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OPERATORL ST FUNCTIONALE IN SPATLL BANACIL TOPOLOGICL INVARLANTE
LA ACTIUNEA UNUL GRUP aCOMPACT, MEDIABLIL, UNIMODULOR

Rezummat

Dupit ce se shelinese notinnile de operator si de functionala pe un spatin. Banach £(Y)
topologic invariante in raport e 1t grup ¢ mediabil si g-cotipaet, <o indicd unele exemiple
remreabile e fsemenen operatori (ase vedea, spre exempla, operatorii pe PPN} (1gp
= x). spaltul Tunctiilor aproape peviodice v sens Clalard).

Prinicipale] rezaltat al Tueriirii il constituie  teorema 3.1, de tip Converse-Nuniivka-
Phelps, pentru genul de operalori - considerat.
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PSEUDOCONFORMAL MAPPINGS IN SPACEK ()
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GIOVANNI PORRU ()

1. Introduction and definitions.  Suppose that X =X(2) is a diffcomoerphism of i do-
main 1 R'(n=2) onto a domain IV ¢ B". For 2= D lct J be the jacobian matrix of X(3),

(] ., .‘ e .
[.I”‘ - ) and let J.I’ - .f.;'l be the proper values of  J*J. The diffcomorphism
oL
*h

X(Z) s (|5] pag. #8) a-quasicontorinal, (abbreviated z-ge), if the doulle incguality
Vo . 5
ERY S {7y ...1.“) E :u.'u,

holds Tor every T,
Let roand ¢ be integers, with 1 < 5 < (0 1), 2y —v-1), and et 2=t
he i constant,

Definition 1. . diffeemorphism X(Z) of a domain 1D ix seid o he (22 5, q)-pseudocon-
Sormal, (abbreviated (o v yhped. if the inequality :

)

MO Al et
holds for every &1 X(Z} is (r, g)pe if it is (x2 v, y)-pe for some x finile, BEquivalently, o
diffeomorphism X(Z) is (r, qh-pe i it is

n n vl iy g
5o o N : Syl
("’ L) ‘)("‘]) ’ ("] i) e

where N > ) 1.
H

) = i iy
1ght i gm
The prool of this statement is given in Appendix,
We remark that for r=1 we obtain the classes K rl,(x} introdaced by G. Cimmino
2], Olwiously, it a diffcomorphisin X(5) is ge then it is (ry, glpe for 1€rg(n—1), 2g
g ), and i X(E) is (1. p}—pe then it is ge,

Let 17 be a €1 g-dimensional nanitold jn B™ 10 P is 2 curve fanily in l'u. we denute

by (1) the Lamily of all non-negative Borel funetions 22 1 =8 such that sdsz21 for every

= e

loeally reetstiable =17 ‘The modulus of 17 with respect to i delined by (5] pag. 28)

Mg (V) inf S;"'f"'.‘
# pEFIY J i
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If X(Z) is our diffcomorphisme of 7 onta I, for 2= let X'(Z) be the derivalive of X(Z) Sinee this hotds for every po F(1Y), we obtain
al I The e of the unit ball #" ander the lnear mapping X'(E) is an ellipsoid E(g) .
with senn-axes 2, =020 . B - &4 H
( = ! . . .\l;ff () inf 5 pldl, = —
Definition 2. The CY g-dimensional  wanifold I'q o Iy is said lo belong to the family pEFT] Naup 1+ old
N(r, 4} if l'; _\'(l',‘} is, at cvery poind, orthogonal to the semivres 7y ..., lr e }'r'+-f eeey }." of i
E(Z). with lim g{8) -0,
5—0
In this work cshow thal it X(E) is (o mog)—pe and if 17 =Ny, 4) we have: . L i i
Rt work e shows B (5} s (o Nt u {r o Lemma 3, Suppose thal X =X(E) is w diffcomnrphisne of D < B onto I < BY, und
| . ?:‘;'2...?}.;‘3 are the  wwmbers  defined in the Introduction, If 17, < D is a OV g-dimensional
‘lll' Moa (M e (1) , ] . . g
1 marifold and p(x) is a non-negetive Borel function 3 Vq—vlf‘ we hroe
. NP P 1o e
whiere the supremum is taken over all path famities in 17 suelr that Mg (yand M 9(17), o = . 5 R |
} ] u B : q { . v . S ela(%)] ( w g 7 }r“" = g e "'s‘g pi.t'(:_.]](t.l .r.‘}d'l'r .
ATy, are not simullancously 0 or . Moreover, if cvery 20 s contamed v oa 1 4 B i g i
g-ttimensional manifold 17, such that 17,5 N(r, ¢) and il it is I'y Ye Vg
_sup { »up | U 2 () ” & “ )I} Proof. Let
GENay et .
i 1
Ly e gl 1 (M) s M) EED

then, X(5) 15 (x; r, g)—pc. _
Remark, Scveral of the following results are analogous to those obtained in [5]. ;
g ’ - . v i
2. Preliminary lemmas, Lemma 1. Let & be o Boved set in a CU g-dimensional  meani- be the equations of 1 with Z(u; ., n) =, and let
Jold V. Suppose that the curves of a family U lic in & and that length of v=K >0 for every
fyeally  rectifiuble <. Then we have :

[ i "
P 2N ey Mg ey B e ) T i,

M (Ny=m (G)Ky, | . . SO
q q | be the corresponding  cquations of 1. Then we have :

where mylle) denotes g-dimensional measire of G.

Proof. Define g V=R by o(2) o K7V Jor Ze@ and g(2)=0 otherwise. Then p= (1) | l' :' “ l, o g N .
B R - e ) Fuy uny 2 L P u, 2
and  the incquuhty follows, [ 1 174y
Lermnma 2. Lel 1y be a (' o= Imun.suman' wmanifold passing through the origin O and that | r”'; ------ duy odag - coee ey Loy
i (hit iz orﬂmgonal to the dares 5 ... ﬁr_l '=r+. ....,E_ Lr'!l =1 N I where 1= [5= k", —§2< 1 i N i i A
SHZ G desd on} with 8 so smadl thal the bor n’u of I hn on the hyperplanes 3 = 1812, Ya, - oo Tu, A e
=1 yoeny (1) q—l). Let V and I obe the parts of the buuh'r of Tg that Lie vespectively on Zp
-~ 82 and Ep-- 182, Lat 1 (B8, £y), 0. e the family of edl closed paths whick join I {5 T » 8 1
and ¥ oan 1, Then | e ,Jé e, o 2 R S
2 3 2 Gm g e, 2
(1 ;(6)).11' v {1N)=1, lime(S)=o, X mmrrr e g ... duyg,
N 80 ik k A
i i, aE: r, oz,
Proof. For each T=(%; .0, Z_”)EI'.' let . bethe curve obtained by intersection of ]q 1 g TE T AL AT
with the hvperplianes ‘:" Caa=(r e (r g 1), Thien y-m 1% 11 pe3(17), we obtain by ‘II 2 »
. P i A where sguare of matrix = made by rows. Let Ej he a veetor whose components are ';',-
Holder's incquality : i . g
(g
It _— — 1 = {1y n). Then we have :
| [S pd.s-] £ Sk S prds= 83 S pi s, oty
Ty g i3 ; 2o ol pe : v
) L | |gyrrag .5 JdE | TiAL ... T AL
where S{Z) denotes the lenght of v and S oosup S(T). Integration over JE K vields. by dqr duy ... du, e, ... ding,
Y e el R I ! vothgg |0 Lo N
1rubini’s theeretn 1 AN ng g; J J,‘_;q |2 AL :; _\cq
a1
<87 q dI ;
. aup SP where A oo diag (2 i: " Af:). L5 =C&y with ' = CAC U an are the components of the vector
! ] Ui we have:

o 1
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On the other hand.
1 " EAN |
- v
Ty &g 2
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[ 1 it
z ¥
| NGy i
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tt t.\l Cy Cin LT t]
t
ity oodiy = 5o a0 o iy .. odduy
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, v
[éraeate Cyye-+Can | A R |

whenee
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and e Tenina fellows. o .
Lemma 4. If the fugrotieses of lowme 3 arve verificd and if 'ysNQ, q) we hove
S_c(..-) ar, 591.\(5;] PG TN ¥ L
£k a2

Proof. Under these Dypotheses, the Lers

1 ty
St %y
i iy
oo Ly

that appear in the prool of Lemma 3 vanish exeept those corresponding to (i) iy} (oo
yeemy (P4 gp== 11

Lemma 5. Suppose that X X(%} is a diffeomorphism of I» < R* onto R, and
that 7,2 .. 27 q are the semiaaes of the ellipsoid F(Z) defined in the Indroduction, Lot Vo D
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he @ €Y spdimensional manifold such thet V. = X(V ) s al coery point, orthogonal fo the semi-
(XS Ty yeny Proy, where v=220 Then, if v is «a reclifiable cirve in Vg, and if p(r) is a non-negn
pive Borel funetion ¢V~ RY we have

S ef.rjds’ sg o[ X(EW #pelx .
vl ke
Proof. This lemma follows from theorem 5.4 of [3} pag. 12 if we observe that, when

fel’y and (5 el

X(E4-n) X2
I{Z. X)-lim sup e 1)—1‘1——7 =tr
) 1l

3. Muin results Theorem 1. Let N=X(E) be a {a: r. qb — pc diffeomorphism of D:
= Rn, puto D= B wnd It N{e, q) be the family infroduced by Definition 2. Then e have :

st { sup [U: {1y, .'II,:.-.- (! )]} -
€ |Ter,

r B
where the eurve families 1 are sueh that M 7 (U)y and M« (I7), are nol simullaneously 0
ar .

r I
Proof. We have to prove that M 9 ()= 20 Y1) foranarbitrary curve family " in
an arbiteary O g-dimensional manitold 1, (in D) belonging to N(r, ¢). Let 2= F(17). Define
- . — o >
sV y—=H by p(E)=po(X(E))rs, where py>..z3) are the proper valoes of J* J. If +visa
Joeatly reetifiable curve in I') for Lemma 5 we abtain:

S elX(E) | 2e n’.s"_'-"-g ple)ds = 1.

Henee = F(1%), which implies, with Lemma |

.u’_'.. ()= S}"'dl',, (pq.‘c(g)]'-'}?(n'._. =y S ANEN v b g Wl =2 S PO LR
o iy v, v,
: C ry
Sinee this holds for every p=F(17), we obtain M1 (1 )Sa.\[q (1),
Theorem 2. f.el X=X(Z) be u diffeomorphism of 1) < R gnio ¥ < RP, and let ?.;—'2...
=iy be the proper values of JTT for T D, I Uyis a O edimensional manifold belonging
te Nir, q) we have

SUp (25 [(0r e 2o g— ]S sUp MYy (I')].-lir; (I ',|- .
gev, rer, @ q

Proof. Let sup [.II:'f.' (]':,'.Uru (U =5 We may assume B< oo, We have {o show that
rer,
Jor Fety
If-‘E Bltr oo Dyig—1)
By performing a preliminary similarily  transformation, we may assume that. _E_ﬂ 0= X(;:,,
snd that X(0)=diag (7; oo 2p). Let 0 g2 and Jet Iy be defined as in Lenuma 2 with

8‘ s0 small t.hal»,| X(E)—X(0) || =8 for 5=y, where ||| denotes euclidean norm. Lot £ and
F e the faces 5,=—3/2 and %, = +3/2 of [, vespectively, Set 1" == A(E, F, Ip). By Lemma 2}
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e ()L +(8)) =1, with lim9(3) 0. We next estiniate M(17). Since X(E) lies between the
[ 50

hyperplanes &,— —(2,£€)8/2 and sinee X(F) fies hetween the hyperplanes &, (a1 e)bf2
then Hy) = (3, —£)8/2 for every v< [V, On the other hand, Jy=X(I,} is contained in the strip
PXeR | (1t ) M2 S (Pr+} B2, demr e (r L g—1)} and

Iy < (r 4 EWelory g—g FEIS(I+U(B)),

where m, denotes g-dimensional measure and lim 5(8) - 0. Henee Lemma 1oimplies

&0

M @)K 8l H 014 UBN (4,0

i

hence,
(h,— = oB) (2,4 €0 ) (THUBNM (l')!M:; (M=
(158 (r )P gy F8) (L HUB) B

since z and 3 are arbitrary, the theorem foliows.
Corollary 1. Let X = X(%) be a diffeomarplhism of D < R™ ento D' = R», If every
Eel} is contained in a O\ y-dimensional manifold V, such that V,&N(r, g) and if it ix

sup { sup [.\r:'q (I‘),r.u:;(l" )]} il

lqE\:r,q- TCJU

then X(E) is {a; 7, q)—pe.

Proaf, This result follows immediately from Theorem 2.

Corollary 2. Let X=X(%) he a conformal diffeomorphisin of Dc i onto IV = H®,
and det V, be a £ g-dimensional manifeld in D, Then

G
; =M oy
\Iqq(l} Jiur:(l )
Proof. As by=..=nn X(E) is (1, 1, g)—pcand V= N(1, q). By Theorem 1, .u:'q(l‘)s

.
<M'e (1), Since the inverse diffcomorphism is conformal too, the reverse inequality is also
°

[Baili

Corollary 3. Suppose X=X(E)} be a diffeomorphism of D= R onte = RA. 1f for
every L= D there evist a OV g-dimensional manifold 17, and a C' ¢-dimensional manifold
iy such that €V, 0V, Vo eNQL g 1y €N o), q+q =(nt1), and if it is

sup sup ety Me 1y <, sup sup Myg' (l‘);.lli"_e’ (I} L <o, then
reexmae (VS L ¢ ! TeNm g (reh | 7 ‘
we have M) <a®? M{l")

for every curve family 1" < D,
Proof. By Corollary 1, X(£) is (x; 1, ¢)—pc and {x; ¢, ¢'}—pe, hence:

4 - - ~
{ (2 dyg) { k€ ady
=

L . ) = 3\1520.2}.",
g Salhg e Py =)
whence
—in.u - - aye T
a T SRy e Ra) Sy,
therefore X(Z) is ¥ -—-ge and the corollary follows.
4. Appendix. With the notations introduced in the Introduction, we show that if
it is

1 5 -
Kby oo hrpgayh
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n 1w Jr—1 = n v -
5 et ( Sey gy Nro
rig—1jir—1 r
" U L e L a1
Nemo MejgogSr—p®
rlg—1f1r-1 r

. .
hr Soaf{hr e Arigagh

then, s also
and 0t s

then il is also

For r—=1, this proof is given in [+ For r=2 we have:

M ga(hr o Prpg_y) = O k) Salhy o hrs 'Ok oo Prsqoy) =

ny-4 1. . " oyt
=>.s*‘,’[ ] <alS Ty o Prgg 1):;.[ [ ) R
r rpg—1t)Lr—1
[ T n )0‘" n S0 g
a r—1 gy
rTHg—1)1r—1 r ' Tresd
Moreover we have

7" n Yot = n -1 .
( ][ ] ot [ } Sreg=1 ST (4 . )<
rhq=1)Lr—1 r

[ L
=T g=1
= o ( r) Og o frggeaa 23 oo

-q-1 - . ] —q n 9 < E
Mr—1) = (A e by . hp) S o (g voe Fpmy Ar oe

. a .=e [P
i hrgg= br € @ {(Re o Brag— g
r
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REPREZENTARL PSEUDOCONFORMIE IN SPATIU
Hezumat

Una din definitiile diteomorfismelor evasiconforme X(%) ale unui domenin  J} = R*
(nz2) pe un domeniu 1Y = R7 este urmitoarea : Daca 1 =, 27, sint sutevalorile li 2 (unde
J ¢ matricea jacobisni a i X), atunci X se numegte K-cvasiconform in D daci are loe
dubli inegalitate
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n
2

(g tn) = KO

K
pentrn otice =8, Un difeomorfism X(Z) al unui domenin I se numeste (21 4, rl-psendocon,
form {177 2= o0} daei are loe incgulitatea
y 1

e

o 2 - - -
h oty g oy}

pentru ofiee S€ B, jar v sint intregi verificind  conditiile Vooron— 1 s 25950 -1 1.
Evident, un difeomorlism  K-cvasiconform  este (2, 4. ri-psendoconform co =z K. Aceastd
nouii clasa de difeomorfisme generalizeaza pe ceaa hui . Cimmino [1] (ecse obtine pentru
r 1) s pe cea delinitdi de autor [4] (3i care se obtine pentru r - n — 1)

Ca urmare a rezultatelor prineipale ule lueririi (teoremele 1 5 2), autorul obtine

eriterii de (z ; ¢, 7)-pseudovonformitate exprimate cu ajutorul deformirii modutalui MYy ("
¢

inf S_a‘i a1, a Camiliei de curbe local reetificabile continute intr-o varictate g-dimensio-
peXI

¢
nativ ¥, din B8,
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NONLINEAR VARIATION OF CONSTANTS FORMULA
AND A FUNCTLONAL INEQUALITY

BY

Pos KAMALNS

1. Iniroduction. Bellman-Gronwall-Reid inequalities have heen gene-
ralized by many authors, In this paper, we wish to give & maore general result, which in-
clindes many reeent works |1, 2. 3] as purticular eases. We develop a nonlinear variation of
constants formula for a veetor dilferentinl equation of a specific form. Utilizing this formula,
we show that il is possible to obtain various hounds on the solutions under u varicty of con-
ditions. In some situations, this variation ol conslants formula reduces to a general Lype ol
Bellman-Gronwall-Reid inequality. With this as molivation we discuss a rather
general functional vectorial inequality which includes several known results as speeial cases
1. 2, 1.

Vectorial inequalitics will he wsed freely with the undersianding that the same ine-
quality holds componenl-wise.

2. Variation of enstants Formula. In this section we obtain a nonlinear variation
of constants formula for a vector differential equalion

{2.1) W= () g} | R, W) oy =0

where (1) is an # 0 matrix, of i”;;l‘ a, =0 for Fj. a,ag, fr‘E(’[L IR g=‘l_i1g‘, ) is

i column veetor g o= (,'[Ii"‘. H+ 1 gi(u‘)>t1 for u =0, g’,(n) 0, R(t, #) is o eolumn veetor where
ReC| 1 " R'_:_ ., I -]!0. 'l'o 1. t,=0. The fotlowing theorem gives a variation of constants
formula for the veetor differential equation {2.1) and the bounds on the solulion oft} assu-
ming various conditions on f. ¢ and g

Theorem 2.1. Let L and g he as defined carlier. Thew a solulion 2{t) of (2.1) can b or-
Ribited by

t ! #
22y ) [S afs) ds | [7‘0 L Sq) 1 {(;"1((;@:_\.'))_5(1(7_) (F)} D)) fifs, v(s)) rlx)]
L fa fe

Praof . 1L is known that a solution o(t) of
(2.3) () =1{t) #{v) 1[to)=r0';n

ean be expressed as

i
{2.4) G(o(t)) = S afs) u‘s+G(uE), te ln
&

"
where G 1 Gy and
fem]
* Phis paper has been written while at the Department ol Mathemalies, University
of Rhode Island, Kingston, R. L, US.A.



