a6 ) S. B, JAIYESIM| ; ' =

-1 '

S ent { 1y~ ers
ox —— =
v P 5 72 d.} dt

¥n (A) = __T

i
C 1 ;Vl — lerT
X o +
[ oo {222l

-

whicll is analytie in the half-ph: 7
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RUNGE-KUTTA METHODS FOR INITIAL VALUL PROBLEMS
BY

O LGNAT

In this paper we deduce some Runge-Kutta type wmethods for approximation of the

solution for initial-value problems.
Tet us consider the problem

nu Du
(]) — = F ‘.',.Y, U,—-' v
D~ DX

(1) @) U@, X)= OX)},
(3} Uz, X)lyer="0

where
q
U: 10, T"x 1} @, bi- R¥;
fam]

celo, TP X € 1[4 bil; €= ¢ (ﬁ [, b:]) :

[ 1 =1

it
©e]] fug, bi)—= R2 g

Vel

¢
F:[0, T x [1 [ag, WIxBRP < RP 0~ Rr ™
{ml
and DUID< (resp. DUIDX) is the Frechet derivative with respect to 5 (resp X)) for each

X f(resp th
This results by an argument ana-

Suppose that (1) has an unique analytical solution.
logous with Canchy-Kowalevska theorem (2] . . .

Yor simnplicity we consider only two cases: i) —= [0, T] and U = R%, X = R?
and ii) 7 e [0, T1%

1. Runge-Kutta methods for Cauchy-Kowalevska problem.

Consider the system of partial differential equations :

U DU

) St (', X, U —|: UsR,zsR
at Dx

with mitial condition

(3)

and boundary condition

U(O, J':I &= ¢(1‘),

(6) U{t, X) [ger = 0. = &(lo, 1]1%[0, 13



68 G LGNAT 2
Consider in the sel [u P[0, 1] [0, 1} tite 5ot iy = S0 L
. Gag ) Wilhy s o= Iy pogde s BT = 0
ay, o (e T ) g vy = Gavin vy Bleners,
This net s ovaviable step lor L
et us observe thal Gt we Foow fhe vilaes of the solation in the pline £ £, nae

can determiine (he valaes ol the solution dor the {2 -~ 1) - lvel by

. ) . agh U
{7) ltney ) = Ully, v 1! e dad 5 o 4 2o

Bal to use this methed 1l s necess oy Lo ostimale The vaines of 7 and dis derivie
tives for /2, < “ip, &y Tived.

Using the general idea of Nunge-Wolls methods, we ey lo appraximaie the viloes

U(lg, 1) by ¥y defined by

+1 e
] A In ASIERN PR
() AL W N N g R (),
Yo taa]l
wiicre
- v ltr v e . i-1
) A= Py, X, T }_.l L H 00 B O g+j;l Ty K ()
adee]
(1m) W=l

AL B are constant square auriees, and 18, wre dilference operalors with respect
lo spatiul variables wiich approvimate the d-vivalive with rospeet to aglf ==

We shall chouse *,*f. Agx, I,‘f,-a HEN !.'f'“,-l sueh that the eocflicients of M7 0 = v =]
in the developments (7)) and (8) with I'S Uty wy) eoinvide independently with respect o M,

Here ! will be ihe largest integer having the above properiy.

The relations (8) are of impliett type il at least one umong Lhe malrices .-l:’; # 0,

=. Derivation fomnulas. Tet G2, X, U, T\, V) be o vector function with G, 2) so-
lution of (4) und 17; = &UJEY; . The total derivative with respeet to & of G is

&_*f= et v 3G 5U; ; \_' l. &G aUa—;ka_

of ot j...]on et 1kl (',‘UJ;L‘) g

Set Ui, j) = 22Ujéay cry, and obtain

#Ui &l ;. (1 el \2 &y Ui
; , 4 B 3 —_
ot vy jaroUs duy jerie18Uin Erp
We introduce the operztor
- o
e o ~ & = =2
(11) e — & B (Uany, Vom) = E e U 3
& =1 crL ,_” 18X AT Suighy
and obtain
&G o . 2
. ;{F:V;U)“‘i' 2 (}[;:F,-'U;\--){,‘;..
cf ol s
(12)
&G & G :

= — o u.'F(*E Lu’k(l‘)
At = U Em] i r'Uuk;

-

v PO INITIAL VALUE PROBLEMS o0

BUSGE-KUTTA MITilons Fon

3 | i

4

We define 11ie operaiar

D), s {i + T+

1 U4

i)
(”tl' VU(”)}

(1)
i the sense ol sunbolie power, Olviousiy, iF L1, and L, are constanl et rioe, we Jeove
[14) By, G+ 4,6 = A DL6) + A, DAG).
The rolation
(15) DG, 6] = (G DED) + (D6 ), G,
where (.. ‘I notes the inner produet, follows imae 0(1.1'&‘\‘.'
o 1(’:- ) ion 1. For fhe aperators Dy defined b (13 ) N
m" .
JINEERIOY! = Dy (6) - sy ov)
o & i
4 n\_,( ] IJ,:I!l(I')}},
Jeal DU
with Ll —[ i ] P 1. 2 k=002 U= UL
DUw Wy
The proof is tmneedisie. _ o
Using {1;)] {13) and (16) we isee the formiuias ier the derivalives of 1
i) &l (. o} == 5:— F= D
o= ol
M e . )
i i (t, @) = B, F) = DD =
(i of
iy D
= I + DUF) + \ L DHY,
AF) L 1 PO
" AU o 2 DE .
= ity 200D ey 4 81 m)“.(f") +3 % 1).[ J“ A
et DU k=1 Ui
3 Dr 2 pr PP
L PE i+ 2 pn + % DyEEN
) nu k=1 DU J
2 WL (F 2 DI . ‘
& O () + RO by 5 2O
CLbi : DU f
r=1 DU Dy 1-1 )

be any function of the form ) . '
i 2, @ linear funeticn with respeet io #

b = P,
Wil = Pt vh, all), u (h)) k=10, 1, 2,
ur the tohl :i:.u\.xtw with respect to b we v hasve

¢ 2 ofd . -
(1%) R A K e S ('—, Uenh), T e ]}'—.‘U‘)-
i i kel 0T jwp A6

1f we set

a e 8 So(d ; ~'1=,
(19} L= {v -4 X e+ L (m Up (), Vo

P S T - T PTH

we can derive a relation unalogous to (14}
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d 2 .
(20 Ly = By b g Y £, l( Dy_) 4y
ih = DUy, ant )

and then we can easily obtain Lhe derivatives of o.
I'inite di g i . RY i
te difference operators Rinix are 22 matrices whose clements are

a1 o 1 ot

(21} Tt ™ = B rlql'lal 21k €3)
T n ah

where e(ff) is the translation operntor:

o) * "
(22) (2} Vi) Vit 2oyl agg & Bamah) = I{agen)

It is necessary to impose the condition

Bty 5= Ly

(23) o
| ol +1
oz % DR 00 71 B, 7R
vy, v, 21 Uiz v a3 rp P’ u)

where < g>" = IIa} ¢ AL
[Ta;t and My, .., are square matrices. It follows from (23)

§ a.B .
) %r(n"“:j'k: 0 1= 12,i=12, k=12 q¢g=mnn-1;

(21) iy Efff')ﬁi.u:i.k ] ﬂ: e Sal sjk

iii) Zroa =,.1 T
o ik, By, Ban Som Mg, g, - ek 51, x

NZ22, Lag,,qn=1,2;4k 1
= =1,2 . . .
1234, k=1,2, g~ n, n+1 and vq.q""'q\. is o 2index whose

components v, are equal to number of indi
3 CeR ;= &,
3. R. .- methods for r = I. From (R) \3{; hai-o

25 RES]
(25) it = pE - ARV RN & Al KL
From
26 (0} = F ' ]
( ) Kh (0) = F ("" yibg , Uty , 7o), 42 (f,,, -T-:I')n
T p) J
a7 e 2 nDr T it
(27) Kz {(0) =2 3 o7 ﬂl&)]a(slj)‘;vga,
j=1 DU airy
N+l ¢Uz
(28) K (0) = F [fn v, UL, “"“];
axy
K (0)= 2{“:; 9F Pl gn o g
| — {. L F
) Py DU( 1 1w }F+
2 DF Ful
- ¥ [UJM;1+(18U a n n+l
h ) (Ale+ AWH 1
2 DU i EJ'? HAdla+ g ) Hi (F)
we derive

5 RUNGE-RUTTA METHODS FOR INITIAL VALUE PROBLEMS - 71
(30) T(ta 1. 4a)= Ulln, #a) + MATz - ALHE
2 DF “*UL sF  DF
1. pEldan » s, M? : +_4n+1 I oA AR F o
{ llj-IDU.f § (1) 1 28 (‘]-3 1o u i DL 1x e
2 DF s
Tkl ¥ £50 0 g SR L 1 P (F)]} L olhd
T Mk sin TapeT s 1 +ath®).
bty ! DEALELG, 1A
From (30). (7} and {17) we obtain for the coefficient of k&
. qn o fntl 2
(31} AR A a, I

and for that of /°

a
qn4l . R
.111 E - F,

(82)

o n +1 -
(33) My aminy T ML wsen L

The coeflicients of k' in {10} and (7) in pencral are not equal.

We deduce that the local Jdiseretization error is of order A%, Observe that this order
is obtained for AI(:;'I’M = 0

Therefore the B — K formula for 7= 1 is. in the implicit case:

ayh . iny 4 1+l +1 1B+l
E FaRE VI Pl TR R TR

By VE= VIR,

2 -4

and for the explicit case, .-l;‘+5 — 0, is

(35) V2+1 — V: o, R, V:. R:';)m l';).

Note (hat the formula (353) has the local discretization error of order b
The system {34) with respect to V:H is solved by iterntion.
ergent for smatl b, if we tuke for the first approximation the

‘This processes is conv
explieit solution of (35). Tt is convenicnt to use the methods (84) and (33) in the form

predictor-correclor
Z’;H = V7 <+ anh F(t,, x L e P2k
(m” h4l ”n a"h S L V) A F zn+l Rn+1 zn+1
K=, Fl, s T Ve B &) st T @a” 0 Hia®a g

Proposition 2. The local order of approximation for f-k- - method (34 is 3 and for

{35) is 2.
Pronf. Tetv Gt , @) be the true values of the solutlo

n for (4} and i/":*'l defined by
= . o agh f
i ael— U, x,) — {Fit,, vy, U, T, Ry 1e ut,, x )} ~

+ Fllgyy Ty V;“'Rt”ﬁll.a Vit

Consider the devclopment of l';:“



72 C.IGNAT o
'y #$1 M - Al . F " H
I e U (- ta) nakl(f", w L, ",): Um(!". u.‘x))
o ,r,-:{ \2‘ o, AL 15w Lo N S(t L 'Tﬂ o e’ o br »
M P T T T YY
5 D ”"_H Uty g ) N 2‘ I)l-‘ ;
J,” {F0x0E - Sl e e f ()}
=1 §h (-'j j"""‘j
i FRl '_]‘ L"UU i )
e A FE WAL i ; s
ot {j—_-'l{(GJ i, 0 T V™!
o ' J
(ljl) IJI" .
- . ¥ < a>v M -
f)b‘j”._,'_i el r“('j)
Vf}l

{ - U"U".'.-" ﬂ) -+
\2‘ _(,[ fin e "" ,rn 1 ” ;n+1
el U7 Gl R TR L

%) \
m)} F 3
DE g {rr,, 2

y : DR .f"' a
(5 Int1 add NI . m+1| rin el I
DU dhtl @ 1x Ix )] o j:l DUU', ",';w ( I i [IJ': ! . ].;’z

fig . [ e
*+ = B0 JJ) = Sh
By {(33) and (7} we obtain :

~n41 (e, h)3 i Is L 5 ¥
Ultny1. 7a) = Fi+! = 220 [Dem b D)+ S D b —

I=1 I)U.‘;]

Aph? { ) ( 12 §200 )
2=t atD = ¥a, amt v T
4 n| ™t ,,”_1( hixis, e P Fin

2 52U" @ z 7
+ z(o n v ] Fiey PE
(Nades Fp Y Uy > Z o, 0, (A7 o
J=1 1] ! f=1 D(’m - LI LF5) P P
& oD i*2
+ Arat ) — ]-{—‘.Zn > il "
m,l iy’ ¢ 2 L = ; [
alf,f o (‘Jj $=1 P 5 [EN - ﬁ.l‘jz
DI‘( z Dy cen D (U
+ a I BN L ¢ u)s.az-' [ Dy ie G2
1 £ — . Mr+l vl
* pu =1 DU 5 § U s 6"';": * po L a,,,-l( SH1% 8““) ial
i
'.:j;}) B ]} i Qu
that is the order of (31) is 3.
Denote by
b= Ult, , w ) — 7k
(38) o k2
t g B o1
1k 2 L(f}.,.la)—]é

From proposition 2 we have

(39) Uity s r )= U, , x) = a, 2 P T T LA I’fh Ut )) o+ bt p

and

e

e

' RUNGLE-RUTTA METHODS FOR INITIAL VALUL PROBLEMS
4 euh .
Uit # o= v, [!(l U )“t!)la Lo )
(£}
i ) . k+1 . i ]
l !'(fH_l. L Uuk+1‘ K m), RUJ i UU}:+1‘ .aa))] AoV
From (36), (39) amd (10} we deduee
e [/ N H - . &
E:‘;"'l:—‘- Uty — Ai“ w Ul w,) — VE
: k ok 3 .k, RE kY] .
ba P, ws l-; 47 ”fnu(Vﬁ -+ qfx)) — B, VE, le: FEM e
nud
: . T Ariate
ghtles Uty o) — VEYL= Uty 7)) = 170
”’"" - M &k ") 4
[] U ); i ng‘ tru)l::(l,!; Lk r'ck:)) PU.‘." Yt ! =’ Hu)u ' a)
H k4l k4l ka1
SR O AR 4 ek, ".\.+1 (ZE4La k3 — P LA SR LR N+
+ r:‘r._'.']'l *
ar }'
nrrk A L R "
ok ah [ —2 i B H(‘}”a ri;J 4 Rty
* Du ,-11)0
J (DI I )
k- gk "irf D_“ v X _ I.‘[*”m (oAb
‘“) & * i D jal I}U(“
- I)**[i'l; o }_: 1 LG H("j?‘:: €;+1] + vakh:,‘
nr * j=1 DU
suppose Fhat the finile dillivence operator s
1
o S 133 [
M=y = v T €3

3
PELY y

with oy == 0

9

&
{12) —i 1 'r,: r.'kh 5 = ‘f.z +

L2

-4
DU Do

19 jm=

My : k squnre matriees, Now, wi hive
hy and R:j)lu'! FISEERYS

)Rk
S @ l‘

) A2,
- 1fnaf 'oc+F ak
. 1
Loent DU

e

tih ~pk ”“Fi ¥
T.;‘Pl =: T:z ' -L.(DP‘Z "7" + —= E.H’l) - 2" z = -m HJI::'S l.z+3 ]

H3) .
{a
+ 12 = e
" I=lpeny,

Let 2% -0 max Szl and pE= max | x|
o @

We derive

- x DU
i 1353)'1 )

k
k +1 1‘+l 3 17 ¥
e @ leﬂg'i v :‘kh
[¢3]

ek +l g pk (1 4 LR) 4 MAE,

(43) ¥l g 7k (14 L

By - LUh kA NI
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x
i
|

with L, L', L, M, N obtained considering the norms of Lhe operators DIVDU, DEF D
Rfinep ond sctting M - ;::-lap Pt ls il,lg’l Yo e = [0, T

t1hy

Finally we obtain
(43) TETD = QT o0 4 eQT(N . LUAN2,

and thus we have proved

Proposition 3. The predictor-corrector R-K-method (36) has the global order of appro-
zimation h? if the function F has bounded derivatives until the 4% order on [0, T]=[0, 1]°<R"
and o; are of order h.

4. The R. K-method for r = 2. {19)
In this case for (8) we have the corrections
i) K% = hP(ts, x,, Ve RE V™,
i) Bptt e hF(t, w0, VA4, REFIRAY
) iii) K3, = W¥(tn + Yhh, x,, V3L B8 KR, R2 VD 4 OB QF KD ),
iv) KBl = hF(t, |+ yBHU, 2, TR g BREIEDH, REFIPn+l . CorlQRilnn +1)
row o, 1], R‘;x. QT: finite difference operators such that

@ @ LS+ gitivl gl },
R g i)=Y ¥ e © 8y )

——— —— = N, We can choose.
Sav im0 ji s P witlpps pab
I E . 1
{47) (p ’ g= 2 n ) Then,
v o ha4] s - j 21 gfae b
Qla(e My= ¥ ¥ . Ne = ¥ STa Nng g
1™z s%l] j%ﬂj e g IxF Fritl ape 10
(q =n,m 4 I}.
Identifying the development of (7} and (8) we derive:
a Pt v '8 ¢U2) = 12 Bt , o U, (e U8y} L
n n a 1‘3-_‘1:2 n’ Vat a’(lz a)")
AL, %, U, (REUZ + Cp Qr K2 )
{48) h . R :
.I;l;l K, . Un, (R;';l(U: +¥% A‘;&Kgm o) -+
P q {30}
PARM Uy L3 (RENUL + ST AL R + CRUQEHRLA), -
r q
and

D = Cou= YL, BY = Cpil= ypiik,

RO, + 1Y £,

AR =1 (2R - vEF -2 e, + 2ye N N6YE, (8, -+ YR} E,
A, = {alypHoy2 (vR + ¢RIOIE,

. !;‘¢+1= {“nIE(YEa'PTEJ‘P-i'YL(“,."'—"ré'ﬁ)lfﬁ‘(é';”’(‘fg"a o Y;:U]E’
At = — (@l [OyR UyS 4 yAAL] K,
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1 __ A ;
'”;'an' ”,,Tgu("n T ch: TZCI)ACI‘

’
-
3

a4l
My — flan + vor ) [20y3 + vEZa P

¥o¥l

¥

Y, + 2 VR + Y
x 4
- Y:!‘A(“n - 2‘{,?4)} } i\.u-

Matle g B (a & Y3H — RN,

lal
SRC PR S LU SO SR
My = — - {rea [2(vaz + 72 v2z

-y, — ) 120yg, - YRR T vh(e, — 2RI,

i = a, n oL oentl n y2 . (?n+l)2 L
Tg;l ‘?\’11;11 - -‘-"7’:{.!‘A ;l:zl = "an(.‘-":: Vg ) HY‘J«) 2e

+ YR YR,
2 12 A+1] 5
N (B GYi £ 20,) ()T [ o vl

F 2 n4i] — 2g (A3 Y = b
dyn GO - da (ra - ki — 2e, 00 )

for example
ty

. 4l . . —
Yé'a = 2un, Yy,

B = (R = 2m,K

2z 2lx
_ a4l _ g
Bg‘l;l C!la »
Uy

AR = —

1n 1
AR e

. a6

a
AR+] ! E_.
12 3

qp41 o an g
L] 9
Ao
M?al = — .‘Mﬂ Na,

MR = 12“3 Na.

3
Mo+l aa_” Na,
1xl 4
B3
,'Il“*ll B E‘” Na,
= 8

+1 L 3N —
Niﬂal N
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we abtain the 47t urder R« K- method

h
A+l - I . Ta i E ;
5 pic . {08 (ty, 2al ;, H;'u: 1:)

"‘f 1243 - rh 1w A A o - -
(tn--2uph, tg, 2220000y, 20, T8, RY TR}, R () B4y Flty. vq. V2. R 171)))
a izt

LO12P Ly, o, TR , s
(fnsye @, P24, IR prmdly o

- o (1af : I/
(31} WPy — s e, TR alt Flty 4y, Xa, V741 fintl o
9 o a 7 e -4 ).
Eodl(pndl _ fhalt it 7
B =T Bty i, VIV, 1y ad)).
The voreesponding predietor-corrector R — K- method i«
A4S U L ""’.L , . .
2= 1 Y, s, VERE (1) 4
Ly & aph, Xo, VR L b " :
g0y L pe altF(ly, s, ¥ i R?ZI ::t)'”?a[l ; tgh B, by, l.:, R;': V:)])],
'+l — prmo atnh OF(f, . e, IR fm ]7
® R BF (g, e, 10 NLVE) —
{52)

= Pl | 2egh. vl VUi B (fy v, TTRL T 5 "Lt
n a. PRyl Bty v, T ;'.I.;'QT ;-}-hgsﬂ : L —"-';.flf":f,,,.-q.I-':.Tl': ['g)
E 2P, . dw, 404 y
! L W:/z : ”;’;15:{'1) +-
ttult

" Fltnyy. da, 24, HTHIZAY)

. 1,0
[STERI T S .z'a‘:{:H .

24

]

PR+ (ZR+l _ Mttt i Zu+l patly 1
ag G 5 (T4 o, Au . ”l:lﬂz"")))

It is casy to prove 3 . b H ¥ . 5 HOION N o method (12)
IS CUs) v saame i g nk as fo iti : I'e]

e i o . T jrropoe itien 3 that the has
1] .'"lUihll order ol ag UL ELEN anntion A7 with thoe sa mer iy -:"ll"l[)t’.()l] for [ and q‘
the . i i

5. The R-K-method for generalized Cauchy-Kovalevska problems
Let us cousider '

rI
T= [;J [0, TF v= (6,1 Uc Ry

a

We i e the nei i
¢ introdace the nei { PR owith n= (i, u,) I’;‘ (2l mady, jhe) Lt

o . B . DU(~, g 1 D2
{53) Uz + 5, v — UGz, wg) 4+ ——=F L LB
LI B 2 i . .!'I -

D+ tout Do Gl =

By the sume argu b outili i
LT ! argumient utilized in the one dimension wse Awve int
proximution Ipiiortt cdse we introduce the ap-

N
(51} prpdm = R4 LY ok KB, r<wm,
f=1 0gpgm s

11 RUSCE-RTTA MFTIONS FOR 1INITIAL VALRE PROBLEMS T
where r, 7, m.p are 2-lndiees and a4y 0wy r.-._,)..I;’m are o osdsre il vhees
and the corseclions W oare dufined lis
- = dre L I e PRV LOWOSU Loe pmedff
(53) Ljim Mty = l‘j”' ri g D L N ':|.'>11.i-h'
ISR TES
" N+ NN (Y
hj.-'u ”i + L I\”"f j!in”))'
< j a5y
En (55) I‘:‘r')‘ “Ju;-‘;ﬂ ’ (ji;;,, are (2%) — makrices wad KGs an finite dilfevenee b gperdar

e 0 Iy )
Denote F.00 and consider
& ) W

i

Ty

U(=a o IR NEVES Li(=y- o) ""I\
L(DE m.(l‘r . B
2 (U‘. (Fv HE DI Sy 1) T
L £ - L P I BB 4 2
:‘;! DT_'! (I.VII)( L\J’I) -t L)"J (‘ . I)(l' N ) 4
DEr i’ 0y
e (B I | 5= Bl | 2=
DWW Py Y
D (2 é DF
| e [ = FEJH || - i
Dl i | pe
DEEl L i ()
o ey ] G A

DWW L ea\ L7

Dw

it

Prenotitg by
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THE GENERAIL PROBLEM OF THE ORTHOTROPIC ALMOST
CYLINDRICAL BEAMS

BY

C. 1. BORS and I. CRACIUN

1. Ceneral equations and statement of the problem. e shall consider a beam limited
by two planes z,=0, x;=h (h>0) and by a surface F given by the equation
(1) fla (1 —eay), w1 -ez)i=0,

where ¢ is & small parameter, the squarc und higher powers of which can bc neglected. Such
beams are called .almost cylindrical beams®, and many results are known in connection
with them, specially for the problems of Saint-Venant [1], [2], |5). [7T]1—={8]), ete.®).

In this paper we shall study the almost eylindrical beams loaded on the lateral sur-
face and on the ends.

Let °¢ be the domain oceupicd by the beam. We suppose that there are not body for.

¢es so that the equations of equilibrium arc given by
.'.'O'I_
{1.2) - =0 in 9.

ox

The tractions applied on the lateral surface are

f
(1.3) a = >3] *.ék’(:cl, x,) mg on S,
kel

where the functions -.‘i'”(.rl, x,) are given and ny, n, n, are the components of the unit
vector of the outward normal to .
On the end xz =0, there are given the resultant snd the resultant moment

(1.4) R=(R, R, Ry, M=(M,, M, M),

where R, R, R, and M, M, M, are the given components of the resultant and of the
resultant moment.

On the end z,=Ah, therc are applied tractions so that the beam is in equilibrium. We
shall call the preblem defined by (1.2), (1.3}, (1.4) as the gencral problem of the almost
cylindrical beams.

The material of the beam is orthotropic so that the relations between the stress com-
ponents o, and the strain components y,, are given by

*y A more complete bibliography may be found in [21.
“} We use the summation convention over repeated indices.



