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Syl =0, i#,
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o __ .2 a5 .
mi=pl 2N vuy, (=12
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mam, == pypy F 2R v, L#
Une can obtain two - K methods of local order two if we consider
m=(1,1) p=(1,0), +=(1,1), (1, 0),
mo= {1, 1) p=(0, 1} v=1{1,1), (0, 1),
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This method permits us a parale ing i
s a paralel processing in the sens of 1. Miklosk
We can prove that this method ha e
t 5 as the global order of & 3] i
the same argument utilized in Lhe 011c-dimensimgml case, R
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THE GENERAL PROBLEM OF THE ORTHOTROPIC ALMOST
CYLINDRICAL BEAMS

BY

C. i. BORS and I CRACIUN

1. General cquations and statement of the problem. e shall consider a beam limited
by two planes z =0, ry=h (h>0) and by a surface J given by the equation

(1.1) f_"l(l-—s.z's), ,1;2(1 E‘ra)]=0'

where = is a small parameter, the squarc and higher powers of which can bec neglected, Such
beams are called . almost cylindrical beams®, and many resufts are known in conncction
with them, specially for the problems of Saint-Venant [1], [2], |5). [7]1—{8]), ete. ")

In this paper we shall study the almost eylindrical beams loaded on the lateral sur-
face and on the ends.

Let %9 be the domain oczupicd by the beam. We suppose that there are not body for.

ces so that the cquations of equilibrium arc given by
(1.2) © =) in “¢9'T).

The tractions upplied on the lateral surface are

L
(1.3) g N = = *.Ek’(:rl, z,) ;r:; on S,
keal
where the functions —.:“(.rl.:rz) arc given and n,, my, ng are the components of the unit
vector of the outward normal to & .
On the end a,=0, there are given the resultant and the resultant moment

(1'4) R=(R‘- sz RS)’ “I=(M1: ﬂfa: ‘11.3)v

where RI, Rs' Ra and .‘lfl, Mz* Ma are the given components of the resultant and of the

resultant moment.

On the end z,=h, therc are applied tractions so that the beam is in equilibrium. We
shall call the problem defined by (1.2), (1.8), (1.4) as the gencral problem of the almos?
cylindrical beams.

The material of the beam is orthotropic so that the relations between the stress com-

ponents g, and the strain components y,, are given by

*} A more complete bibliography may be found in 2.
*) We use the summation convention over repeated indices.
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. I 'y =~ i+ L
(1.5) [ on=Cta’ Cro¥oFCaTar O =Cho VT Cop Yo'l Coa Vi
5
1 [ j - —={ -~ e (7 =) 4

| oy=CyYutCnTntCaVor n CoVar %= Ci Yo T27 i Vi

where € are constants which characterize the elastie properties of the material of the heam
i

and the strain componciis vy, Are connected with the displacements components wu, hy

3 all ]
i) aLF i

] —" (not summed], T + = Gi#gn
(.1“ c-.r}. (-T'r_

The inverse relations of {1.53) are laken in the form

i
nT op (v 0 T2 00— Ooph You™ 77 Gay
‘ "44
1
(1.5 Voo _7,;("12% ¥y G0y Vy Ogh M3 = c ar
55
1
EE ) (—v 6,— V3Ot Opd Y= E_ Ty
o4

The components <. must satisfy the conditions of compatibility of Baint-Venant

a2, o2 . 2. Sh - -3,
Lo "y [ T 2 Ly o ey &2y
(1.6) i el ) b I ] EoF D i
. g 2 = o = - .=
ors ax1 cr, ar, oy ory oty oy E.'!,l o,

If we make up the transformation (sce also [2], ch. X)

l g, = (1—gxy), E =z (l—-zx.) =Ty
x

(1.8) & 3
| a=g0+eg)  m=t0+el)  n=

then the surface (1.1} beeomes
(1.8) E,, E)=0,

which is a cylindrical surface " in the space E. &y gy We shall denote by 7" the domnain
of the transformed beam, by S the domain of o cross-scetion of the ey linder {1.8) and by
I" the boundary of &.

We shall take the axes of coordinates so that

(1.9} 5 g, do =0, [-;g E, da==0, S\ E, &, dr=1h
s I3 s

It is easy to prove the following {formulac

a d ¢ i ¢
{1.10) — ={1—ck) =", = (1~—ek,} = =(1—¢Z)— —=zV,
7 % ez, ém ( ver, " am, ( 2 kg N

where by ¢ we denote the differential operator
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if we denote the unit vector of thr o wward normal to the eylindrieal surface ¥~

by n = (n;, n;, 0), then between n; and n; we have the realtions [2]
— T o td T * -
(1.11) np=a Ty=Hg, Ty (£, nj+E&, ny).

As in [6} we have

b g
(1.12) W, @) =T, By te (El pr: +&, 3&:) £y
1

where ¥ have an obvious meaning. 1t results

T Eow (k) k % e T
(1'13) L 'vé ("“'1‘ 7:2""['3'—‘ )-‘ Ti (E'l’ 52)5_5 =£ L E't _.E '1"52 ".-IE"' E.3+1‘
kom0 kesl) k=10 Gy & 2

2. Solution of the stated problem. In an analogous way as in {#] we shall try to
find the solution of our problem in the form

(2.1} “f-("rls T '7"3) “:(51! i.;- :":3)" 5"?(%» 52! 53)!

where ¢ are additional unknown displacements and u: are the displacements of the fol-
lowing problem
n
c,"., =0 in fyh C-‘7 n‘ﬁ z -;'.k'(E a5 E )-;k on 3‘."
(2.2 i ! g3 e i A
R=(R,, It R;), M={(M,, M, M3 on Ey=0").

The problem defined by (2.2) is the gencral problem for the otthotropic eylindrical
beam (1.8) and we know o solve it [3]. Therefore we suppose that the solution of this pro-
blem is known.

The stresses ¢ . corresponding to the displacements (2.1} are given by

5
a“=(1—553) oy, O,V -gal (not summed),
. vy . . 0 ,
(2:3) 0,5 (L= E)) Ogg —£C, Vit + 50,5 (w=0—2)

o —_— . 0
6y =(l—eio), TE0,

where cr:j are the known stresses of the problem (2.2), cr?j are the stresses of the unknown

displacements ).
Taking into account (2.3), (2.2) and (1.10), form the equilibrium equations (1.2} we get
(2.5) ol ,+X,=0 in ¥,

where

n+4+3
X, =—log3 Ve + Cas(Vitg) o+ Cuu(vua:}.a} = zogétm(al' &Z)E;’ (#=C6—a)
R

. . ® - . Wht . ek
Xy = —{og5+ Vagy+ Coy(Tte 1+ Cel T ) CylWughsl= kzogf;k)(il- £,)E5-

*} Everywhere in this paper the index j after comma indicates partial differentiation
with respect to E,j; i,j=1%¢3; a 8=1, 2.

% — Matematica - 204
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Under our supposition we can consider the functions gi¥!(Z;, £,) as known. Making
use of (2.3), (2.2) and (1.11), from the houndary conditiony (1.3) we have

w43
A Kby vy =k
_kz_.:ofa ("l’ %2) —.-Jv
o o At k
GSB 'HB =k2-lof§ '(E,l, 52) Es on :‘:‘F‘!

where the functions fi‘“ (%1» Eo) depend on the solution of the problem (2.2}, se that they are

known.
The cnd conditions (1.4) will be satisfied if the resultant components and the resul-
tant moment components of the stresses on the end 52=O are

R)=—C,, Sg Vido (a6 i),
5

(2.7) Miw(~1)" Cyy SB Evig do  (a#P),
8

My SS (Cys &, Tty — Cpy £, 0t} ).
3

In this way for the determination of the stresses ¢f, we obtained a general problem

for the eylindrical beam (1.8} defined by the equations (2.5), (2.6), (2.7). The equations (2.5)
are with body forces.
It is casy to see that the stresses

g, =0, 622=0. L 0,

- niﬁ 2‘ 1

5 ——————— [g} + gk 42— B —— b gk,
(2.8) B e k1) (k+2) L k+1g %

_ A8 g - nga

& T - ._g(k)gk'l-{! &, = — —_— k) t+1

B L ek+1? u ..ot.+1gt 5

satisfy the equations {2.5), but they do not verify the compatibility conditions.

In order to solve the problem (2.5), (2.6), (2.7), we shall make use by a method
developed in [4] for the same problem but without body forces. In this purpose let us
put down

nis e n+b
z¢m zwl -1 S k1), B2,
k=0
643
E@tu5§+ zkv-z Bt Zk(k —x?, 855
(2.9) -
0 2524-5(0 e) vk ﬂﬁ [g{k)_;,g(k]] FEX2_ E gfl)El:+1
ol = =0 b S5t 8 —— S3 S
B e ©ooemT &_ok+1)(k+2) b - ok
n4d n+h
\ o= ..kz:)(,',hlgg_kzok(xk—e,ﬁn,.),l&; Eok—— g7 &5+,

S —

s
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ﬂ -’

+
= N0 EE A Mk 0,0, B~ 2. ——— gl¥) gk,
k=0 Ew=0 ' k41

n

n43 L .
=~ X0, mEg-. ¥ okk-1)(Q,—0,) A=
Led k=0

where

F
2(Q, =9 )=, ‘Dk,zz'-' "-.z(br.-,u"' (k1) {[Vz - 2(;4‘4) ('f!’k+1+(k'}'2)x).-+z}:§_

B Ek+2)[ 1 1 N
- ["1“ "C_) VTN XUE R/ [C e~ @ Epa=0iyi
“bgs

2 1) 44
1 (k+3) (541 . E e
=0 @, 0, el — o gnr—
Cﬁ( e ian), e, K Uk T
le_l__. kel [kt gk,
g( & Kk 1} =
(=0, 1, 2 ., n 4 35 gP==0, for p=1, 2 )
anz Z2E 4a® % E2 Vi 5_90_1_.1 e
B,= B — (@l e+ 5 8- A g kg TR

Xk:(alt')l"[l-%—a‘,filIz be dl,  of= S'{:dE.p

&, (5, Lh $ (& &) being unknown functions and ¢, C,, 4, const:nts to'be determined.
The function y, is associated with Lhe function o =l o +al® o, +C o by [4]

f — s— 0 = Culep T G B
1 (e H8) s =Cssloy Cx‘u S
From the above equations we get for the functions ¥, and o the iollowing equation

£, =Ce 0L 1—C4 0" —-2C, C 0, in 8,

(2.10) V=l k28
2,11) Vo, = 2(:)*"2, in 8,
where

52

(&
'ﬂ'=C55 -Zi -1 CM -aé_:g.

s

The boundary conditions for the functions y, and w, are taken in the form

(2.12) xk,zn;._xk,l = (sznl+6 n;) on T,

(2.13) Do, =Cy(Cg % M—Cyykmy) o0 T,

whete

. a ' . 8
D=Ceny5r +CyuMe s -
3 i,
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_ From the equaiions (" 10), (2.12), nnd (2.11), 2 Y ik resulls immedintely the equations
defining the functions 1[ .1 and 20> Opr B It is c-w to prove that all these funclions

exixt. We shall supposc leL “we know Ule‘;l. functions.
The = 0 IR
Ihe stresses of, given by (2.9) salisfy identieaily the cquilibriam cquations {2.5). The

compalibility conditions of Saint-Venanl will be satisfied i the functions @ and ¢, verify
AHERLY i .

the equalions

(2.14) G +OM,=0 in S (h=0,1,2... TN

B T= D R ) i M . 1 . i B
) V=R DO g O e G PR by * [Cy ¥ —Cy 2 D] in 8,

(=10, 1, 2 ..., n-}4),
where

fal s
e = Con [(l: — (k1) (h+2) (Q',.,H—O ,,,,,I—; 1‘{JGJ[E’-‘.E.’i_“_"’12@5‘.0{&_

_\;a[ (Q_ ....[} - 1_ ﬂ(i—l)_,_ __]__. (u(!.—":_._n(h— ﬂ_._
PR h—1) bt e )J‘

g

R = 3P0 (e D YR 1) 1(-:J<..;:-u:ﬂ:-z)x,‘%);g]}, (7 5)-
From {2.6) we obtain the following lLoundary conditicns for the funclions @, and g,

(2.16) R S SRR U VR R Vi N SR DI v e

PRERL:!

(2 (@ 0= Opy) By 00 T (2 B),

1
7] R > 1 L ' — Il - -
(2.17} °’f:,2 ny— ’£’,1 ng_f(Sk)_ - (g(lr. 1} n;_’_ggdh 1) “;H'

v

w1 N "
—— 111;—4-';_,, ny), on I'.

Fr2) [ “re’ +Q‘J.+1,2 nl+ A 5

[y}

If we denote with (£ d-‘(ﬁl, _q) the expressions {rom the right hand of (2.16), (2.17), then

?or the existence of the solution of the problems (2.14), (2.16) and {2.13), (2.17), we must
ave

'3?‘ (3, %) ds=0,

i
(2.18)
(i 7 -5, 76 Wes=o.
T
Taking the obvious identity

(2.19) Smk@fds = gf/[) Wy — {va @, da.
s

T r
and making here f equal with Z,. %, (£, &), then from {2.i8) we can derive for the con-

) .
stants a{,, C ppor Aiy, the following formulae
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i i r ih} a . *
Ton Uhen (_—k—!—lii.‘-:_‘z),‘[f“ (=1 (R, Ml — “ 0 pap doe (2#2).
r &
} !
Do = {U(H.J.(,,..._) RN LE [ — () 14, 230 l-— 1 s+
[ S8 e k41,2 010 n+11 1
t (k1) (2 N
(2.20) li i (\: [(;-.+2' Voam s T Bz PRl e o LY glde
i &
(=0, 1. 2., 2100
o .:'_ESI(‘;:),:@ Tl_.g [k D+ 1) do—2 Sp 1o do
k<=1 fi 1)
o &
\ (k=0,1, Z,. IRTEEE N

In the above formularc we made the notations
I, “ 2do  (2£8),
I
(z.21) g, =all 11, 4D 1L,
1Jf=_\\ T1 5,11 ) de = g\“.[c‘m £24.0y B Cyy 90— Cgp Sy 9] 40>

W

Fverywhere in this paper we must ponsider that

(2.22) Q. =05 :[)_u+3+p=n; Y prag™o g LY 0 .., =0, (p=1,2..)

From the end conditions {2.7) we obtain

( Ta “(1”=Rg+(—1)ﬁ§ Iy, (=17 B do, (2#BY

S = — RS2 SS Q, 1 do
3

¢ D= M3+ SS (2 byt T 0, 0, H Gy 7+ 0, =0y Mo,

Iy, ol =(—1)* 110—288 2,82, 1 o (w7 Bh
\ 5

where by & we have denoted alio the arca ol the cross-section . The constant C, may

he taken as zeto.
‘the calenlus of Lhe cor

way as in [4].

stants and of the unknown funetions can be made in the same
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PROBLEMA GENERALA A BARELOR ORTOTROPE ATROAPE CILINDRICIE
Rezumat
In acest articol se rezolvi problema echilibrului clastie al barelor elastice aproape

cilindrice_ omogene §i ortotrope, pentru care suprafata laterali este dati de ecnatin (1.1).
Inciresrile la carc este supusa bara studiata sint date de (1.8) si (1.4).
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AN UNIQUENESS THEOREM FOR COMPRESSIBLL MICROPOLAR FLUIDS
BY
VALERIU A. SAVA

In recent years many papers have presented various aspeets ol ttllle ﬂmool:'l};n?f Orir‘u‘ci:]c;-
intro "Eri i te we examine the pr -
luids introduced by Fringen [1] In this no : 1 ; ) '
P?::l:e:suof a solution for the theory of homogcneous,'cnmprcss:ble m_rcropol%r f;utl}ds. l';or
t]he incompressible micropolar fluids the problem of cxnsLuEuic and uniqueness of the selu-
v i s Fors } Sava [4]).
i as been studied by Férste [2], [8] and : ) ) )
Hon h"\l‘hc equations of motions of a homogencous, compressible micropolar [luid take the

form [1]

éu
(1) {3+ 20 + K)VV Lv— (@ J'c)VXVXl?+kV><q>——Vr--i—pf:p(et+L .V‘U],

(2
(2) {a + B +VIVV g — YV XU Xg + KV xu — Zhp + pl= Pj(at +v-V¢].

&R = 0,
(3) MY

in whieh o, @, f, ! Tepresent respectively the veloeity, microrot::tion, bodyt'forlvc, Ia‘g:lzﬂlt)i%(lig
tors. j @ msily aire and pyration respectively. Iv
vectors. = and j are the densily, pressire an [ u i i
‘E?l}lp;g) (3) Whichp;llllst hold throughout the region & of space oceupied by the fluid and at
un)’r .;'r;omcnt ¢ = [0, T] are subject to the initial conditions

(4} vlx, 0) = Fy(x) in Q.
(5) o, 0) = gila} in (95
(6) p(r, 0) = pfx) in £,
and the boundary conditions

(7) v(x, )= Vix, t) on S,
(8) oz, t)= Oz, £} on S

in the points where Fn = 0, we assume
(9) plw, t) = U, 1) on S,

where S refers 10 the boundary of £ (8 == unit c:gtcrior direct normal to S).
We shall assume that the fluid is barotropic so that

= = n(p)-

iscosi iscosity k i fficicnts A, «, B, vy are all constant,
) riscosity p, vortex viscosity k and the ma.terlal.coe . » &

1{‘:]113 :::;:fom-‘l ;lo the appropriate conditions which will be given below. Thedbcl)dy f%r:ﬁn?ir;g
the body couple are assumcd to be continuous vector functions of p, @, f and have



