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furm (1= %< 90) daea are loe inecgalitatea

iy 1
e . e
20 Ea{hy e frag- )
pentru orice 2D, far rog sint intregi verificind  conditiile Ve 1 i 255g5 0 i1,
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pEFD) )

q .
nali 17, din R4,

Analele stiintifice ale Umiversitatii (Al [0 C17AAY din lasi
Tomu! XXT s | a, 10975

NONLINEAR VARLINTION OFF CONSTANTS FORMULA
AND A FUNCTLONAL INEQUALITY

BY

PS5 KAMALALS

1. Iniroduction. Bellman-Gronwall-Reid inequalities have heen genc-
rulized by many authors. In Lhis paper, we wish 1o give a more general result, which in-
cludes many reeent works 1, 2,0 3] as particular eases. We develop o nonlinear variation of
constants formuls for a veetor differential cquation of a specilic form. Utilizing this formula,
we show that it is possible to obtain various hounds on the solutions under a variety of con-
ditions. In some siluations, this varintion of constants fornnela reduees to a general type of
Bellman-Gronwall-Reid inequality. ¥With this as motivation we discuss o rather
general functional vectorial inequality which includes several known results as speeinl eases
|1, 2, 3.

Vectorial inequalities will be used freely with the understanding that the same inee
quadity holds component-wise,

2. Variation of Constants Formula. In this seetion we obtain o nonlinenr varialion
of constants tormula for a vector differential cquation

(2.1} w = () gy B(te), u{t)=o,=0

where () s anow < matrix, o |a ] @ 0 for i#j a e, a=CH, Rlog lr.[l,'.‘i. g} s
a column veelor g, f H+. R+]. gi(ui)>u for 1, =0, ,L{'_((!) 0, Rt ) is a column veetor where
k=01~ R",. R’; 1. I-- “u‘ 'I‘o | £ =0, The following thearem gives @ variation of constants
formula for the vector differential cquation (2.1) and the bounds on the solution of) assu-
ming various conditions on K.« and g

Thearem 2.1. Let { and g be as defined earlier. Then a solutian v{{) of (2.1) can be er-
hitited by

ey o= Camp o o1 b Y (@ da]a). Bes v ds
o l
s s iy

Proof . Tt is known that a selution v{f) of

(2.3) (1) = H(t) glo). t{t)=1,=0
eun bhe expressed as
t

{2.4) (o)) = 5 a{s) fds G(nu), te iu
fy

H
where = Il 6: and
a1

* This paper has been written while at the Department of Mathematies, University
of Rhode Island, Kingston, R. L, U.S.\
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i [lf 1:i6(v) Srr(.\-) ds = Dom{6 ‘)]-
ta
We now apply varition of constants method and determine ¢, as n funetion ol { sieh that

(vt} will be a solution of (2.1}, There results the cquation

ols a6 '
2.5 X oenot !
(2.5) p» ({0’ ()= alt) i (0,)-0,-

on view of the definition of & and (2.1), (2.5} ean be reducel b

= ol .
20 — {o{8)). R{!, . B
(2.6) 2 {v{f)). K(I. v) = (CRE
Consequently
27 my= B ) D). RO, ot)),

where (e} is an no<n matrix, Gle) - B (v)], (I)H(I') =0 for iz, @ (v)=1g(v,) Tor i-j
Using the cquation {(2.4) Lo climinale ©(t). there vesults the differ ntial equation

t [
v(') @ 1(1’0) . [(-’ ! {Su(.\‘) ds-; (.'(Uo)}).l{(!, c! [(.'(‘[Iﬂ) S (s} d.\']) g
t: f.

Let 0, () he the solution of (2.8) existing on Ty Then (2.4 gives the integral equation satisficd
by a sohdion »(f) of (2.1} in the form, for {« Iﬂ.

(2.8)

{ ! ]
oty L [ S alxy ds4-£f [ o, S{[) t {(;‘ ! [(;(,,(g)) \ (%) ,E_J} . |
Fy [ 1

D). RB(s, 1{s)) rI.\']] .

whicrh proves the theorem,
Corollary 2.1, Let the hypothesis of theorew 2.1 hold, Further, lel R =i aff) =0

and g be nondecreasing in 0. Then the follozeing estimate on o(t) is valid - |

¢ t {

1

(2.9) N)=6 ! [ 5 ais) ds i 67 (Uo | S R(s, v(s)) ds)] . '
o "

Proof. Sinee a=0, we have vty =v(t). Using the hypothesis on g and the equality {2.2)
we arrive at the ostimate (2.9),
Corollary 2.2. . Issume that ull the hypotheses of corellary 2.1 are satisfivd crcept thal
the conditions un B amd a are replaced by i

(2.10) L, v)y=0, a=0.

Then the conclusion of corollary 2.1 is true,

3 NONLINEAE VARIATION OF CONSTANTS FORMULA 13

Proof : In view of the hypothesis on g, (2.2) and the facl that K, #)<0, there results
the inequality (2.9).

Corollary 2.3.
jaced by

Let the assumptions of covolfary 2.2 be satisfied except that (2,10} is re-

(2.1 a ()Rt =0 and w(t)=0,

ar
(2.11 1) (PR, v)==0 and a(t)=0

Then the folliping twund for v{t) is true:

i ¢
o) =6 ! [ Sn(.\') ds | G [nﬂ S Ris, v(s}) rls]] :

t Ly

{2.12)

Proaf . In the ease when (2,11 4) is satislicd, using the hypotheses on g, N, « and the
estimate (2.2} we gel the bound (2.12). Similarly we arrive at the inequality (2.12) in the
ather case when (2,11 b) is satistied.

We now consider onee again the differential equation (2.8). Assume that az=0, #w)
is non decreasing in w. In view of these asswinptions, (2.8) miay e written as

O ii’(!, G l[ G(oy) | S"(S) ds)) e

(2.13)

Setting we g, {2.19) can be Lranstormed into

w = (1, 1)

(2.14)
with
(2.15) (1) =1 (4}

We now work with Lhe inequality (2.11) together with (2.15) and obtain an cstimate for
o (1) N

Corollury 2.4. Let Wit ::;) he quasi monolune nondecreasing in w and assume that (2. 14)
aned (2.13) hold,

Then,
3

{2.16) =6t [ S afs) ds - (.’(r(!))] ,
{s

where ©(t) is the aarimal solution of

(2.17) re W r), )=l

Proof. From (2.1t), (2.15)} and by the applieation of theorem .L1.1 in [3], there re-
sults
(2.18) wit)=r{t, iy u(to))

where r(f, to, R‘(to)) is the maximal solution of (2.17), Iln view of {2.18) and the definition

of z-::. {2.4) gives the integral incquality satisfied by a solution v{f) of (2.1) in the form, for
te1,
o
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i
proving the staded resoft,

temark 2.1 Our vesults include the resulis in [2] as speeiab eases,

Corolary 2.1 is a very uscful result frone an applieation peint of view. In some mia-
thenatical  mendels. Thoeugh it may not be possible to find the actual solntion. some kind
of an estimate on the selution may be worth knowing.

We exhibit the following example as an application of covellary 2.1, Of course. the
cquation that we consider liere is o sealar equation,

Example, Consider the equation

ey

ot

Wt )= 1.

In spite of ils stmpheity, it does nol lave o solution thal ean be expressed in an explivit
forn. However, by using corollary 2.1 we can gel an explicit hound for the solution as
(T2 A2 ),

4. In this seetion we consider the functional incquality

{3.1) Slettny =ty o B{t)h (m:!j g Nt s) (s, rx)) d.\-J Lt J

where [ f = CLRY CES L [ s acolunim veelor and eaele s strietly increasing, [ =

=1
n

oy VUKL sh Bit) are non madrices where K (I s} -_I.l_ (hw) ko s le. Bt =
j=1

M

=0h O b Tk is o eolumn veelor e C [T R DR | amd va, e CE B4
fr
iel
In the following theorem we obtain estimates under various bypotheses on j.

H i
Theorem 3.1, Let f= “f‘. each . Do strietly  inereasing. b |1 byl he monotone
iml

]
wondeereasing in u, W Mty s H") be nondecreasing in ow, for each 1§ 1,2 L on.
2 i

Define ﬁ.,(t) max (s}, E.A(I} Ie nwonsingular,
i < gl 4 i

"

AU max o gs), )= max e (). K (L s)= max L (s, 5).
' Lt ! ' togsgt ] sgagt
Then
(3.2) (1) gyt (a1 B Myt e COONE 1=T
where r (7, fye rm} is the marimal solution of
(331 r =K1, Wi {7 el BON. vt

evisting on I C I
(2) e Jdueibdon okl uf boereists and is condinvons (nonl then.

(3.1) COEF AT Ie KO B MCOHL 1= I

e NONLINEAR VARIATION (F CONSTARNTS FURMULA N,

$Khere r (T

rob is the madinad sotutin of

Yoy ACENIRCE I Aty Ty

- ; g O 1 oS
{33.5) r,=—= 1T (e BT
b o
ecisting on I < 1. . i
In each of the abuove ecases, .I;O(f 1. 2y is the appropriate Gderval condained in T suliject
i the domains of Ve inverse function fnvolved.
Proof . We observe thal for .'Us.'s'l's Tu‘ we Bive, {rome (1)

[3.4) JCOEN s aty = Bty et Fy,

where  off, T)—C(7T) SI\'('I', 8) W(s, fx)) ols.

Comseaguently it follows That

CSR(T WL T () B Ao

By theoremm LT f3] we get

(5.7) W, Ty (T v ), T
where r (T, 1, 7 ) is the maximal solation of {3.3) with o t'(Iu. ) The estimales (3.6)
aned (8.7} vield dle inequality

(:55%) TN al(T) | BUEY W (T

o CTM. T
unplving the stated result (3.2).

The functional inequality (.1). lor fU =g 'l'..<_’l'0‘ can now be written as
(19) F By (0T) | BUT) hiw),

where o{t. T)is as defined above in (1) Seling Z < Zin 1)~ 1Ty o BOTY ko), it ean be casily
seen that

: T .
{3.10) Z=ner) oo aery Vi T RO, By, fOUED

et
which vichis Lthe estinate, from theorem 11,1 |3,

v

) A0, TI= 0T ATy, T

where r i1, fu. l'_l_) 15 e neesimal selution of (3.3) with

oo HTHBUTIHO(T)

hview of the definition of Z. {3.9) and {3.11} there results the mequality (3.1

Remark 3.1, The resulls in |2, 8} are particular cases of vur resnlts, as the funetions
thal we considered are veetor funetions, Suppose that »no 1,

TP Lot flu)=w. Bit) 1, he)=u, eft)=0 and Kif. s} 1, then we dediee corollary
A in [3] (rome (3.2} whieh is a0 generalizadion of Bellman-Gronwall-HReid ine-
quidity in a rather general forn.
X 2| Suppose we et Bify b1, K, s)=Ke 510 Then theorem 3.1 redices lo s theorem
v 2] wluel itself is a seneralization of many carliee results,
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Example 3.1. Counsider the cquations

b
e V- . :
x) = f—iml Hily, " #0, r:z,—'ti
a1
i, :irr:_z -, ;rl(0)=0, x0)=.

Applying theorem 2.1, corollary 2.1 and the theory of differential inequalities, the estimate
on the solution of above equations is given by

a () [P+
=

4, (f) ({7212,
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FORMULA VARIATIEL CONSTANTELOR (IN CAZUL NELINIAR)
SI O INEGALLITATE FUNCTIONALS
Rezumat

Se considerd  sistenal  neliniar (2.1 unde  matricen (1) de tipul axoe este asa fel
incit “ Opentrui#j, e, = CU, BR), 1|1, 1'0],10:?.0 iar glu) si R, «) sint vectori n-dimen-
sionali, componentele ui g(w) satisGicind conditiile g (1 )>0 pentru uw, >0, B.(0) = 0. in prima
parte a lueririi s¢ demonstreazd i o solutic o{t) a sistemutui (2.1) se poate  exprinme sub,
torma (2.2). In partea a doua a lueririi, plecind de la inegalitatea functionald {3.1), s¢ sta-
bileste evaluarea (3.2), eare in particular contine cunoscuta inegalitate & lui Bellman-Gron-
wall.

Analete stiintifice ale Universitatii Al I CUZA® din Tagi
Tomul XX1, s. I a, 1975

UBER UNGLEICHUNGEN VON POLYA IN DER THEORIFE DER GANZEN
FUNKTIONEN
VON
L. VOLKMANN

Einlcitung., Sci f(z) cine ganze Funklion. Fs bezewchne wir, 0) dic Anzabl der Null-
stellen von f(z) ine Kreds [z P und M {r)=M{r, £} das Maxinnm des absoluten Betrages dieser
Funktion auf dem Kreis | = ) =r il

log log . :
=1lim 2 e bzw. (& lim log log M(r)

P st log r rox log r

werden die Ordnung baw, die untere Ordnung von f{z) hezeichnet.
Fiir ganze Funktionen der Ordnang 7, sind seil 1028 (olgende Ungleichungen von
(. PPédlyva [7] bekannt:
L0 sinmd
nir, 0) ., Sin 2

1) litn — 2 5
resx log M(r s

for A<1,

2) lim n(r, ) Cy
rnw log M(r)

e Ungleichung (2) wurde 19041 von 8. M. Shah [8] durch
mir, 0}y

(2 lin =
rorw log M{r)

versehiirft, wobei
log n(r, 0)

wy= tim
reo logr

bedentet unel gy < e gilt.

Die Ungleichung (1) selb in dieser Arheit dureh den folgenden Satz erweitert wernd n

) Satz 1. &ei f(2) eine ganze Funktion der unferen Ordnung p<< I, dann gilt fiir jedes p,
mit p<g<mindz, 1),

n{r, 0)

(%) lim =
rw log M{r} T

sin wp

Mit der glerehen Bewcismethode kann auch der ndchste Salz bewiesen werden.

Satz 2. Sei f(z) eine ganze Funktion der unferen Ordnung p<I1, mil reellen negativen
Noullstellen, dann gilt fir jedes p, mil p<p<min(i, 1),
iy lim n(r, 0) o sinmp
rso log M(r) =



