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SYNTHESIS OF TWO-TERMINAL NETWORKS WITH RECTIFIERS
AND A MINIMUM NUMBER OF RELAY-CONTACTS

BY
JUHANT NIEMINEXN

1. Introduction. This paper eonsiders a classical problem of realizing a given Roolean
function, that describes the chains of relay-contacts in a contact network, into a two-terminal
contact network N satisfying Lhe contact demands of this function wilth a minimum num-
ber of relay-contacts. An abstract formulation ol the problam is given in terms of graph
theory and the base for construeting a desired networle N is a directed graph. This directed
graph is translated into N and oltains of forbidden relay-contucts are excluded by using recti-
fiers.

There is a large number of roumanian works concerning the realization problem of
this paper; a list of those papers is given at eod of the monograph of Moisil [4]. As
stated in [3], the problem is interesting but hard to solve. As expecied, the abstract formu-
Jation of this paper does not give any practical solution method, but it offers a base for
constructing reasonable approxinative realization methods applicable to problems in prac-
tice. An approximation is considered in the last scction.

The terminology of graph theory follows that of Ilarary in [2]. By a Boolean
funetion f(x$%,..., %) we shall always mean a function in its disjunctive normal form. The no-
tation » stands for the negation of x, and 2% — means x, il a=1, and;'v_,' if a=0.

3. A graphtheoretic formulation. Let f(@§ ..., z3) be a given Loolean funetion. A two-
terminal network N with terminal points « and § and with labels &% ....,25 on lines, realizes
f(.’e'} sours T2), if therc is a path, possibly direeted, from « to B in N corresponding to any
conjunction of f(x%,..., z3) and containing only those lines with labels forming a conjunction

in question:; N contains no other paths from o« to 9. Let af , 2f ey 5 bz a path from
q p i, * i, iy I

« to B in N with line labels a§ , r=1,.., 8, given in that order in which they appear in the

R
path. Clearly the paths define a set of orders, a sct of chains, among the symbolszf ..., af

and these chains form the subject of our interest here. The chains shall be detccted by using
the labels 2f ..., af on points of graphs defined below. A graph with labels on points can be

casily translated into a graph with labels on lines.

The determination process of N contains the following main steps. Let f{x%,..., ¥3)
contain m disjoint conjunctions. At first we construct an undirected graph G,=(V{G,), E(G)):
V(Gl)—-{w‘{‘j Fiz=1,., R, j=1,..,m and a=0, 1 }. This graph will be decomposed into a
set of speeifted induced subgraphs of G,. The decomposition as the base, 6; will be mapped
onto an undirected graph G, satisiying a minimalily condition, This graph determines the
chains, or the order relations, under interest as foliows : a line (y, z)<E(G,) implies that

y>z or z>Y. These order relations shall be translated into a directed graph G=(V(G), E(G))
where P(G)=VF{(G;) and a direeted poth from a point y to a point =, y, z=V{(G), implies

that y>z. The graph G can be directly translated into a netwoerk N realizing J @G y)
with a mipimum number of relay-contacts.
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Definition k. Let f(xf ..., T3) be @ given Beolean function of m conjunctions. G, =(V{G,)
E(G,)) is an undireeted graph whose set of poinis isV(G)= {af, | xy is a symbol in f(a%,..., a2},
=1, 0, j=1,.,m and a0, 1} and a linc (:rfj, :r"fa)EI'?(G,}, if k==h, i=r ond j#s, or if
J#s and a::‘a or ;mi'j is a symbol of f(f ..., ¥h).

A complete t-partite graph is an undirected graph §=(V(8), E(S5)) where the set of
points F(S) is divided into ¢ non-cmpty point-disjoint sets A sy Ay, the union of which
is I/(S), and there are no lines hetween two points in a set Ay and a line joins any two points
z and y, when xe 4, and yo d,, u#o, i, o1,k Now we are ready to define the mapping

determined the graph G,.
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Definition 2. Let D (8] oy Sy s Sy} be @ decomposition of G, into p complete U(g)-
partile graphs such that any point of G, belongs to exactly one of the graphs Sy in the decompo-
gition . D defermines a mapping g from G, ento a graph g(G,) as jollows :

(i) If 8, is mol a complete graph of constant values of i and k, then g maps all the
poinis mfj with constant values of I and i, tespectively, inle a point q:c’“ in g(G,).

(it) If Sy is a complete graph of constant values of i and k, then g maps any point a:fl
of Sy onto a point z%, of g(Gy).

(iii} 4 line joins any two points g and q,,rf of g(G))if g has mapped into those points the
poinis :z:'a and zfj, respectively, with the same value of s and j, i. e. s=j.

Definition 3. Let g(G,) be the family of graphs obtained from G, by a mapping g de-
fined above. Gy iz a graph for which holds: | V(Gy) | = W(G) | for any graph G<g(G,).
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Refore continuing, let us consider an cxample illuminating the definitions above. Let

(1) Jlag, vl af)=2 T V @y V 280, V 23237,

where n=m=4¢ and a=1. Fig. 1 illustrates the graph G, and Fig. 2 shows a graph G, for-
med by two complete f-partite graphs S and S, where V(5,)={x);, Zo;s T30 F120 Tooe T3}
and W{5,)={ @, ¥3; Ty Tgp Ty Typ }o In the mapping g determined by S5
above, the points in 5; and S, are mapped into poinls of G, as follows: f @y Tygr g}
=@y, {Zopr Eay 121 Te{ T} 1T { Ty Tyge 2y oy

and &, defined

{ @z, ¥y Yoy and {agy J=uty (121 1) €

= E{((,) as 7, and @y are mapped by g into o, and ¥y, respeetively ; the existence of the

other lines in G, can be seen simiiarly.

-~ —_ -
Definition 4. Direcled graph G=(V(G), E(G)) is a graph derived from the graph G, suck

-
that V(G)=V(G,) und if two points y and z of G, are foined in G, by a line, there is o di-

rected path from y lo z, or from z lo y, in G but not both of them, i. e. G determines an order

relation among its poinis such that if (y, 2} = E(G,), then y>z or z>y.

The existence of 2 graph G determining the order relation of Definition 4 follows
from results of Thiel (see Jung [5]).

173 a },{1

1!{1 2)‘2 * 12 ,‘K,l 2)(
- % T/“"—Si
i 5= X = %2 2%
2 % s .
274 1'3 . 2“.’. .
G = "3 2%
G
2 % noo,, {“/rs N
(a) " ()
Fig. 2 Fig. 3.

—’

Figure 3(q) shows the directed graph G derived from the graph G, of Fig. 2. We

nd —
connect now the point « to any maximal point of G and 8 to any minimal point of & (see
Fig. 3 (b)) ; this graph is denoted by G 4. Fig. 3 (¢) illustrates a graph derived from the graph

-p -

G, of Fig.3(b) by substituting the points, except = and B of G4 by lines and maintaining

-+
the proper order relation by wusing a set of rectifiers (the dirceted lines {;r), ,v;) and

(1%, g7y} of Gp). By Temoving the pre-subseripts ,1% and 2 from the line labels in N, one con

easily sec that N realizes the Boolean function (1). TFurther, N is a realization with a mi-
pimum number of relay-contacts as mentioned in |1, p. 386).

We shall call a network N with rectifiers and relay-contaets, realizing & given Boolean
function f(2f ,..., x8), minimal, if after removing any labelled line from N, N no more rea-

lizes f(2§ ..., 2p)- The following two lemmas illuminate the hackground of the concepts de-
fined above.
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Lemma 1. Let f{z§ yoes EB) be a giten Hoolean function and G, a graph derived from it.
If N is a minimal fwo-lerminal network with reclifiers and relay-contacts realizing f(xf ..., 7%),
then the relay-contacts of N imply n decomposition of G| into p point-disjoint complete t(g)-partite
subgraphs S, ... Sg 500 Sp such that U F(S)=V(G).

Proof. Evidently the rclay-cogtact lines of N can be decomposed into p paths in
a family P of paths with the following properties: Let {17, 2/ ,..,¢'}U {1, 2,.., n} and if
s path (ale, @, ... 23)€P, thenit is a path from 5 to B in N realizing s conjunction of
f(.v? Veres :v:) or it forms a connected part of such a path; any relay-contact of N belongs to
exactly one of the paths in P. Consider two relay contacts af, and af,, of a path (af.,..., alye

a - .
P and assume that af, corresponds to the symbols ;r:.',jI e af; in the conjunctions
* t

. . . S . @ X .
indexed With jj ..., J, in f@§ ... a5 and o, to the symbols 5, .1':,'.8! o % inthe con-
5

rs,

junetions with the indices & .., 3. Clearly the assignement of the symbols a:(:'sl""""(r"te to-
a line label z2 need not be unique; as N is minimal, in any assigncment each line label
is associated with at least one symbol :rfj of f(zg ..., #). We suppose that in going from
@ to § in N along (.E‘l",..., %) one must first go through a4, and thereafter through aj. As
N realizes f(]....., 7)) without forbidden paths and as itis possible to go from xf. to of in
N, any of the conjunctions j, yers , Must contain the symbol af. Similarly, as it is possible
to go from 2l to a5, then any of the conjunctions s; ..., s, must contain the symbol &,
It follows now directly from Definition 1 that {(z{s,..., 2§} generate a complete L-parttite sub-
graph of G). The validity of the other assertions of the is obvious.

The path decomposition P of N is not the only way of finding a decomposition of
G, into subgraphs S ,..., Sp. Note that if (.’c‘;, B mg.) is a bridge in N, i. ¢. one can go through
it from x}, to . and also from 3. to af, in poing from « to B, then also the trce structure
of a part (.r':. yous £2) of @ path from o to B and of the bridge (a:‘;. yeeer ¥5,) With 2 common
point generate a subgraph S of Gy.

Clearly, if any decomposition P of ¥ into paths or into paths and tree structures
of paths and bridges, contsins at least one set {22} with asingle element corresponding
to the symbols :c",:-l - a::;u in the conjunctions f) ... i, of f(¥] ..., 2%), uz2, then f(xy .., a.':)
contains at least two conjunctions one contained by the other. Hence there is for any N

& decomposition P such that the number of relay-contacts and the number of points in
the graph g(G,) are equal, where g is the mapping determined by the subgraphs S, ..., &
of G, gencrated by the decomposition P of N

Lemma 2. Let g(G)) be a graph delermined by the mapping g of Definition 2 and EG
-
a directed graph derived from g{G,) satisfying the demands: V(gG)=V(8(G,)) and there is a di-

rected path from y fo s or s lo y if and only if (y, 2y=E(g(G))). Let gGmB be a graph obtained
from pG by joining o to any point of gG «with zero indegree and $ to any point with zero

outdegree. The graph A\_" obtained from gG,, by substituting any point of g(_f by an undirecled
line with the label of the point in question realizes f(% ,..., 28).

Proof. According to Definition 2, two points y, 2€V(g(G,)) are joined by a line in
£(G,)) only if into y and z are mapped the points 22, and af; of G,. respectively, such that

—
s=j. According to the definition of gG and as such o graph always exists, there is for any
-

—_
conjunction of f(z4 ,.., 23) a path from = to B in 2G4, and also in N, containing only the
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—
points which correspond to the symbels of the conjunction. On the other hand, if gGmB con-
tains a path from « to 8 corresponding to a conjunction not in f(mlﬂ yeeer BE), then the points

of this path, except « and 3, form a complete subgraph of giti,}, which is possible only
if therc is a conjunction of f{r§ ..., x4) with the symbols of the points of this complete sub-

graph, This is a contradiction, and the lemma follows.

-
Clearly anv dirceted line of N corresponds to a rectifier; the final realization N i
—

obtained by removing the unneceessary rectifiers from M.
According to the lenunas above and as for any minimal N realizing f(.v‘;,...,m:) there

is a graph g(G,) such that | 1(g(G)) | eyuals the number of relay-contacts in N, we can write

the following theorem.
Theorem. Let f{27 ..y xt) be a given DBoolean function. Any realization N of f@% ..., 8}

with rectifiers and with e minimum number of relay-contacts is derived from a gruph Gy und
any draph G, determines a reafization N of f(35 5y 23) with rectiffers and wilh @ mininum niwm-
ber of relay-contarts.

3. Some observations on approximative methods. According to our knowledge, there
are no methods for determining such a partition D= { 5}, 8§51} of &, which determines
a graph G, On the other hand cxact methods for finding a graph G, scoem to be fairly tedi-

ous. Hence, we shall in the following look for a way of determining a reasonable appro-
—

ximation GY for G, of a given function (2% ,..., x2). The method for finding G from &, or from
—
" must be exact. This method ought be such that the resulted graph G contains as few

hirected lines as possible.
Consider a way of finding G2 By w(r]) we denote the number of occurences of the

virable 29 in a functionf(.r‘; . .?';). S{X) Let a®, be a variable of maximum weight zr.!(:tr‘;‘,)

in fi¥) and let us decompose f(X) with respeet to this wvariabie into the form f{X)=
Tl X,V fio(X1E): the subformulas f,,(X1) and fi{X'¥) are called residuals. Choose from

fi{ XY a variable xg, with a maxinum weinht w(@f,) in the function f,,{(X'!). Suppuse that
fH(Xh) and f, _,(.\’H) are the residuals obtained from f(_ m(X(k' 1)'}p at step k. Then, at step
k41, we choose a variable rf pp v ha maximum weight in the function f“(.\'“). The process
stops in the following eases : (1) Let each variable of fr,l(‘\’kl) have the weight one in J"jl_l(}ik1 )-
We choose an arbitrary variable af. , . remove it from f“(,\'“) and denote the residual thus
obta:ned by f., . (X"F D2 (I Let f, (X =5,V [ (X™), where w(ey, , )=21n £ XM,
"l'henf,_JX“) m?.rl(,‘_"Vf:_l(Xﬂ f:-’+1)) 'wg‘+1f(k+1)1 (X(k+m)‘ From f(k+l)1(X(kH)1) B
choose =n atbil.ary variable 2%, , ., remove it from f(Hm(X(HI“) and denote the residual thus
obtained by f el XEE)

Let f“(Xh) contain a part of the conjunctions of f{X) with indices j;(,, semea dpgpy I
case {I) the corresponding complete t-pattite graph §) is determined by the point sets {m‘]‘.’.“l

peeer BT} lI},{.r‘;.,1 _ ahy  Yaen {""‘:L-‘H'.j '+n} and the new function to which the process
r1} i) =2y ik

will be applied is fia(X2V fugflX)V e VI XD, I case (ID) the new function is
the same as above, but &, is determined by the point sets

I ] n « ¢
Z,. e - aes Lo AN veny B3 4 v Torrgang .
{ Vi wl’-r(l) b § T Tlipgay 7 T gy frean I { W+ ey ) i

As an example consider the function

(2) flag, 2l , a} Yoo omy ity g V om0y V Xy By Ty AV AT
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Now, f(X)=x,{#,2,V Z, TV &) TotyV 2y ity 5 and f1y(XM) s,y V @y, fy(X) is the function of
the type reported in (I) and we choose z, from f;,{X'!); the corresponding residual is f,,(X?22)
=2,V Ty 2, Thus V(S)={{Zn, ayh {%n }} and the new function is TV Ty PRV AY
Vi, @, 2= Vi, 2V iy ERVETE 3. According to the case (IT) we choose from z; z, Lhe
variable ;"'_2' IHence the llCW_EUl’lC_EiOE is 2,V maV‘rl_xg 3_’3 and V(Sg)={{ yyy L33 } {1_'23 32 -75'_; \
V T, T,V @y @ Ty=2y((D) V Xy a5}V 2 @ and from x,x, we choose x,. V(55)= H 2 E1gh (@2 3}
and the new function is E‘zmﬁzv a'sl_‘.iﬂ:;(gv:rz). _After choosing ;2 there are no variables and
hence we have decomposed Gy; V(S = {2z @30 }» { @y }}- By denoting the scts {z;, 2,5},
{ Tgy 233} {;13- ;E;i L {3732, &;4} briefly by x, o3, El, x,, respectively, we can directly draw

-

the graph GY of Fig. 4 (a). Fig. 4 (b) shows the corresponding graph G and Fig. 4 {¢) illus-
trates the network N realizing the function (Z).

K1 {1 Xy 11
X
: )
{ f Fp , t'n
I 2 2 i
x3 ;3 x_-., §3
. ~
6 N
(b) {c)
Fig. 4 Fig. 5

We have no efficient algorithm for determining a graph & from the graph G, (or from

-+
G9) with a minimum number of lines. A labelling algorithm giving a graph’G such that [E(G)| =

=) E(Gy) | {or | E(G) |= | E(GY) |), canbe construeted, but such a graph is clearly not a de-

sired graph G. Figure 5 shows such a graph G derived from GY of Figure 4{a). For further
information on directing the lines of ¢, and Gf and for constructing suitable algorithms
the reader is referred to the papers [6] and [7] of Jung.
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ON TIIE THEORY OF REDUCTION OF SEMILATTICIAL AUTOMATA
BY

DAN A, SIMOVICI

I. Introduction. We intend to study in this paper several aspects of the reduction the-
ory of semilatticial automuta. This new class of automata is an extension of the class of li-
near Roolean automata [8], which includcs us special cases Leticevskij automata [2] and
macroautomata related to nondeterministic nutomata (see [1], for instance).

A semilatticial automaton (SLA) is o 5-uple A= (I, L, K, {fr1i= I} {gili=s I}
where I is the input alphabet, L = (S, ¢) is the statc semilattice of te antomaton, K =
= (0, U} is the semilattice of output signals, {f¢]1 = I} is the sct ol transition mappings
which are cndomorphisms of the lattice L and {gi]i € 1} is the set of output mapping
which consists of lattice-homomorphisms from L to K.

When an input signal is presented at the input wire of the automaton, its interior
state being s & § we olfain gi(s) at the output wire of the semisutomaton, the next state
being fi(s). The transition mappings and the output mappings can be extended for words
belonging to I* by induction on the lenght of the words. Namelv, for every p from I" we
shali take

Sfpi=Jiofp and gpi = giofp

It is clear that f, = Hom(L, L) and gp * Hom(L, K). In the sequel we shali present some
classes of automata which appear to be special eases of semilatticial automata.
Let A (J’}(z’“»", B‘zﬂ»ll, Béf,n, fig)m <A, B, C,D> Dbt a lincar Doolean auto-

maton [3]. Tt is clear that B{mI), B‘z"»“, B{LD are disjunctive semilattices. The mappings

fi and g; are given by fi{s)= sy Bi and gi{s) = Cs |J Di. We remark that they are ho-
momorphisms since

fluls, 13 = M= AU (341 = TNy Bi=
= U{dsslje )y Bi= Ulds;u Bitje )= v {frls) i =)
and
gduls; |j e I = Clu (s5lj €INU Di=
= y(Cs;ljsJyu Di=u(Cs5 U Diljed= ulgspli<s .

Let A =(I, S, 0, f, g) be a nondeterministic automaton. The macioautomaton related to
A is defined as M(A) = (I, P(S), P(0), F, G), where F = {fi |f1: P(S)— P(S), 1 € 1, fdS))=
= U(fs) |8 = S)), VS, € P(8$)} and & = {gi [ gi: P(S)= P(O), i € 1, gilS) = Vg |5 =

< §), VS, € P(S)}. It is immediat that M(A) is a SLA for, fAU(S; 1§ = U{ds; 1)<
e J)) and g(U(Sy|j s IN=u@Spli<J).

A Leticevskij - like automatonr is an infinite semiautomaton A = (I, PH2Z%), F, E,)
where I is the input alphubet, Py{Z%) the sct of finite subsets of the free semigroup 27
generated by Z, F' is the state sct, £y € Pg(Z°) is the subset frem Z which is the initial stafte

for A and the family F satisfies the following conditions:



