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1. Intraduction, In a recenl paper [110 W AL AlSalam and AL Verman have ennpside-
red the set S of all differential operntors of the form

] of
JIN= X a DR owy#00 D= —,
£ i

whete g, a4 ,... are constants independenl of w, and investigated those operators Je§ oS
whiclt preserve orthogonality, i, e, if | P(0)} is o sequepnee of silple orthogonal polynoe-
miaths (5. 0, p), then [ P40} is alse s.o. .

The objeet ol Lhe present note is first 1o remark thal the investigation of Al-Salam
g Verma can be stated in the following alternative and more explicit forny:

Anooperator Je 8 s orthogonadity preserving for a sequence of orthogonal  poly-
nomials | (00} it and only iF L is either of the following two lTorms

(i) S

(i) J=exp{a, D42 D))

where A{t)—=u S Byt anul B(1)) is such that

B(D) Py() =nPy_ (7).

Next owe wish to show that either of the following twn operators

() e ? Ty

{h) exp {a, D1 D). 1y
is orthogonality preserving for a sequence of orthogonal polynowmidals {Pg(0)},

. v

{n'} () S 13(1)elt,
b
andl B¢ 1y is soeh that
(b B(DY Py (vey=nPy_ (v,
where the operator 7'y is such that Tyf(e) =f(ve} and in particulsr, we note that if
(v—1)"

na

k-]
T, = X%

D= (v}5,  where §=uf)
o= [
e Pof(r)y=f(var)
2, Theorem. If an operalor J. T is orthogonality preserving for a sequence of orthogonal
fmiljuomials | P (@)}, then ST iy cither of the following two forms:
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(n) J.(B“ Tv
(b} exp (ay D2 (1)) T,

v
wheee T s such that T fe) - f{vey J=d(D) and #(1) ; SH(!‘) dt and DY is such Hal
'+

'
B Py (ve)=nl?, _(wr).
Proof. Suppose that | I’H(l}} and [T, U’H(l'))} are sequences of orthogonal polye

naials, ‘FPhen we ean have

(2.7) Palry= (e —2,) Py . f{0)— BaPr_olr)
anl
(2.2) J 'I'vi’”(.n') (v 1").1 Tv P" 1(Ar') ?.”J ’I'vl’" __,{.r}.

Operating on {(2.1) by JT we ubtain

('-'-“) vl Py (v = (2, an )Py Gy} (ﬁu Bn) S, o wr).

Now comparing coefticients of 51 and »7 2 in (2.3) we have
{2.4) xg—xgo vy and S, B, =(n I)\.f--'(2rr2 ﬂ?)

{taking, without any loss of generality, w, 1)
It follows therefore from (2.3) and (2.4) that

(2.5) BD) P ()= ns(2a,— )P (vr).

_ 1
where B(D) I{-D) S —uy,

.

Now two eases will arise.
Case 1. I 2a, af. then it follows feom (2.3) that

1
[,;( ) ) — a.] Pavapn—.

whenee we have

(2.43) J{D)= 2 exp o, ).
Cuse T W0 24, rrf byZ0, then it follows from (2.5) that

b 1
B Pywe)=nbly_(wr). b= —.
v by

Now we note that L. M, Sheffer [2] proved that there exists an operator B( /1))

of the form

® 14k+1
(2.7) B= X ('A-( ) DE*L 0,
k=t v

such that B(D)P(ve)=nd?, _ {(ve), it und only it {F,(r)} is of Meixner tvpe i e ge-
neruting relation of the form

-
¥ P b= Q) exp (wd(t))
s ()
wherg
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00 1oyt boagt] e,

FIQ) £ F R 2Ryt

Thus in This ease, when the polynominls P (o)t are of Meixner Dvpre, we Alen D

b
(2.3) DBy o),
W
whenee we have
(2.9) ()= exp {ayt | .' g By, J(0) 1.
3

where B(I) &5 such that BOI)Py(va)=ndy — ()
Corollary (i) I v -1, then T f(2) f(o). Thus when v 1. our theorem reduces to
the theorems of Al-Salam and Verma

ii): It T = (v} where 3=aD, then the following two  operators
(a} :au-[m.(\a)8
(1) exp (a, DFagInhivy
are orthogonality preserving for a sequence of orthogonal polynomials | P,{r)} where At)==
.-:-S Bty et and B(D) is such that B(D) Py ()} = nl?, _ (wr).
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NOTY ASUPRA OPERATORILOR CARE CONSERVY ORTOGONALITATEA
Rezvmat

Obicetul Notei prezente este 1) a demonstra ed rezultatele Tni Al-Salam si Verma  se
pot fortnuka astfel : un operator J = § conservii ortogonalitatea unui sir de polinoame { Pp(a)}
dned si mpmai dacd are una din formele (i), (i) si 2} operatorii (a) st (b) conservi ortogo-
nalitatea unui gir de  polinonme { P4(0) | dat prin relatiile (a'), (b’).



