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& - CONGRUENCES ON SEMINEARRINGS
BY

ALBERT HOOGEWLTS

In this article the notion of .admissible sef of subwsets® and ,normal  set of sulsets®
of a semigroup S, introduced by Clifford and I'reston in [2) s extended to the
theoury of seminearrings.

1. Introduction. Definition 7./. .1 (right) seminearring (N, --,. ) = &8 is a non-cinply
srt 8 in which tweo binary operations (L) aned ) cve defined such that

1%, (8, ) and (S, . ) arc scmigroups,
2, gy, ) e et (S) U [(e ) .oa= a2 y.s)

Let S be uny semincarring. YWe consider the following scts of mappings of 5 inlo itself

Ly g5 =8, = SU{0O) ad Vs = S8 = w.s])

L = [z S -8, reE sy {0)aed ¥s = S[ras = 2 L 3]}
Ry= {pz: 55, e SU ) end Vs & Slzey= . 2]}

Ry = {pz: &> 8, & Sy {0} and Vs € S[pzs = 5 ~ x}]
Bym {Zay: 55, (e, ) @ cart* (S U (O} and Toy = 740 gyl
B, ey S5, (ry g) @ eart (S y {0)) and Zzy = 150 sy)-

[ is the notation for the Lempty syinbol™ introduced by Ljapin [3]. Thus }‘D = ,D =
2 o o =t =17_,
O O ‘OO0 00O A

Ifurthermore we consider:

tiw identity operalor on S,

Loy 1708 = N such thet 17 = l"[; '.-._;n;o Pa; with n & N
[
and Vi = {1,... 0}, o) € cart®(Sy {GN1
By = {071 5= 8 such that o* = I?I' p;."o cyy with n = N
and ¥i = {1,., n}[(yitly‘) = cart? (S'u {[OBH1}

The product signIl’ refers to the composition of functions and is considercd as Jlefl
pradust™,this means :

"
H = paoptnmy o 0py0 4y
tm]

Doearth (S)={(s; ...., sp) i ¥ie {1 ..... n} 8 & S5}
¥ N = N\ {0} where N is the set of thc natural numbers.
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Tinally we consider:

g / ) - e
L= {n: 88 such that = !i'l 1:-;091,‘, 0y, with ne K

and Yi e {1,., n}[;z';, y; , @) = eart3(S U {OH)})

f.l ’ " . . .
L= (1 8§ 8 such that i = IU 22), 072,08y, with n €N
Tl

and NYi e {1 ... ,n} [(.1'; , s ) € eart™(S U {ODEH.

i
P = {p: S— 5 such that p = ‘H: 2270 Py + O py  with n € N’

and ¥i & {1,.,m)l{ac, yo, y) = cart(S U {ON)
L4 ’,
R = {2 §— .8 such that " = " oy, 03200 py, with n & N’
el

and Vi & {1, 0} [y, @0, yo) = cart?(S u (DN}

Bt ’
F={%: 8555 such that 2= ]I".-.z;,:.' Pygs @ hay 0 gy with n & N
i=1

and Vi = {1,..,n} [[.:“5‘ s y; . T, i) = oeart!(S U {1

The considered sets of mappings arc semigroups wilh respect lo the composition of
funciions.

,QO, ,Q,, @o, @1, Qo, _)(Z,, ,Qm, K’*)m» L, .,2', R, PR’ are subsemigroups of &, for the identity
operator is an element of each of thosc sets. Similarly Lo, L B, &, B, are subsemi-
groups of L

L, L, By By, Ly are subsemigroups of L'
L, Ry, R, &, By, are subsemigroups of .
.,Qo, Ry, Ql, #,, %2, are subsemigroups of (4
£y and AL, are subsemigroups of Loy
(R, and (21 arc subscmigroups of Qu,.
£, and (Qo are subsemigroups of Qn.

°£1 and @, are subsemigroups of .J(Zl.

Using the right distributive law in § we have:
s r ’
voe Zl= (I hrp O p,,;'o re)opy with n s N’ and
=1
Vi€ {1, n}(zr, yi,xy) € carts (§ U {0ID]

7 ’
Vo = R [ = ('H; py; © ka0 gy with n € N’ and
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Vi {1, n} (g, te,y) = cartd (S U {[J})]

¥s = R [o= Yt © ;:;f,o oy with (', ¥, y) = cart® (S'y {ON]
i s

Vo e Ry [o= gyiopy with (y, y) < crt(Sy {OY]

Definition 1.2. A4 &/ - congruence ¢ on S, where o is one of the transformation semi-
groups above-mentioned, is an equivalence relation g on S sueh that

Vo = (g, o), g g1

Let ¥ be the set of all &-congrueneces on S. Then
B e O8)y= {Iy, L, By, B, Zg. 2}, Ly, Ny, L, L', B, 1, 2} where & is the .corresponding®
element of the sct

IE(S) {°80) "QH (qu (Bjs Qg) -@11 .,gu], (A)Ol’ ug, agl, (L), q)’, Q}.
It is clear that for all ' of C(S), ¥ is a complete lattice with respeet to the inclusien and

the usual definition of inf and sup. Let (g:q € F, i = I} be a family of g-congruenccs
and consider

5 ™
/] {{a, b) &= canl®(S)jAm < w ®, Jf:m— If{a, b} = II ey s
b=
where f:m— I is a function from m into I and

m
I qsty = 50 © 4710 © Uty
=0

Then it is a straightforward exercise o show thut

=supl(g:qu P, i< 1)

This shows that
v, d) e cart2(CS) & = ' =1 complete sublatice of FJ.

Definition 1.3. Let g be any relation on 8. The maximal & -congruence contained in
g is a . -congruence p such that u = q end ¥Yr & Flr € g=> r S p]. The minimnl & -congru-
ence conlaining ¢ is a g-congrueme vsuch that g S vand Yre Flgs r= v & il
Let I be the set of all equivalenees on 8. We define an operator <J*: E— F such that
for all ¢ of K g'g: N (o, )¢
PE
Then

Vg € E[J* g = ¢ and [g = Fiff J'q= q))
and il g= M gwithqge Eforallicsl Jge N Jy.
eI igr

Theorem 1.4, &/* is an idempotent, inlersection preserving wmapping of 1 onto F. If
= fi! - . = = . .
q = & then o} q is the unique mayimal g-congrucncc contained in 4.

L (e, ok 4 =Noa, gb) such that (a, b) = ¢},
(@, @)* q ="1{¢', &) = cart? § such that {pa’, p¥’) = ¢}.
B e first limit ordinal.



G ALBERT HOOGEWI[S 14

Proof. The theorem stated hiere is the anulogue of the proposition stated by Clifford
and Preston [2]in Lensma 10,3 about the mappings L, B and (' s proof proceeds on siraikar
lines. [

Iet  be the set of all reflexive-symmetric relations on &0 We define an operitlor

-’7_;: T — F such that for all g of S T g = 7( N (=, 9).q) Y. Then

Pee
Vo s Slge d,q and [q = F it g= o gl

Theorem 1.5, 9_ is an idempotent mapping of Sonle F. If q € Y then g,q is the upi-
que mintmaf g-congruence containing .

Proof. The statement of the theorem s the analogue of the assertions in Lemmu
10.8 2] about the muppings LT, T, €' T, fhe proof foliows in the same way. [J

Corollary 1.6. Let 4 be any velation on S, o, {4, U 76 'V Af) is the minimal &econ-
gruence conlaining ¢y [

2. Admissible and normal sets. Definition 2.1. Lel o be a digjoint set of subsets of a
seminearring 8. In accordance with Clifford and Preston [2] ot is said to be I
admissible if of is a subset of the sel of congruence classes of some o -congruence on §; and
if 4 be an equivalence such thal he elements of of are g-classes, then q is said to admil oA,

Theorem 2.2, Fet of = {fAg:ie I, 4t €8, Ay nAy= Tif § &3} be a Fadmissible

set. Then the set F(ol)= {q = Fiiof < Clq(8)®} of -congruences admitting A forns «
closed sublattice® of P,

Progf. This follows immediately from the delinitions. [J Suppose that A {etged =1,
is a disjoint set of subsets of 8. Then a(d) = U carl? {Aq) U Agy 4 ond ﬁ(oﬁ o= U eart® (A
iel iel

U cart}( SN\ ), where 4 = U Ay, arc respectively the minimal and maximal equivalence on
ier
& admitting ot An cquivalenee ¢ has  the property that each .4y is o union of g-classes if

and only if g < B(of) and each /Ay is contained in some g-class if and only il (A € ¢
Hence, from Theorem 1.4 and Theorem 1. 5 we have
Corollary 2.3. Fach .y is the union of I B(ch)-classes and cach .1; is comained in

some Q_a(d)-cms.s and they are respeclively the maximal and the minimal g-congnmn.cr' seith
the property. [] Now we can state the analogue of Theorem 10.4 of Clifford and PPres-
ton [2). Its proof procecds on similar lines,

Theorem 2.4. Let of - fgpied, 48, Agndy= Oild# j} be a digjoint sel
of subsels of S.

(i) Then oA is F-admissible if and only if

d, w(ch) g I'ioty;
and then q is a -congruence admifling A if end only if
d aich) < ¢ = " 3(cA),

and 50 F(of) is a complete latlice,

(ii) of is F-ndmissible if and anly if
(K) f[p =& and (i, j} = cart? (I} such that o ;N Ay # O]l=g 4y € A5. [

Definition 2.5. .1 F-admissible set of subsels of s said to be Fenormal in 5. if there is
only one of-congruence on S which admits cf.

L (r) is the transitive closure of the relation r.
5 Clg: § > Q (S)[|vs € § Cg(s) = {a = 5| (r.s)e qk.
31 See Birkhoff [1] p. 50.
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Corollary 2.G. A is a Foaormal set of disjoint subsets of 5, if and oady if
T ach) = Faict).

3. Congruences in regular and inverse seminearrirs. Definition 3.1. -1 seminearring
S is eafled additive regular or (- )-regular [mulliplietive vegular or (.)-rcgulm‘th!'n the aedl-
ditive semigroup (S, 1) [the wmnliinticalive semigronp (N, )] iy redular, We eall a semi-
nearring S an additive {nverse seminearsing or (o )-inverse semdnearring [a mulliplicative in-
verse seminearring or (. )-inverse sewminearring} when e mdditive  semidgroup (S, - )
[the multiplicative semigroup (5, . 1 ds an dnverse sewmifroup.

Let & be the unigue {-=)-inverse of any eleinent o of un (-)-inverse seminearring, then

viv. s} € eart? (S)::.s: ay and \T:_\_ .

Theorem 3.2, Lef S be a (+)-regular [ . )-regudar] seminearring and g a g-r‘magrnenc:r
om S with F e (EZ, L 0B FN T e__[{_c% LR B Let o be the set of qeelasses
which contain (-L)-indempolents [ . )-idempotents. Then  eoel 9'-cnn_f.{r.-.-('n.:c room S with
G e (B LR, Py (D e (E, LB BN admitiing o cotucides with q.

Proof. Tiw considered T.congroence ¢ ad the I congruence r are at least compatible
with the (4 )-structure {{. }-structure] of the semincarring, Hence the preof of the theorem
fullows from the preo! of Theorem 7. 33 of Cliftfurd und Preston [2] [1 From
the prool of Theorem 7.9 in {2] we get a stronger result.

Theorem 3.3. Lel 8 be e (A )inverse [( . )-inverse] semincarring and ¢ a o -congruence

B ? ik
onswith & = (£, Ly, B, L. P, ByT = (L. L, Zon LR BY. et A e
B N s
the sel of q-classes whick eoplnin (- )-idempotents [( . »-idempolents]. Then ench & -consruence
i ' ¢ s
ron §with ' = (L, L. Z, L, R, Zy(J e 1Ly, Ly, &y L, R BNy adinitting
A eoincides wilth 4.

Proof. Sinee q and r are ab least lelt compatibic with the (4 )-streeture [ )-stracture]
of the seminearring, the proof of lhe thearem fulliws from the proot of Theorem 7.30 in
[21.0

Covollary 3.4. Let &5 be o (-F)veguluv [f . )-redular] semincarring and q a & -congruence
on S, with J = (&, L, R, By (I e |Z, L, 12, FY). Then the sei A of q-clowses which
copluin (- F)-idempotents  [()-idempotents] is F-normd. If 8 be an (4-)-inverse [(.}-inoerse]

seminearring the slafement also holds with J e {..Q,, ..2,,[} [9 ] {.2[,, ,Qm,l]. 0
Thearem 3.3. Let 8 he a {-+)-regular seminearring, and consider

A= {4 S, i = 1} satisfying

() g0 Ag O0f i # 5.

() [m = &, (7, §) = cart®(7) such that ¢ 4y 0 .4; # O]= o, S Ay,

(It} Fock (=) idempotent §s contained in come element of ct and ench element of A
contains at least one (+)-idempoteni. Then ot is F-normal if d a (&, L, R, &} and
4 e (cf) = Q‘S(d) is the unique oJ-congruence defined by of.

Proof. That A is F-admissible follows from Theorem 2.4 (1§). Tel gbe a & - COTIZTIERCC
admitting of, then of is the wet of g-elusses whieh contain { | )-iderpotents. Tienee from the
preeeding  corollary, ot is Fonormal. From Covollary 2.6, 9‘1((73) = Q::‘E-(GZ) is the unigue
g-mngrucncc adinitting . O A similar theorem helds for (L )-regular scininearrings.

Theorem 3.6, Let S be an (--)-inverse scuducerving. Then A= j 8, isllisa
Zenormal sef of subsels of & if b salisfies the following conditions

(L) each 1; is an { | )-invcrse subsemigroup of &,

(L) A 22 O il o# g,

(I3} eack (- }idempotent in & is contained in some clement of A,
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(I_,) jor each a € & and i< I, a + Ay +a < A for some j; we shall write j— i Lo,
g0 thal a + Ay 4-a & A¢ya,

(L) if {a, a+ b, b+ ) < eart?(Ay) then b = Ay,

(I} for cach s = 8 and i € I, Ay .8 S Ay for some j; denote j - is then Ay.s S Ay,

(L)if (@+a, b+ B, a b} < cart? (A¢) then for each j & J'J
jio=jband [s + 5 < Ay=a.s b x.b s A= gl

Then 9= {a, b) = cart¥(8): (a +a, b + by + &, b+ a) = cart! Ay for some i < T}, is

the unique gz-cougrumcc on § admifting cf. Conversely, let q be a B -congruence and ot be
the sel of g-classes which contain (4 )-idempotents. Then ot satisfies T,— I, and ¢ = gq ot

Proof, I, -1, are the conditions K, — K, for a kernel normal system of an (-} )-inverse
semigroup (&, -+). From Theorem 7.48 in [2], A is a Z-normal sct of subsets of ¥ and
7y is the unique .Czl-congmence on § admitting . There remains to show that » is
compatible with the (.)-structure of S.

Let (@+a, b+ D5, a+b, b+ a)<s cart’{dg) for some i = I, Then by I,, ({a-- a}.5,

l(b +t|3)'s- (@ +8).5, (b +a).s) = carti{dy;). Whenee it follows from the right distributive
aw that

{a.s -+ a5, b.s +bs, as+bs b.s+ as <= cartdAg) So we have that (a,b) = 1.4~
= Vs < S[(a.s, b.s) € ¢_]. For cach s &5 3j « I such that s +s A; Thon by I

(s + 3).a, (s --5).b, s.a + 5.b) = cartd{(dj,) = cart’(dy), or

(s.a +35.a, 8.b+8.b, s.a+ 5.0) = cart? (Aja) == cart? ().
Whence it follows that (e, b)<= 9~ VYs = S[(s.a, s.B)= qd]. Conversely, if ¢ is a &-con-
gruence on an {4 )-inverse seminearring, then it is clear from Lewnma 7.40 in [2] that the
set of of q-classes which contain (4 )-idempotents satisfics the conditions I,--I;. Moreover
g= q4 It remains to show that of satisfies I, and I,. For cach i € I there exists an {+)-
idempotent e such that A4, = Clq(e} or [@ € A; <= (e, a); <= g]l. Then for all s € § we have
Ya < Aqf(e.s, a.8) € q], where e.5 = (& 4 ¢).8 = e.8 + e.5. Whence there cxists j € I such
that 4¢ .s S Ay This shows that condition I, holds. Let (a + a, b+b, a +—5) & cart’(Ag),
then (o, b) = g =g For all s € § we lhave (s.q, 8.0) € g,°F (s.a+s.a, s.b+5.b, s.a-+

1 5.B) = cart¥(4;) for some j = I. Whence it follows that I, holds, []
From the proof of Theorem 8.6 we have

Corollaries 3.7.

(i} oA is Z,-normal if of satisfies T,—1,

(i) ot is Rnormal if ok satisfies I,—1,,

(iii) Let T; be the condition :

g__(a +a b -i—?:, a +—l';) = cart¥(Ay), then for each s= &, there exists aj< I such that
(s.8 +9.a, s.b+ 5.0, s.a 4 5.b) € cartd(4;). Then ot is L-normal if of satisfies I,—1,
and I3, J

Theorem 3.8. Let § be an (.)-inverse seminearring. Then

A= (4S8, i} is a Znormal set of subsets of S if cf satisfies the following
conditions

(I,) each Aq is an (.)-inverse subsemigroup of §,

(L) dindy= Bifis#],

(L;) each (.)-idempotent in S is contained in some elemeni of ok
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(I,) for each a =8 and i1 a.d.ag AV, for some j = I; we denote j= i.a, sv
that a. A;.a = Agq,
T(L) if (4 aby bb) = cartiol) then b < 4,
(I} if (a.a,”b.b, a.b) € cart’(4y) then for each s< S there existy a j= I such that
((a i 8), (b4 s).(0 5 8), (@4 8).(b+ ) = cart? (4y),

b

(L) if (a.a, b.b, a.b} S cart*(As} then for each s € S there exists u k = I such thal

(s + a).(s - a) (85 b).(8+b), (5+ a).(s + b)) < cart? (:s)
then g {tn, b) = carta(g) It (“-f_’ b.ﬁ, a.b, b.ti) < cart® (44) for some i = I} isthe unique

F.congruence on S admitling .
Conversely, let q be a F-congruence and ot be the sel of g-classes which contain (.)-idempotents.
Then o satisfies 1,— 1, and g = g

Proof. From I,—I; we get that A is a kernel normal system of the (.)-inverse semigroup
(.5, .). This shows that o is a Z,normal set of subsets of & and Ty is the unique _fzu-con-

gruence on 5 admitting A. That 14 is compatible with the (- }-strueture of S, immediately

follows from its definition using I, and I,. Conversely, let ¢ be a #-congruence on §. Then

the set of of g-classes which contain (.)-idempotents satisfies I, — I, by Lemana 7.40 in [2] and
g~ 4y I, and I, follow from the fact that g is compatible with the (4-)-structure of 8. [

From the proof of Theorem 3.8 we get

Corollavies 3.9.

(i} ot is Zgnormal if A satisfies 1, —1g,

(i) ok is W-normal if oA satisfies 1,—I,,

(iiiy ot is Lenormal if ot satisfies 1,1y and I;. 0
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1) g is the (. )-inverse of a in the inverse semigroup (S,.)



