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ON STABILITY IN THT PHEORY OF BELASTIC CONTINUA WITH BILECTORS
BY

GIL CILTORESCU

1. Introdastion. The stady of stability of  coutinious vstems i P seljeet of
a berre numinT of  worhs, Al the et of s paper o seledlive Liklfogzaj i s given [¥]—
(5], in which » moe compreliensive rofersice on this subject can be lound.

In exicncdine ihe ideas of Lispunov, Mowvelan [1] hoes giver o useial defi-
aitien of stahibity and hus proved analugous Wcorems (200 mein rosuils are alse presented
in |20 In the present paper the stabitity of clasli direeted Lodies wreerding to Move han's
delipstion, is invesiigated.

o, Masic equations eof thormorts e divected continuun. The moton of & continueus
redinm with directors is refured o 2 sinede tixed rorianguiar eavbesian coondinate system exf.
Phe olerial point X doterminos toe resilion in ot of cacl oariicle in the medium at
reference time < = (. Wilh eaciraaterial pemni X & ponesplarer teindd fietd ol director vectors
.b‘OL (X) and a tempurature Oy are assoriated. Then at time < the spatiud posilion X of a
materizl point X, as weil as the weectated Leiud of diveetors o and thc tomperature 0 are
given by
{2.1) r, (=)= X, 2yod {z)ood_ (N sh iwy o O 7

E1] 2
o1 T oo O we have

(2.) X oo x{(Xp, 00 D, = X

-
] Fhiiy

0). O, = X, o).
Plie currcat position of the particlc is denoled by ap = &ff), wnd as & conscquence, L.
(2.1) may be rewritten as

(2:3) g (2= afap b 2 Ay )= dleg ) Om = 0y 62

provided that
det (ée(z)eX ) = 0.
The emanonent: of veloeity at the point a; ure given In o oand d, . the materind deriva-

give Leirg takon with respect to - and lkesping xy and ¢ fiwed in Iq. (2.8} The second
order muaierial time derivatives of &, and rlm. arc similarly defined.

Tet the material volane (2 of the body be bounded by the surfuee ' which 1s suf-
ficiently regular to ensurc the common laws of transformation of surface integrals and
Friedrichs inequality. \Ve assume the cnergy balance at time ! in the form [6]

(2.4) 5 p,‘r‘.l!‘dQ + S pABY8 p
9} Q

e daqQ -~ S cod() =

i

S H{R + F‘ﬂ:‘{ 4 B“‘('!ai)dQ 4+ S (!‘(}:‘ o d.,“ — qdl,
0 I
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[=]

in which s is the density, e is the jnternal energy per unit mass, @ is the heat supply
function per unit mass and unit time, F, and % are the body forees per unit mass, i and

p%are the surface forces per unit area of T, ABYS ure defined by
mnpq afyd m 8 P g
I = A de dpelydy
where I are the substructure inertin coefficients and .y are some  deformation measu-
H - y p—, n
res given by Wy dadﬁ"‘

Ve admit the mass conscervation in the form

=3

(2.5) pd( = 0,
and we suppose that [6]
(2.6) %878 _ g
In order to cnsure that director mntions will contribute with a positive amount to kinetic
energy it is required that (%8y& Wop Wog > 0.

An entropy production inequality is also postulated, which at time ¢, has the form
(@.7) ‘IS aQ SQIQ )
2.7 - o — — + S—- =0,

dat) " i 0"z
Q 11 r

where % is the entropy per unit mass and §(> 0) is local temperature .

Imposing that Eq. (2.4) be invariant under rigid body mnotions the basic equations
arc obtained [6]
(2.8) tene + plli = pXi.  Wptkep -+t — wie T pDi = Pb;ik: in Q,
(2.9) fi= lygny, e = Ppitig, on 17,
{2.10) Tun =,
(2.11) q= gy,
wiiere a comma denotes partial differentiation with respect to the coordinate x;; Ly and
ity are given by B, = d“‘ BZ, u, - d:u Fad respeetively ; p(.; is the rate of change of sub-
structure momentumn, given by

. 5 1.
pog = 2inme Pon + 3 Lttiipe P -

where w = d?,d,,q; u, is the unit outward normal to T and m, are the micro-stress ave-

rage. The stress tensor #;;and the first stress moments ppg are taken over the coordinate
material surfaces, and the heat flux g; is also taken over the coordinate material surfaces
per unit area of this surfacc per unit time.

Let us introduce the IIelmholtz free energy function

{2.12) A=¢-— 0.

From the local form of the energy balance, it can casily be proved for a thermoelastic ma-
terial, the following equations

(2.18) i~ (PR — qu) = M. -~
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Using Eq. (233) in Eq. (2.4) we may writte

(2.14) Sp.;c"m"‘dﬂ -+ S p.dniyd 1.1'33 W dl) + g 2l 4 '.;r;)lli-l
£ I8! Q

S_;(I"‘..r" + HT![;‘? di} + g(f‘.;r’ v pid Jdl.

8] r

3. The cnergy criterion for stability of continuous system with directors. Let us csta-
Blish sufficient conditions to ensure the stability of the motion given by Hq. (2.1) or By,
(2.3). This is taken as unperturbed motion and we assume thal at time & it is perturbed
by changes in Lhe body and surface forces and also in the heat supply and heat flux. Let
the perturbed body und surface forees be Fy(7), 7<) per unit mass and (<), p?(:) per unit
arca of T Then for < < ¢, we have

F(7)= F2), By} = By, 40) = (45, v} = p3(2)-

The particle Xg has coordinates 55(7) and a tempemturc_()(z-) al time 1 in the perturbed
motion. Further we suppose that direetors DgfX) will deform in veetors dg{7} associated to
position zi(s). Henee we have

(3.1) 24(7) = 2 Xg, ), doil3) = due(Xm, 7), O(z) = O(Nx. 7). o S TS L
By assuming lhat det {(g2:(7)/éXy) > 0, Eq. (3.1) may be wrilten as:
3.2) 7 = Al 4, 7, dalT) = a1, 7), 0(7) = Bl 1, <),

so that the current position a5 of the particle becomes ;,- = Eg(a’k, t, t). T'he equation corres-
ponding to Eq. (2.14} in the perturbed maotion has the forin

(3.3) S p;;.;‘dn + S pAlha ;‘gau;?s di} + s p(:l + 8 ‘rT)d.Q =
9] 1} £

- Sp(i'-" o, + B dap) dQ 4 S(t‘a_z‘ + P2 d_ )b,
Q r

where A, ;, 9 (> 0) are the Helmholtz free energy function, the cntropy per unit
mass and loeal temperature ol the bedy in its perturbed notion respeetively. In (3.3) the

integrals are extended over the unperturbed material volume and surface of the body.

T —d . Substraction of Eq. (2.14) from Eq. (3.9

Now let , =1x —I and GM = dat

then gives

S p(d — A)dQ + _(, oz, ¥, — 2,7, + AP0 qw o — 2w w0 =
[#3 a

ol — 800 + { i, + (F, = F)z, + BS,, + (B — Bpd, 0+
0

(38.4) =

(Lo, + = ‘f)'tll + p—?éat + (9} — P, )dT-

-+

] ey B ey
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We takn fur the Movehan-Tiapunoyv funclionil
P 1 = C o
31} = li ool — A)edl) +_’5 eliwpry — wiry
g! _5
{(3.5) !
2 s s :L'Ys))d!..l - S I (pedp,

‘s

where 2,(f) stands for the right side of 19q, {(#.4). From . (5.0} i follows Lhat o {f) = 0.
Tence il M, nnd 9% are the two metries chosen for the stayility investigation (under the
assumption that conditions 3.5.1 and H.3.2 of [2} are satisfied}, the Theorem 3.3 [2] vields
as sufficient eonditions for stability

(i) <, is continuous with respeel to Dy Tor t 22 4,

(i) <5,(0) 2 0,

(iit) §,(f) sutisfics the inequalily (6} = 8(e), whenever B 2 e and 0 < 2 < R, The
comdlition (iii) may be replaced by ,(t) 2 W Tor positive cousiaul ¢

When the perturhstion acts only for the finite time interval (4, typ) condition (i) be-
comes

('} <,(t) is continuous with respect to Ny for 1y € & = e

For some speeint eases of the anperturbed motion, olher functionals may be laken
instead of J,(f) in the conditions {i)—(iii) or (¥)—{(iii}). to obtuin sulficient conditions for
~tability. Tor example, we could take d,(!) as given by

t
R 1 o 9 - =

(3.6) _._'iz(f)= l‘ gl — A + ;K(p;ri;ri -+ A3 zi‘mﬂ:i‘ys)dﬂ -_— S fL(p¥p,
O 3] i

where

(8.7) 1,(t) = ! el + B0 ) dQ - S(F‘ w, + pad ',

Q r

when isotermal conditions (U = 9 = 0} arc assumed and the body is considered in equili-
brium. Obviously

to
(3.8) .= R plod — A)(d — \112 (P)dp = Iz (t)
13 i,

and thus Ja(t) may be used instead of Ju(f) in conditions (ii) and (iii).
When the perturbing loads Ft‘ B;‘, ¢ and p7 act ouly during a linite interval {tg, loo)
and thereafter take the values F,, B} ti, pf of the loads in equilibrium (the body is dead

loaded for = > fgo),ome may tuite the funectionad

. 1 a0 I
(1.9) Sty S?(" - ) +;,S ol + <4280 )0 —
Q 9]
i
— ( #pap, 1o < = < too
ta
and

-
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— S .
(3.10) S= \ ol T — )0 +ES et b AT e i)
Q 0

— \ p{F{u‘ 4+ B;‘Oa‘)d Q— g(';”r J-?f:flﬂ)n'l', T = lgo-
ir I

Again in conditions (ii) and (iii) we mnay usc

(3.11} bg(t) = S p(;l' — A)d) — S plF 1, + B dil — g(ti,u = p‘:ﬁu‘)d[‘, T > g
o Q r
If the body is Turther supposed in ‘ts undeformed and upioaded configuration, for

which 4 = F, == =0 the following funetional may be taken as the Mo v -

chan-Liapunov functional

1 - = =
(3.12) Solt)= S oAdQ 4 :S plapr, + Axdyd wathS)dQ -
o)

L
- Sﬂz(p)dp, lp = % < by
fa

and

: o 1 il — =
{3.13) cig(ty= S pAdl) + ;S gl + Axdyd waewvs)dﬂ, T > 1gp-
Q

Tot Js(t) the condition (iii} may be repliced by :

(3.14) (iv}S p.-_ld.Q = 8(e), for G = ¢
1]
which represents u restriction on the frec cuergy in order that stability oceurs.

4. Stability and uniqueness in the linear thesry of elastic Cosserat continuum. In
this section sufficient conditions for the asymptotic stability of the equilibrium configura-
tion under dissipative loadings are obtained (this eondition with respeet to forces has also
been used in [7]) The equations of motions, the geometrical equations and the boundary

conditions are [8]

(4.1} terk + oFL = pity, Mk + Srimitm + pLi = pion:
(4.2) €407 Wi g — €k Phy K] T QL]
(4.8) g == Lgy my, M= MRy,

where, uiand g are the components of displacement veetors and microrotation wvectors
respectively, wlile t and m are the stress tensor and the couple-stress Lensor, Eixim is the permu-

tation symbol, Ly represcats the muass density of the body couples, j is the mocro-inertia

coefficient which satisfy j= 0 [8] (hene: wo are dealing with micro-isotropic solids only),
and ey, % are called the strain tensor and the curvature-twist temsor respectively.

In the case of lineur isoterm theory the following constitutive equations arc considered
19]

(4-4) tyg = Com sxt + Dt xan mi = Dywt et + Eyjur #its

7 - Matematich 21%
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with
(1.3} Cir = Crnigs Dy = Eiy

We assume that Ceg, Frr, D are bounded and measarabic Dinetions of x delined on
Q=QuyTI.

The components of the displacement veclor are denoted by u; or vy, the components
of the miero-rotation vector by o; or ¢ We denote {wi, 9; }= u and {v;, ¢;} = v s0 that

u or v rvepresent a displacement and micro-rotation ficld. Let W be the spuce of vector
- functions u with the norm

(4.6) ulfy = g (ot + Q9 + Usgting + 0104.5)d0L,
Q

where u;, g & WHQ} (WL} is the subspace of L,(€)) of functions whose first derivatives
in the sense of distribulions, are in Ly(})). Let T be the interval I= [0, 7'} with 0 < T < o

and let W{{, I} denote the linear space of mapping u{t) of I into W(2). We define the
norm on W{{l, I) by means of the equality

- u = sup | uf! YOV
(4.7) 1% lwa.y = sup Tult) Iy

The space ZT {2] may he taken as the subset of W(Q, I) consisting of real valued vector-
funections u(x, t) satisfyving the conditions

I)ue=c?)] for t €1,

10} u = Q1] for x = (),

IIl} ;= ;=0 when x = I" and (e [

Let us define the Movehan-Liapunov functional and the two metries which

will be used in the stability investigation (Thcorem 3.8 [2])

1 o o e
(4.8) () = ‘;S (Cyriesgerr + 2D grrey var + Egritagra + ouitty + ojpiod(Q,
I3

(4.9) Wty = S(uiz{.- + oipi + puay + piipNdQ,
n

{4.10) () = S(t,) = const.
We prove now ihe [ollowing stability Lheorem
Theorem. If the following three conditions are salisfied :
1) the body forces are dissipative, i. e. of the form
(#.11) Fi= —cty, Li= — ape
where ¢(x) and cfx) are positive functions (we consider these forces as the effect of a sur-
rounding dissipative medium in which the body is {mbedded [7]),
2} the surface tractions are dead
(£.12) lf=my=0,

3) the emergy of deformation per unil volume is uniformly positive definite, i. e. there
exisls ¢, > 0 such that for each x € ()

>

-5
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1 1
(4.13) Alegg, xyy) = 5 Cisasigzrr + Dijmiggnn + p Eijernis e 2

3
Zax (E?J- -+ Kf,),
t.i=1

ilibri ion i f i i t by Eg. (4.9)
Libriwn solulion is asymplolic stable watk‘ respf{c! to the melrics given by (.
fa]:f:; i{:;cq;z;;:} j‘ and the solution of the Eq. (4.1) is unique (in the sense of the Ddefinition

e [illi.()f. Let us verify all the conditions of the Theorem 3.3 [2]). Acc_ording to a tht.:on.:m
on integrals depending on a parameter, the conditions (I} ant_i (.II) lmpl)_r the continuity
of O7(f) with respect to ¢ and therefore the condition %.3.1. is satisfied, In view of Eq. (4.1)
and the conditions 1)} and 2) we obtain

{(£.14) Sty = — S(cu}u',' | compd < 0,
£

i i i i : dition 3.3.3;4; results immedia-

that -i{t) is a non-inereasing functional (3.8.3(p) "{‘l}c con r .
stgly from( )Eq. (+.13) We will prove now the condition 8.2.3qu). The Fieiorr_natmn opera-
tors ¢y and xy form a coercive system {Definition 1.2, [9]} in conformity with the Theo-

3 - - - =" -
rem 1.1 from [8]. Then, }:(sfj (u) + z'fj(u))= 0 implies, using (111}, that u=0 in Q
ije1 o

{9]. Therefore all the conditions of the Theorem 2.3 of [10} are satisfied and consequently
we have

(£.15) S “Aless(u), wif(u))dQ > ey fu 12“,, ¢, = const., ¢, > 0,

[
for any u € ZT and for any { € T. We make use of thc following Friedrichs’ inequality

([2], Section 4)
(4.16) suzdﬂ R ( Su’dl‘ + Su,fu,(a'fl) , we= IF1{L) and ¢ > 0.
Q r 4}

From {4.6), (4.7), (1II) and 4.16} we obtain

(4.17) S o (egg(u), %(w))dQ = CGS (wui + piondQ, ¢y = const,, ¢ =1
1]

and thus the following inequality may be writter

{4.18) (1) 2 e S (v + @ipi + piut'u + pj'(gn;f,u,,,)dﬂ, ¢, = const,, ¢; =0,
9]
i e {832 ¢ M) (3.88.up). From (4.10), (4.14) and (4.18) it follows that

1 i 1 S
(4.1D) M) < = (1) € — Sy} = — VM,
€y Cs Cs

and now it becomes clear that conditions 8.8.2 and 3.3.3, are also satisfied. Tl}c proof
of the asymptotic stability of the equilibrium solution and the p{oof of the uniqueness
for the solution of (4.1), are similar to those given in [7] for the linear theory of elastic
Cosserat rods.
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SYNTHESIS OF TWO-TERMINAL NETWORKS WITH RECTIFIERS
AND A MINIMUM NUMBER OF RELAY-CONTACTS

BY
JUHANI NIEMINEXN

1. Introduction. 'This paper considers a classical problem of realizing a given Boolean
function, that describes the chains of relay-contacts in a contact network, into a two-terminal
contact network N satisfying Lhe contact demands of this function with a minimum num-
ber of relay-contacts. An abstract formulation of the problem is given in terms of graph
theory and the base for constructing a desired networl: ¥ is a directed graph. This directed
graph is translated into N and cliains of forbidden relay-eontacts are execluded by using recti-
fiers.

There is a large number of roumanian works concerning the realization problem of
this paper; a list of those papers is given at eod of the monograph of Moisil [+ As
stated in [3], the problem is interesting but hard to solve. As expecied, the abstract formu-
Jation of this paper does not give any practical solution method, but it offers a base for
constructing reasonable approximative realization methods applicable to problems in prac-
tice. An approximation is considered in the last section.

The terminology of graph theory follows that of Ilarary in [2]. By a Boolean
funetion f(x$%,..., %) we shall always mean a function in its disjunctive notimal form. The no-

tation = stands for the negation of x, and +® — means z, if a=1, and;'v_,' if a=0.

2. A graphtheoretic formulation. Let J§ z8) be a given Boolean funetion. A two-
terminal network N with terminal points x and 8 and with labels af vy B2 OT lines, realizes
f(ﬂi sours TB), if therc is a path, possibly direeted, from « to B in N corresponding to any
conjunction of f(x® ..., x3) and containing only those lines with labels forming a conjunction

in question; N contains no other paths from « to 3. Let a"i" . a.";" ,...,:r;' be a path {rom
3

« to B in N with line labels af , r=1,.., 8, given in that order in which they appear in the

R
path. Clearly the paths define a set of orders, a sct of chains, among the symbolszf ..., af

and these chains form the subjeet of our interest here. The chains shall be detccted by using
the labels 29 ,..., 2§ on points of graphs defined below. A graph with labels on points can be

casily translated into a graph with labels on lines.
The determination process of N contains the following main steps. Let f(25..., T7)

contain m disjoint conjunctions. At first we construct an undirected graph G,=(V(G)), E(G,))
V(Gl)——{u‘?j Viz=1,.,m j=1,.,m and a=0C, 1 }. This graph will be decomposed into a
set of speeified induced subgraphs of G,. The decomposition as the base, G; will be mapped
onto an undirected graph G, satisiying a minimality condition. This graph determines the
chains, or the order relations, under interest as follows: a line (y, 2z)< E(G,) implies that

y>z or z>y. These order relations shall be translated into a directed graph G=(V(G), E(@)),
where V(G)=V{(G,) and a directed path from a point y to a point 2, y, z=V{(G), implies

that y>z. The graph G can be directly translated into a network N realizing f@%,...,2%)
with a minimum number of relay-contacts.



