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PROBLEMA GENERALA A BARELOR ORTOTROPE ATPROAPL CILINDRICIE
Rezumat
In acest articol se rezolvia problema echilibrului clastie al barelor elastice aproape

cilindriee_ omogene §i ortotrope, pentru care suprafata laterali este datii de ecuatia (1.1).
Incéresrile la carc este supusa bara studiatd sint date de (1.8) si (1.4). ’
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AN UNIQUENESS THEOREM FOR COMPRESSIBLLE MICROPOLAR FLUIDS
BY
VALERIU A, SAVA

In recent years many papers have presented various aspeets ol the theory of miecro-
olar fluids introduced by Lringen [i]. In this nute we cxaming the prolxlcm‘o_f l}l"ll-
Pucness of a solution for the theory of homogeneous, eompressible m_rcropolur fluids. ~lor
t}hc ineompressible micropolar fluids the problem of (-xislu[mic and uniqueness of the solu-
. N A3 . - » ] R ‘1‘
i as been studied by Foérste [2], [3] and Suva - ) ) )
Hon h"\f‘h: equations of motions of a h:)mogcneous', compressible micropolar fluid take the
form [1]
év -
kYT vk A = FE. .
(1) (% +2u+KVV .U - (g & KT RV xv + AV X6 Vn +pf=¢p a

1 b v .V
(2) (@ + B +Y)UY . ¢ ~YTxTxe + kU Xt — 2y + el =pI| 5 e |,
o
= "1.-".([!) = O,
(3) o + ¢

in whieh o, @, f, I represent respectively the vclocity,lmicroroh\t.ion, body 'l‘oro(-:, a:nd tt).ody

couple vet’:tor,s. g, = and j are the density, pressureand gyrntmn_rcspcctwcly. I_'.qun :ionet;'

(l}p(n) (3) which must hold throughout the region (¢ of space oceupied by the fluid and a
Ll bt 2

uny moment € {0, T] are subject to the initial conditinns

(4} ofz, 0) = Vo) in
(5) o, 0) = gix} in Q.
(6) o(r, 0) = pfz) in Q
and the boundary conditions

(7} v(x, $)= iz, 1) on S,
(8) o(a, t) = Px, f) on 8

in the points where ¥n = 0, we assume
(9) plie, t) = Ufw, 1) on S,
where § refers 10 the boundary of £ (8 == unit c:gtcrior direct normal to S}
We shall assume that the fluid is barotropic so that
= = n(p)-

iscosi riscosity k i ficients A, «, B, vy are all constant,
The viscosity [, vortex viscosity k and the ma.terlal.coef ¢ ' By

xlu‘nlg ?::anfom-l ;10 the appropriate conditions which will be given below. The bc’)dy f%rcc ;.l;g
the body couple are assumed to be continuous vector functions of p, @, { and have boun



88 VALERTU A. SAVA

[ 5]

derivatives with respeet to p for alt & between the minimum  and maximum values of 4
in Qx [0, T) and {r. ) & Qx [0, T]. I

We assume further that Uhe function = is twice dilferentiable and the second deriva-
tive is bounded for all ¢ between the mininum and the maximum values of o in Qx [0, 7.

We shall consider for the equations (1)—(3) the regular solution only, i. c. v, o and
their first denvative with respeei to £ and seeond derivatives with respeet to a arc eon-
tinwous in Qx[0, T}; v, o and their first derivative with respect to 2 are continuous in
Oxfo, T] (= 2y 8Y; g is conlinuous in 2 <{0, 7] and its {irst derivatives with ros-
peet to o oamd ¢ are continuous in Qx [0, TL

Theorem. If {5, v, o} is « regular solution of (1)~ (3) in a resular region (in the
sense that the Green-Gauss thenrem fs valid) O bownded by o closed surface S and if the first
derivatives of v, ¢ with respect to U are bounded in Qx [0, T, amt the first derivatives of ¢
are bounded in Qo [0, T, then there is un other vegulir solution of (1)—(3) in € [0, Tll
which assuptes the siine (nitial and bowwedary data,

Proaf. Let {p, v, o} and {o*, v*, "} be two passible solutions of (1)—(2) subject to
conditions (1}—(9) and satisfving the condition of tle theorem mnd sot

pr—p=8 U—t=t, Q*—pem .

Bl}t s:ubstracting the two equations satisfied by the two solutions {z, v, o}, {p, ", ¢*} we
obtain

20 RV L — (u + VT X LAV XD — [R0) ~ = (p) ] T 5 —
- :’(P*)Vg + [P.f(P‘! @, t) — ;J(fh ot} =

— Oﬂi + 61)’?’ %« A <k A *
= ot & a + gv*-Av* + pe.Av* + pv A,
(10) (x+B+7VIVY . ¢ = vV XTI XY + AT xw — 2 4 [p He", o, t) — gl (p, @, )] =

- "

ay At
= e ha ‘:' Ve 4 pjw Ve + oju . VY,
s ¢

V) 4w = o,

where ='(p) = dx/dp.

Let us eonsider the functional
b RN

A= —\g-— .wdr—j\g iy — | p(vt ) owde —

) ot at )

Q e} N

g plre . Ve). bdw —

£

s JS 2" V") gdu — S plw o'y aede —
Q a

—

(11) — S v Vi) wdx ——jS olv . 7y). tulr 5 [F'(p") = =(£) Vs - wde +
n Q Q

*S (66" 1) — pflp, &, O] . wdr + ‘3 L™ o, 1) ~ gllp, e, O} b +
£ Q

1 &0 1 G
+S (H.w4 K Jde -}—:S (—'r w.owde L — g Si?gb.-ladx,
2} R,

19 0 0
where
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I'\

P AR RTINS AV e (p + PV %V Rw -+ EY %4,
(x B4+ )7 W — YV R X JAVE ST AVE

L2

If we denote by 2N, 2N, 23f, 23, the upper bounds of

&.v'_ ot ,iﬁ and !t;' et respectively, then  the first four Gorms in ol
g’ Ll i
bt isfy . )
i g G rde — f S gq% e — t.) glv* . Tv') cwdr — S glvt . 7g) . bde =
0 o Q ‘ [o] Q
132) -

T 1 s 7 . O PR 1 L 35} \: da.
= [N+ No o J (O M) gt b (N -\:)S wfile = My + M) v
0 0 12

-

Using the Green-Guuss theorem in the next two terms in A we get
- ‘ a{v . Yw).wde — Sg(v S7d)dde = Ny (S widy + jS t’,ﬂda:) s
[+} o o o

H ] o o . 2 I the 3%
where 2N, is the upper bound of| ¥ .{p5) |l’l"l 0w [(],.I_‘j.'>0\]'. let N, and M, the uppe
bounds of o|¥t'] and »i¥e"| in Q= {0, T vespeetively; then

{13}

- ‘p(v ) ede = 5 plr %) e =N S wihle + My & G,
o 0 Q I &

From a mean valuee theorem we ohtain

=) — = (PVewl = Ng|lVswl= NUNpiw | = Nt L owd).

where N, = 2N'N7, 19| = N7 and N7 the upper bound of the =7°(2). flenee we can
write )
. - ((:’(‘c‘) — (Vs owedr = .\",k‘ (g% 4+ w?)da.
v o n’
In a similar wav we can obtain
S (f(e", 2. 1) — pf(p. ¥, 1)) .wdi +S(9“f(9’» 7, t) = slp, 1, 1). 9 =
4] [+
(16) _
= (Ng T -‘W;)S gida - 1\'6820211.13 + M\ Y,

[ Q

]

—éi(pf(p, x. 1) | =2M,. By partial integration we get

v

where m“\ ‘ (of(g, x, 1) | S2N, andmax
-l 3 -]

3 2 : 1) -
S (7w 4+ K.9yde = — S {0+ 2u + KV ) 4+ [p. +§)(v w4+ 2B ST )

9] [8}

+ (T b2+ 2k _l,(v ww)Eydr + \ {00+ 2u + RV wpen —
2 u
— e + K)a. (7 xw)xw] + En (dww) o+ (x+ 3 yUT b — [T x &) x & }ds.
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But w and ¢ are zero on & so that the surface integral is zcero. If

= rt2p -+ kz0, pA4k2Z0, Y20, EZO0, atB4y=0
then

. k
.\{(A'f' 2p + B) (V. .w)® + (p. +;)(wa)2+ (x+ P+ )V .42+
A 2

(18)

ST XY+ 26§ = (T X))z Z 0,
so that -
(19) S(H-w + K. .Uz = o.

Q

Remark, The conditions (17) on the materi ici
. ) L aterial eoefficients $
established by Eringen [1] for positivness of internal en:r};;? (TB(;'.‘G relexed than those

= | ép
Finaly if 3—! = 2N, in Qx [0, T] then

13 &
(20) B Se_t (w® + jyf)de = N; [S widr + js q:'—’de .
Q1

From (12}—(16) and (19)—(20). we obtain for the functional! & the inequality :

(21) o = AS gdx + L‘g widy - CS ddx,

Q 0
where

A= N+ N 4 JM M)+ N Ny o+ M,
D= N+ N, + N;+ N, + N, + N, ,
C= N+ M, + M, + My + M,

Now let us consider

-1

{(22) T (p)0.Vg = V. [ (p')g0} — V=(p"). 10 — w(o")).10 — w(p*)aV 1w,
From the continuity equation (3) yields

1 fég
V== — "I[T + % .(gv) 4 Va‘-w] .
g Let '
Substituting this in (22) we obtain
W TE = T [ ] —g {v:’(p') _ e ’w‘}-w+ 17p") dlg?) |
P 2 g oAt
) T:!(p-) nl L
gV w4 (e guw Vg
P ¢

After some obvious caleulations we get

(e ke g 19 [ﬂ,('o.) gz] i { _ .1 & {:‘.:P_.)] _,_1 wv‘w _

2t *

12
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4

‘I L ;1 o 1 ’ o
lew ("F—(;—)}lﬁ + 7 (= (")) — g{v:‘(p‘) - (; )Vp‘} w V. [n—(%')gzzv] .

2 J ¢
1t .
loeter - —(*‘f—)w‘lé 2N, and
i
1("(9 )} e o twy ["(‘f )] = 2N, in Qxjo, 7],
ay P
then

= lo*
w(pthe Vgds = — S 2 l"_(P:_') 32)d1’ + 3'8( gidx + S u‘zd"") o+
Q %]

[l I}
1=

—

[

- (o

4 _VHS gide 5 = (p') gw.nls — S ([: ghe.nds.
P

Q 5 S

1But the surface integrals are Zero since w IS 4Cro on S and in the points of § where w.n<
=0, g is zero on 8. Hence it follows

(23} 2] ¢t

1C 2 (="
S ={e")w Vegdr = —"S o (—(_F:“? gz) de + (N 4 .\'Q)g gdx + .\'35 widir.
a 2 : 0 Q

if we consider the sealar produet of the first member of (10) by w and ¢ and inte-
grate over {) we obtain

aw a 1( ép .
o — 1w + pj i A de el — Rr.'(p') w. Fgdy — — S = (w? 4 jltde.
YAt Ft A al)at .
9] Q L)
After some ealeulations, taking into account (213, (23). we get
102 A o
2\ plw? L j2) + - gt [ de = A\ gde + Byw die -+ C\ pida.
Q g 9] a 9]
From physical considerations it results that p >0. Moreover. there exists m > 0 such

that p Z m.
Let n be such that ='(g*)}fp' = » and let us denote

2¢ = min {m, n}, @ = max {4, B, C}.
Then the above inequality becomes
q S a% (w? + j§? + gtde = ﬂ(w2 + §9* 4+ ghd,
0
from which it follows
(ot sa0t 4 ge =0
il
for all { e [0, T] and hence
w=0 ¢=0, g=0inxfo, T}

This gives the stated umiqueness result.



VALERTU AL SAVA

REFERENCES

Y -l

1. E‘,gl ngen. A C— ‘]"'ht'qrr; q,f: J"Iicropolrrr Flutds, J. Malh, Meeh., 16 (1965), pp. 1—18
2, rste, .J — Inslaliondire bfronum,f.’ eincr inkompressiblen  milvopoliren }"} ; h
M]Unut.s/b. ll)eut.sch. Akad, Wiss. Berlin, 13 (1971). pp 71-1: '.“-1-“:. SR

d. — Zur 2 eislens staiiondrer Sirimuncen bel ink ; ey i
- Y.vig,’.‘cilcu, ."Ionuts‘_). Deuaisch,  Akad, f\’isg, li:rli(::n,:?l(\{?g;}) m:;f.io_.“m-'-;rcn e
. Savwva, \})’;’;. ;;Oii H::zegizr:s"g}fnc. and uniquencss of the solution of a b’!.)hl!?gé't;ij-l;!l‘iuﬂ pre
! 2 theory incompressile nticropsl iels. it. Univ i Seet.
S et palar fluids. An. st Univ, Iusi Seet.

Received £, X1 1974

3. Forste,

Institute of Mathematics
Unicersity of fasi
Jasi, Noniania

-

Analele stiintifice ale Universilalii JAL I CUZA® din Tasi
Tomul XXII s I a, 1976, . 1,

ON STABILETY IN THE PHIORY OF BLASTIC CONTINUA WITH DIRECTORS
BY

GEL CIIIORESCU

1. Introduction. The sty of stability of  continuous Ay stems i~ the subjeel of
a lurre number of  workis, AL the end of this paper o selective Litliomiapl is given [1]—
{3], in which a more comprehensive refercice on this subject can be loutd.

In extendiine ihe idens of Liapuna, Movehan [1] s given nowseinl defi-
wition of stabitity and has proved analugous thcoremns (n0s tndn resulis are wiso presented
i |2]). kn the yresent paper the sltubility of clastic direcl A badies o cording to Moveha ns
definition, is investigated.

2. Basic equations of thermeelastie diveeted coutinuunl. The motion of o continuous
medinm with directors is tofered to o single lixed reetangulaer cartesian coordinate system ozt
The materisl point X dotermines the position in oaf of each vartiele in the medium ab
reference time £ = 0. With each junlerial poink X o noneoplanar e Tiedd of director vectors
Da (X) and a temporature Uy are associated, Then ai time t the spatial postlion x of a
material point X, as weil as the associuted il of direetors ¢ and the temperature § are
given LY

J ) = 4 . - - g - -_—F =—— . -
(2.1} r, (=)= af{¥;, ) d (%) d N ), Bl = (X, <)
For == 0 we have

ey . P - .

(2.2) X = x(X,, 0) D, - d (X s a). 0, = 0(X . 0).

flie current position of the particle 1s dengicd by xp = a{l), and as 2 consequence, L.
(2.1) may be rewritten as
(2.5) £ ()= 2l 1 D A dF) = oy o sh O By b2y
provided that
dot (exf=)eX ) = 0.
The comnonent: of veloeity at the point a, urc given by 1 and dai‘ the materinl deriva-

tive being ialivn witlh respeet to = and kesping @y and ! fixed in Iaq. (2.8). The second
order muterial time derivatives of x, and (Im_ arc similarly defined.

Tel the materinl volame & of the body be bounded by the surface [' which is suf-
ficiently regular to ensurce the common laws of transformation of surface integrals and
Friedrichs inequality. \Ve assume the energy balance at time ! in the form [6]

(2.4) \ p.';c;a".idfl + S pAaBYE :-n.aa W, dQ -~ S ‘::c‘dQ =
o} [+ ’ ¥

S R + For, o+ BY d a0 + S {tx, + 7 d-m. — qdl,
0 ) . Ir.



