PYX), 1<p<oo. Then lo rvery [= PP(X) ane meay associate an element fE PPX) such thal

(i) for every a=(, luf .f:‘

i) hm [0 e f—JT =0

w nrn O b k

Proaf. As for every f& PP(X), the operator T :9—=T (p)=¢= [ from LY@y into
LY(X) is compact, there is o subsequenee {!)r__ L of {ﬂ"} suel that f E]" . « f1 converges in the

LPporm to an clement f of L"(X).
By 1.5 and 5.1 (i), for every a<G,

i“‘ffjl-_“ﬂ i * Inf Ip = l“ln}' ln(”n;- .f) .uT I 'Ia(f : 0111:- 'f)"p@ Hf _"ju,- ol l?':
hence

(1) lim || Aﬂ}— 0":_ L |

b=

T =0,

at P

By 1.5 and 1.2,

S 10, (A f=D = 0, =0, )1,
I_A(rrH,lkAHn 1.-)

= lim | ety - by
ny

Fepn @

18, = IS, = tim

- o

Thus, becanse (7 is g-compact amenable,

{2) ,..E,'.I.', 19, * (4, f=)l, =0
From (1} and (2} one deduces that lm .laf-'— [}" o =0, i c. Aﬂj'- f-' Henee

- L !
feP?(X) and, by 13, for every o= LNG), o * [ f.
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It f- o, f O and (i) is trivially satislicd, Suppose en that S A0,
Given 20, there exists i."E,\'* such that "]’J o f F < I, By 2t there exists

i

", N sueh that, for n = "

I ”n ”u ’ Uﬂ,_ f:< S

< Thens Tor wza o by 1.2 anl L,
“u *f_nrr *f"ps
0 ‘f (t]u : ”"j:-,.) ‘f » ! “Un N (Ilﬂr "”_”fr ’f h"<"

= £ )
1 ‘)Hl'n 'f_f”:_,'f: 27 !

€0 —0 s 0. (| |f] -0

H Il W, n n

om
«n

Theorem 2.6, Let € be w a-compact amenable animodulur group acting on X with
respeet fo I,"'{.\'), bps oo (mnrase po V0 X s supposed to be compaet) [respe with cespeet to
PUXY; Yepsool Then there evists TEK (LX), LX) |resp. TeR, (PIX), PTX))
sueh that, for every fe= L"(.\') |resp. fe= PP,

(i) for every a=G T = T(f).

(i) lim Uu « f—T(f) |t

H—r o

Proof. Diefine T f= Ty T accordine to 2.2 and 2.5, 11 suffices to establish (he Lo-
pological invariance ol .

L.et f‘-I.‘"(.\') {resp, f = (X)) and == LYG), 13 2.2 |resp. 2500 LG 1.2, 21, one
obluins

T (o <) T, =~ 1Tl = [~

fim (0 (e f—f) 7 i (0 eqlt o f LS

H— 1 > ¥

i

= lim |0, + g1 Sl,=0
H—>z 2

Remark 2.7, fnocase po 1V oand 3 is o probability meeaswre, o K ARNL E(X)) # 0  then
tlso K (H(X)) =

It sulfiees 1o associate M f=3 (T to Te R (EX), EX).

§ 3. Application. ‘he following theoreny is modelled after Converse-Namioka -
Plielps ([3] Theorem 2.1).

Theorem 8.1, Let X be a locally compeact space endoreed with o measure 7oand Tet B(X)

heo for the ordinary operations of functions on X, u Banach subalgebra elther of @(X)or of

LN 7). Suppose that B(X) contains the eonstand Junetions and that, if JEE(X), then 1 f =
CEX) and fER(XL Lol 0 be 1 oa - compact  animodular amenable group acting on X with

respect doe (XY, Suppose thal K(X) is topologically invariant  and  thal [\'(_(l‘.'(.\'))#'\ o Then,
Jor every - MEKo(F(XO)) the folloeing assertions arve equivelent :
() M s an cxlreme point in I\'(_(l'.‘(_\')).
(i) Jor every fEEX) and every g=liX),
lim '”(Un » fuy=D2{f) My,

H=—¥ &

3 OPERVIOES AND FURCTIONS ON AN ML sBACES 29

Dt fur everp fo BUX ) there erists a seqrence | '_:;u L in LA00) suek e, for every oo B(X )

i af‘JM sy = M Mgl
H— 8 N

Proef. || .| will denole the norm of The Banaclh spaee BV

(i) — (ii).

10 [ g [ =0 the resolt s trivial. Suppose then that |j g |

I " . v " — P
Lot £ (fy — [ WD« fay - M) M) for fE LX) n= N
n ™ el »

Fuar every =N Uy s o linear fupetionad on KX ) :

Suppose for o moment that gz 0. Then. for every fEEN), f=00 wnd every e N,
v has

1

Mg .
(M| U= [l-- = ] — Nl fe) 20
! K] Hell

aeed

1 o
M=l — M) M) M0 f ] =
(U, = M) Mt (f X M"]

1
o e () M) -0, <) PRUURICELE
| g o

henee, 16 g=0, (M Uu}(‘[)_;: 0 Tor every 2200 Morcover, for overy e N (ML U.,”]_\'} 1=
Tlas, for every w=E N5, (W I'“)El\'(l:'(.\')).
We will show that the sequence {UH(J')] is convergent in €, for f= f(X).
It fo0, the sequence converges trivially to U(f)=0. )
Consider f€ E(X). || f 120, Asc for every ne N [ U ()1 <2{f]. there exists a sulpse-
quence § L'nr_(_f)} converging o a coniplex number U(f). Given 230, there exists k= Nt
suel that, for any kzk. (O U (f) I<efs. By lemina 2.1, there exists b2k osuch that
—U"||l<5)‘3 (I and [0 «0, -0 < gfs| S

gk
for any wzn, and any  m € N0 +D w

LN
Henee, Tor nzn

m
ke

| U= U, IS1UO=U, IHU, =L)<

&

g 1 € ;
e A TR Ny «fy] < -+ —0 | =
<5 i MW, 0 S 0, =0

fod
o Wi Tl i
< 5, + 0,0, IS, 0,01 1<
o g Z
< = -]-'= .
3 3 i

T, liin l'u(_f) () andd (M U)e KOE(X))

H—y 5.
For every o= LY} and every 1= N*, by L4 and 1.2,

| U (o + f)—U (D) RUCREY RN S I

el

LM, s e—0) < fal < 0, #5000 S

ar
Ii"
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Then, | Ul « f)—U(f)<  lim 16 (5 -f)—U"(f)l = lim ||0” s =00 I f]: from 2.1 one
n—*n

Hoe—p 12
dedaves that U « f)=U(f).
We have shown that in ease g=0, (W4 U)e K (FE(X)). As M s an extremie point
in K (X)), necessarily U=0. Thas, lor every g=EX), [ g[|#0, g20, one las

L3

L MO« fay=(f)y M{g).
o (0, » f=21(f}y M(z)
for cvery feE (X}
For every ge E(X) with real values, there exists o =0 such that g--al p =
to the foregoing resalt, lor every f&= FBE(X), i

then owing

MU M) = M) M(gi-a g) - aM(])

MO, frd )

e i

line AL *Jlg4al = lim

] illl:L) ‘”(('" " J2)

Thus the desired equality holds for every real-vidued g F{X) 1 it is then valid for any
2= B(X). i

(ii)=:(iii}.

Consider in KX} the ideal T={as KUY} M) 0] and the nonadegencrate bilinear
hermitian form (.} defined on I_','(.Y)_-'I by .\l(u;}=(r'r, o), Let £f be the completion of 2{X)/f
ax a Hilbert space. Lel = .H(f)‘l.t., for fe (X)), By hypothesis, given f=1(X), go E(X}and
>0, there exists noE.\" such that

iz @) (0,0 fr @) 1=1 M) 3(g)— MO, « fa) |<c.
Thus, x belongs to the wenk closure of (o« f). 1 2= LHE)) in 15 this set being convex, =
Ielongs to ils strong elosure. ‘Therefore, there exists a sequence fo | in L) such that
]

Mg, » f&) vonverges Lo M{f) M(g) uniformly Tor all g= F(X) suel that | g || = constant e

-

For vvery m = N7, R gl £ by 1.2 Thus, il | g|=e
lim Mg fo, «@)=M() Mg, « g)—dI(f) M(g

o 1.
and
lim Mo «fo = g)=M(f) Mg).
n—rm i " '

) By a diagonalization process, one may determine a sequence in LHE) Tor which the
equality holds for all g= E(X). It suffices to eonsider, for every wme N*, 0 sequence o i
. b . : mge
Eh wer }oin L) such that, for every ge K(X), Il &,

1
| “l(?m,n ifrprn‘“ B g)—:‘”f) ﬂ-f(,{_’) | =< ;T s nEN* Let q)"—_—r;,"‘n for #=N* and consider {¢,'}l

Then, for any g=MLY),
i IHg, -_fz}:n = )=y (g}

= r
(i) = (i).
If M is not an extreme peint in K (f(X)), there exist extreme points MY, M=
=K (FE(X)) and 2=]03[ such that M =gl -+ (1—2)M".
Consider a real-valued f, = /(X) such that ,W(fo)=ll i by hypothesis, given g0, there
exists g = N* sueh that 0 M1 Qb » f, 1Y) <<e. By Schwarz’s incquality,

2 , PR ) N
0 P = 130G, + ) F<IQMUS,  fiF)< — M9, of < &
x [+

=~}
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Thus .H'{fo) | < \/- 4. An o z=is arbitrary, one mayv conchude that, i M{f)=0 for
f= E(X), then also J(fi=0. There must then exist @ constunt A= 0 such that M7= &M,
But & kM1 X') JI'(I‘._] 1. No ance has M= 3",

Reeall that il ¢ is a locally compacl group, for f€L7(G) and QEI,I((:), = » f belongs
1o the space ,%0‘_“,;) of hounded right uniformiy continuous functions on G, s an amenadle
group admils left invarianl means on L), @((:'). rﬂ@,((;:. one deduees from 3.1, the {ollo
wing corollary.

Corollary 3.2, Lef G e« Geeompact  wndimodular  amenable  growp. If M= I\'G(L’-(G)
fresp. M e K (216G, =R ( '2{0..((;})]. the following asserlions are equivalent

(i M s e evtreme paind i J’\'(,(LW(U)} fresp. I\'G{O(U}). I\“(,%@, {6Gh1

iy fer every feE L7 {0 ]n-ap.fEl@((.').f'-—'- HEC ) and every g L7(G) g Q7). g=

[AZNTHYR
i M« fg

) 08

M(f) V{2,

[y for eveey fo Lo iG) [resp. f= Q16), f HE (). there ervists u sequence § W, in l.'((r')
suck il

lim My, o fq o) M) M

=¥ s
Jor every g LG [resp. g= 06, g=7L0 ().

Rewark 3.3 Tt is known that, for i non-compuel g-compact amenable group G eard
l\'f_(l,"‘((-')):'*2'.([‘.’]); henee the scts of lopologieally invariant means considered in 3220 are
non brivial, In order to show the interest of 320 Jet us mentien that a nontrivial
s no paltiplicative left imvarknt mean on the spaee JZE(G) of hounded uniformly condi-
nuons funetions on GUaH and s ne topologieally invariant moeans neither on @(G) no

mrougp

on L7 (). Therefore, the corollary eharaelerizes the topologically invariant means on @(()
or L6} that are approximately multiplieative® ; this claracterization is given in a manner
tiat generalizes the fact that extreme points of the convex set of positive nornalized ope-
ralors on an algebra of funetions are just the multiplicative ones (|7}
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OPLERATORLD ST FUNCPLONALLR IN SPATIL BANACIL TOPOLOGICL INVAREANTI
LA ACTIUNEA UNUL GRUP a-COMPACT, MEDEABIL, UNIMODULOR

Rezumat

Dapit e se definese nutiunile e operator i de functionald pe un spatin Banach £(X)
topologic invariante in raport cu un grap 6 mediabil si g-compaet, se indivi uncele exeniple
remareabile e asentenen ovperatori (ase vedea, spreoexemply, operatorii pe PP(X) (1= p=
= z). spalinl Tunetiflor aproape periodice in sens Chalard).

Prinicipalul rezaltat al lueriirii §F constituie  teorema 3.1, de tip Converse-Namioku-
Phelps, pentra genul de operatori considerad.

Analele stiintifice wle Universitagii | AL 1 Cwea'” alin Last
Tomul XXI1, s. T a, 1875

PSEUDOCONFORMAL MAPPINGS IN SPACKE (1)
BY
GLIOVANNT PORRU ()

t. Introduetion and definitions.  Suppuse that X =X(Z) is a diffcomorphism of o do-
main e B"(n=2) onto a domain I ¢ R". For 2= D let J be the jacobian matrix of X(%),

=

4y o "y o :
(.IM - ) and let 75 = .. = % be the proper values of  J*J. The diffcomorphisia
%

*h

X(%) is {|5] pag. #8) a-quasiconformal, (abbreviated z-¢e), if the doable incqguality :

(Y] Y 4 i
E R (" b)) € 2kl

holds lor every 24
Let roand ¢ be integers, with 1 S rs{v — 1) 2 g n—vr - 1) and bet 221
he @ constant.

Definition 1. . diffeomerphism X(ZY of a donain I is said to be (20 r, q)-pseudocon-
Sormal, (abbreviated (o2 ro q)-pe). if the inequality ©

)
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holds for every 2 0. X(Z) is (r, gh-pe if it is {22 v, y)-pe for some 3 finite, Eguivalently, o
diffeomorphism X(Z) s (v, q)-pe if i iy
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where N » R 1,
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The prool of this statcment is given in Appendix.

We remark that for r=1 we obtain the classes K {2) introduced by G Cimmino
m 2], Obviously, it a diffcomorphism X(Z} is ge then it ds (v, g)-pe tor 1=rs(n—1), 25
Zggn-ora D), and it X(2) s (1. #)—pe then it s ge.

Let I be a €U gedinensional manifold in RY ICEis a curve fumily in 17 0 we denote

by 1(1') the Tamity of all non-negative Borel funetions 3¢ l'q—-»if' such that RP!’.\' =1 fur vsery

¥
locally rectitiable =17 The modulus of 17 with respeet to 1y delined by (3] pag. 28) :
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