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Now, f(X)=az,(2,2,V T, Z)V ) dagV ay @ @ and fiy(X1)=a,2,V 2, f),(X") is the function of
the type reported in (I) and we ehoose T, from f,;{X™); the corresponding residual is fo,(X*%)
=2,V E 7y Thus V(S)={{Zn, 21}, {¥n}} and the new function is a,V 2, 23V, T 23V
Vi, 2y ay =2V % )V 2 T3V 2 Ty x5 According to the ease (II) we choose from z, z, e
variable #, 1lcnee the new function is &) V& 2V 2 2y #, and P(Sy)={{ 23, 23z b { Ty b 2V
V &y agV ity T Ty=y(() VX #3) Vita ity and from a, x; we choose z,. V(S3)={{ Ty Tgh {7 })
and the new function is a, vV ry=xy(@ Vag) After choosing a, there are no variables and
hence we have decomposed Gy ; V(S = {{ 73 T3¢ {.7:?22 }}. By denoting the sets {z;, 2.}
{ zg1s #aahs {71 9;1.4 h {w_:,._., a";,} briefly by ), 23, #,, 23, respectively, we can directly draw

the graph GJ of Fig. 4 (). Fig. 4(b) shows the corresponding graph G and Fig. 4 (c} illus-
trates the network N realizing the function {(2).
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We have no efficient algorithm for determining a graph G from the graph G, (or from

-
GY) with a minimum number of lines. A labelling algorithm giviag a graph’@ such that |E{(G)l =

=1 E(G,) | (or | E{G) |= | E{GY) 1}, canbe constructed, but such a graph is clearly not a de-

sired graph (. Figure 5 shows such a graph & derived from G9 of Figure 4{e). For furiher
information on direeting the lines of G, and GY and for constructing suitable algorithms
the reader is referred to the papers [6] and {7] of Jung.
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ON THE THEORY OF REDUCTION OF SEMILATTICIAL AUTOMATA
BY

DAN A. SIMOVICI

1. Introduction. We intend to study in this paper several aspects of the reduction the-
ory of semilatticial automata. This new class of gutomata is an extension of the class of li-
near DBoolean automata [8], which includes us special eases Leticevskij automata [2] and
nacroautomata related to noadeterministic automata (see {1], for instance).

A semilatticial automaton (SLA) is o 5-uple A= (I, L, K. {fi|i < Iy, {gi)i= I})
where I is the input alphabet, L = {8, U) is the state semilattice ol te automaton, K=
= {0, 11} is the semilattice of output signals, {fi|i{ € I} is the sct of transition mappings
which are cndomorphisms of ihe lattice I and {gi|{ € I} is the set of output mapping
which consists of lattice-homomorphisms from L to K.

When an input signal is presented at the input wire of the automaton, its interior
state being 5 = § we obfain gi(s) at the ontput wire of the semiautomaton, the next state
being fi(s). The transition mappings and the output mappings can be extended for words
belonging to I* by induction on the lenght of the words. Namely, for every p from [ we
shall take

fpi=fiofp and gy = gicfp

It is clear thot f, = Hom{L, L)and g, * Hom(L. K). In the scquel we shall present some
classes of automata which appear to be special cases of semilatticial autemata.
Let A = (B{™Y, Bip.h, Blzl,ll, [, &Y= < A, B,C,D> be u linear Boolean auto-

maton [3]. Tt is clear that B, DD, BN are disjunetive semilattices, The mappings

fi and g; are given by fi(s} = Asu Bi and gi(s) == Cs u Di. We remark that they are ho-
momorphisins since

ffufs, 1= D)= AU {zy|j=J)v Bi=
= U ldssljeE U Bi= y(ds;u Bilje = v (fils))li =)
and
gdu (s3] = I = Cu (sg1j = ) Di=
- Y(Cs;tj U Di=u (Cyyu Diljef = ulgshli< )

Let A =(1, S, O, f, g) be a nondeterministic automaton. The macromdomaton telated to
A is defined as M(A) = (I, P(S), P(O), F, G), where F = {[; \fi: IS = P(S), i € 1, fi(S)=
= U(fis) |8 € S)), ¥S, € P(8)} and @ = {g(|gi: P(S)—= P(0). i & I, giS) = V{EAs) |8 &
< 5), ¥§, iP(S)}. It is immediat that M{A) is a SLA for, iU (S5 € )= U{fdS;j =
< 7)) and g{U(Sy1i € )= v(gdS)1d = J).

A Leticevskij - like automaton is an infinite semiautomaton A = (I, PAZ™Y, I, k)
where I is the input alphabet, P,(Z*) thc set of finite subsets of the free semigroup Z°
generated by Z, F is the state set, £, Py(Z") is the subset from Z which is the initial state
for A and the family F satisfies the following conditions :
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i) f"(E: U Ez) - .fi(E1) 1 fi(Ez), VE;» Ez = It.

i) filzp) = fl=)p, V2 €7, p €%,

i) file) = O,

iv) fi(z) conmsists only of words having the length less then 2.

A Leticevskij - like automaton is a SLA since (PAZ*), U)is a semilattice and f; =
e Tom (PHZ"), PAZY).

I1. Equivalences and coverings of SLA Definition 1. A basis of SLA A= (I, L, K,
{fili = I}, {gi1i = 1)) is a sel of gencrators of the semilattice L. An atomic basis is a basis
for the semilatiice L having a first element O, for which 0 < 5, < s, G implies 5, = 5, or
s, = 0. A strict basis 1s a basis G for which fi{G) € G for every i = 1.

Every SLA has at least the trivial busis which consists of the whole set & I G is
a strict basis then A’ = (L (G, UL K, {filis L} {g|i= I}) is a subautomaton of the au-
tomaton A.

Let Aj; = (I, Ly, K, Fi,60), j= 1,2, two SLA having the same input alphabet and
the same output scinilattice,

Definition 2. The automaton A, covers the automaton A,, A, > A, if there exisls I €
= Hom(F,, L,) so that for every p = I" it holds : g; = gpoh and k(s,}) > 0 (if there exisis
0 = S.).

The automalon A, covers A, with respect to Gy and G,, A, > (G,, G\}A| if there exists
a mapping kb = G so that for every & = G, we have gjlu(s,) = gi(h(sl)), ¥pe I' and k(s)) >
= 0 (if there exists 0 = S,). Iere &; is a basis for Ay, j=1,2

A, is equivalen! with A, Ay~ A, If A > Ay and A, > A,; A, s equivalent with
A, with A, with respect to the buses G, and Gy, A ~ (G}, Gy) Ay, if A > (G, G)A, and
A, > (G, G)A,.

Theorem 1. If A, ~ A,, then A, ~ (8, 5,} A, and A > (G, G,) A, implies A > Ag.

Proof. In view of the previous definition the first part is obvious. Let us suppose
that A, > (G,, G)A,. Therc exists i: G,— G so that for every $,= Gy, g (5;) = &u(R(s,)),
¥p = I'. Let 8 € 8,. Since G, is @ basis there exists a set J for which s = U (81|85 € Gy,
jeJd), 1J|< oo Then the state s, = U{h (%1 1§ = J) = 8, is equivalent to & since, for
every p & ' we have:

S0 (hsesh 15 = ) = U8l (Msp) 1 5= TN =
U{gl(sa) 15 & J) = g2(U (5513 = 1)) = £3(9).
Therefore we can extend h:G,~ G, to a mapping k:S;~ §; by taking h{s) = 5,. We have

gi,("‘z) = gp(h(sz)x Vsz = ‘Sg
hence A, > A,.

Definition 3. /A is reduced with respect fo the basis G If (s, &) € p N {GxG) implies
s, = 3. A s strongly reduced with respect lo the basis G if (s, 8) € p 0 (GxS) implies
s, = 5. A is reduced if it is reduced with respeet to the trivial basis S

Theorem 2. For every SL.l there exists an equivalent reduced autometon which is also
a SLA.

Proof. et A= (I, L K, {filis [}, {g i< I} be a SLA and It us consider the
automaton Alp = (1, Ljp, K, {fori ¢ = 1}, {gi | ¢ & I}), where fo; ([s]) = [fis)] and god{s]) =
= [gi(s}], where [s] is the equivalence class of the state s in the quotient semilattice Lfg
and p= {(5), 82} | 2p(8y) = fgplss), VP I}

The wutomaton Ajp is redueced for, if ([s,], [s;]) @ pit follows gn(8,) = fop ([$;,1) =
= gopllse]) = E5(5), ¥p = I' hence (s, 8,) < p and [s;]= [5].

We have Afp ~ A since (s, [s]) € ¢

Theorem 3. Lel A be a SLA which is reduced with respect to the basis G and A’ a SLA

el
which is strongly reduced with respeet o G'. Suppose A" > A. IfG=ls|saG |[s] 22
~
then for cvery s =G, s = G we have (s, ') & p.

~ A
Suppose that in would exist & = G" and s = @ so that (s, s’} @ p. Sinee ¢ = & there
exists 5, € 8 with (s, 8) & g, 8, # s Taking into sccount that G is a basis for A we have
sp= U {85 1F = J)
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Irom A’ > A it follows the existenee of » mapping h: S-S so thal for cvery & =
e« §, it holds {s;, M(s;}) € p, OF (U(s; 15 = I Uth(sgh|§ = I) e p. Taking 7' = U (Fisy)
§ = J) we have (s,, ') = p. Therefore, {rom {8, 8') = g, (s, 8) = p and (8.7} = 5 we ob-
tain (s, r)= p henee 7' = 8" = Uls5) | = J) sinee A’ is strongly reduced with respect
1o the basis G. Due to the fack that G is an atomic basis. we have k(s) = &', ¥ie Jand,
since (A(s;), ) € ¢ it follows (s, ¢') = p, ¥j < J or {&;, 8) = p. Since A is @ reduced auto-

Pl

maton with respeet to G and s € G € G we obtain s; =8, ¥j = J hence s == U (s;1i €
e J) = 5, which contradicts the hypothesis.

Theorem 4. Let A be & SLoA reduced with respect to G and A" « SLoA strongly reduced
with respect to the alemic basis G, Suppose A ~ A, Then we have A > (G, G7)A".

Preof. 1t is obvious that A > A’ Let us consider 5 = G, 'Fhere exists A{s’) =5
with (s, A(s')) = p. Since & is a busis for A we have hs'y = U(s;|f & J, 55 =) and ta-
king into account {hat A" > A there exists k(sy) = 8 so that (55, k(s;)) < ¢ which implies:

£, () = gplh(s)) = U (&z(s5) [§ = Jy= ulgylh(s;) 1§ = J)-

Trom the lust equality we obtuin g’p(s’) 2g;’[.f.'(8j))» ¥j @ J henee g'pl’s’ i k(s,)).—g;’(x')ﬂ
U g_’p(k(.s-]-)) = g’p (&) for every p = 1I%, j < J. Therelore 574 L{s;) = #". sinee A’ is strongly
reduced with respect to G’ henee 5" 22 k{ss) > 0, which implics &s;) = &, ¥j € J. G being
an atomie basis,

For every pair of indices 7). J, € J we oblain k(s ) = Ws;, )= s, hence (8, 85,) € p.
Since A is strongly reduced it follows 55 = 83, Vi, jo @ J, which means h(s’) .

Theorem 5. Let A be @ SLA reduced with respect to the basis G, If A" is a strongly
reduced SLA with respect to the atomic basis 67 and A ~ A7 then there exists a mapping k:

-~
G—= 85 so thal:
m Vo = &,/ K3) = p and k() = (6 \Cl.

where [G\AG] is the semilatlice spanned by G\a and 2: is Ihe sel introduced in Theorem 3.

Proof. Since 4’ > A therc exists a mapping h: 8 — S so that for cveryg = C? we
have G, k(’.\s‘)) € ¢, We have h(.;') = | (sj' lji=J, s; < (’). Let us consider the mapping
k: G- § defincd by:

k3= UGsls = l51n G §= D

Due to the Th. 4 we have A > (G, G")A" and [s;] NG s (0. We bave also (h(’.;),
~
k(s)) = p since
2o = 20U (s 5% 53] N GJ = )y Ulepls) s < Lsy] N6J € )= Vigglsbd <
s J)= guls;lis i g;(h(:;)), ¥p @ I, Since (5, i(s)) = o we find (5, k(3)) < p. We can
A
write k(s) = U{sm|m = M, &, = G). Let us suppose that for a certain n, = M we have
sm, = é\ Then, there cxists -5, s0 that (sml, s;) = & which coniradicts Th. 3. Ipdeed, if
~ A
this is the case sm = [s;.] which implies (s8p, §;) € p. We have k(s) = [G\G] since in
the development of k(g), which was ecarlier considercd, we have not any element of (?
The next result allows s characterization of SLA which are reduced with respect
to atomic bases and admit equivalent automata strongly reduced with respect to atomic

bases,
Theorem 6. If A is an ASL reduced with respect lo the alomic basis G and there cxisls

~
the mapping k:G— § which salisfies the condition (1) there exists a strongly reduced SLA
with respect to ils alomic basis G with A ~ A'.
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Proof. We shall prove that the SLA, A' = (I, [EN\G], K, {/;1i =1}, g li =1,

where f" = fi |[G\6], g; g [G\é\] satisfics the required conditions. Ilcre & | af, is the

restriction of the mapping & to the subsct 3, of its dc_)main. ) ) )
"The automaton A’ is equivalent to A. Let us define the mapping h: -+ 5" by

o il s = [6\G
W R REI O
k(s), if s =&

where s G=> § (which cxists due to Th. 5) and (s, k(s)) € p.

We have (s, h(s)) = p hence A’ > A, Since A > A’ (A’ heing a subsutomaton of
A) we have A ~ A, .

Let us prove that A’ is strongly reduced with respect to the basis GNG. If (s, 8) =
g, 8€ G\a‘, 5 € [G\a], where o' is the equivalence in the automaton A7, we have
(s, ;) € p. If 8 # s we have s € (?, which contradicts the hypothesis. Hence A’ is stron-

~

gly reduced with respeet to the set GN\G, which is composed only by atoms.
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JAQUES TTADAMARD : Fesai sur la psychalogie de Pinention  duns  Ie domaine medhérnlti-
que, Guruthier-Villars, DParis, 1975, 136 p.

Cartea apore in eolectin JDiseowrs de la méthode”, coleelie care grapenzd texte, marturii, ale
cereetiitorilor si inventalorilor conternpurani despre aclivitatea lor. Malematicimul Jacques Hadda-
mard oste cunoscut pentru lueririle sale din domeniul functiilor analitice si al ceuntiilor cu derivate
partinle $i a4 avat o marve influenti asupra seolii malematice franceze de la incepatul sceolalui.

studial despre invenlie in matematicit este o dezvoltare a cursurilor tinute de sutor la New York
in 1913, [wdamard eerecteazi meeanismele erenticl matemalice degajind rojul Jimaginilor vagi™ care
sint apoi formalizate prin anulizid si rlionament, Se incear astlel o deseifrare o gindirii erentoare re-
velind partea de munedi, maeditalie, hazaed, sabeonstient, inspiratic sau influentid cure insoleste acest act.

Continind refleetii wle unuin din marii eratori 2 fnpudui noshra despre proprin discipling, caor-
tear de dovedeste ulildh pentre cunoasieren nrecanismuled inveniich stiindifice,

Carnetin Ursescu

SOLOMON MARCUS (sub reduclia) @ Semiotica Joleforului : abordare Tingristivo-matemalici. Thu-
curesti, Editura Scudemich RS, I3 1975, 267 pp.

Volumul reaneste un numir de teeisprezvee epnivibulii claborale de unsprezcee auteri de for-
matie diversi (matematicieni, lingviszli. Tilologi folclorigli cle.} «i subsumale ideii de a aplica metodele
teoriel limbajelor formale in studiul unor probleme fundamenttale =le Toleloruhii 3 necasti manierd
de abordare constituie — cunt se afirmi si In prefajd — o prioritale po plan mondial. Conlurarea unei
viziuni unitare asupra volwmului esle facililatd cititorntui prin leelura primuhe eapitol, Modelared
lingeistico-malematicd 3i aspeelele semiotice ale fofclorudni, in care S, Marcus sduce importante clarifi-
¢iri de obiect si de meteda privind cereclarile prezentale, in eontextut preocupatilor (alil in perspectivi
istorich, cit si in cca a actualitilii pe plan mondinl) pealru ecrceinrea structurala a folelorului, cer-
cetarea cu ajutorul caleuiatorului, modelirea probabilisticd informilionali astructurilor prazodice ete.

fn ce priveste problematici studiitor incluse in cclelalte suze capitele, chiar si simpla enume-
rare a autorilor §i titlurilor acceslor studii ar ocupa un spalin depisind limitele uiei astfel de recenzii.
Vom mentiona deei humai titlurile eapitolelor si auloril contributiilor incluse in fiveare din dle: Pu-
religmaticn baladelor popuwlare (Tudor Balinescu, lon Radoil, Rima in poezia popadari (Mibhai Dinu,
Ian Radoi), Structurile repetitive ale foleloruini in limine algebrei omelogice (Irina Gorun), Mecanis-
mele generative ate basmelor populare (Slanca Folino& Solomon Marcus, Mikaeln Dumitru, Adrviana
Polith, Gheorghe {Yun), Invarianfe in sfructura cimiliturilor {Adrian BPoguz, Sorin Cigbotaru), Gene-
afogia eroilor mitelogici in {umina teorivi grafurider (Mihai Dinu).

Alerandry Carauyn

JOE MOSEN : Syminelry Discovered. Concepls aiul Applications in Natwre and Scicree, Lambridge
University Press, 1075, xi + 1358 p.

Parcurgind aceastd carte, cilitorul descoperi lumea minunuli st plina de frumusele a sime-
trici. Autorul introduce conceptele si terninologin uzuald ale acestein tinchuzind $i teoria clementard
a grapurilor). Discutia nu este insi restrinsa la construclii geomctrice, ci este extinsd la aspectele si-
motrici, caracterislice unor cvenimente temporale si spaliale, precum si unor fenomene mai genersle
si nwai abstracte, Ga exemple, autorul prezintd nunieroase ohiccte din lumea vie, microcosmos §i ma-
crocosmos. 1aste scos in evidentd relul simetriei aproximalive, precum si raporiul dintre simetriile
cauzel si efectului unui fenomen natural. Lucrarea se incheic cu o diseujie a relului simetrici in ecor-
celaren stiingifici, Simbolistmul malematic este evitut pe cit posibil, [apt cuare face cartea accesibild
unui cere foart: larg de cititorl

Jack Weinsiein

J. B. MORGAN and i, §. SNELL : Unified mathemnatics. Teacher's Guide, Book 1-3. Cambridge
University Press, Cambridge, London, New York, Melbourne 1976. VIII + 164 p.

Asa cum o arald si subtitlul, cartea se adreseazii profesorilor si constituic o anexi ulilidlama-
nualele elaborate de aediasi autori pentru elevi., Urmind tabla de materii din ciirlile 1--3, se¢ dau
indicatii, la [irearc capitel asupra scopului si a ohicetivelor ce Lrebuic atinse, asupra dificultafilor
probab;l]e. se fac sugestii privind modul de abordare a unor excreifil §i sc dau raspunsurile la loate
exereiflile.

0. Rimer

I.B. MORGAN and K. 5 SNELL: Unificd mathemalies. Book 3. Cambridge University Press, Cam-
bridge, London, New York, Melbourne 1975, X 4 388 p.

Cartea face parte dintr-un ciclu de manaale de licen, elaborate in conenrdantid cu spiritul de
modernizare a programelor si a tchnologlei didactice. Se tratcaza chestiuni de algebra (fractii, ccuatii



