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INJECTIVE PROPERTIES OF TORSION-COMPLETE MIXED GROUPS
Y
il J. SCHOEMAXN")

1. Iniroduction. In what follows only additive abelian groups will be considered.

We know that slgebraically compact groups can be deseribed as groups A for which
ExUR, A) == 0 = Poext{@Z. ). The first equality defines the elass of cotorsion groups while
groups defined by the second cquality, called Pr.-groups, were studicd in [3] and [H. All
torsion free groups are Pp-groups and il we restrict oursclves to p-groups then the Pr-groups
ure exactly the iorsion-complete groups. Only the mixed ease is thercfore of interest. Prof.
L. Tuchs suggested that these groups be called torsion-complete mixed groups, and this ter-
minology will ke used henceforth.

Definition : A iv colled o torsion-complele mived group if Pext (RZ, ) = 0,

Considering that for every group . there exists a pure-exact sequence G- ol — L—
- (= 0 with 1} algebraically compaet, as well as an exuct sequence O J=r O—= D=0
with € cotorsion and D torsion-free divisible, the problem of embedding in torsion-complete
mixed groups arizes naturally. Lb turns out 1o be possible to embed un arbitriwy  mixed
group -1 as o pure subgroup in a torsion-complete nixed group I such that V.1 is torsion
and divisible. Marcover, there exists a minimal sucl 77 which is unique up to isoinorphism
over 1.

1t is known that the elass of alzchraieally compaet groups i exactly the cluss of groups
having the injeetive property relative to the elass of all purc-cxact sequences. while the
elass  of colorsion groups  fits  inlo  this seleme with respeet to the so ealled torsion-
splitting  exact sequences. 1t follows that the torsion-complets mixed groups ean be charne-
terized in a similar way (ef. Fuchs [, problem i)

‘The notation and terminology will be the same as in f1]. In particular, we emphasize
that u eatorsion group ix a group .1 for which lixi i}, )= 0, and henece need not bhe
reduecd.

2, Embedding properties. Wi begin this seclion with a lemma which is very usefull
for our purposcs,

Lemma L. Let [ be a jorsion-complete mived group. Then AL coincides with [he maxi-
el divisible subgroup of .

Proof: T _1 is reduced, then of ean he cmbedded in Bxt (Q[Z, A} (fi] p. 217). But
(Fixt (RIZ, A = Poxt (@, A) = 0 whenever A4 is a torsion-complete wixed group. Ilence
i - 0. On ihe other hand, if A= D@ £ with D divisible and I reduced then A= D@
& (R 0 AY. Since R contains no clement of infinile height in A it follows thal R 0 Al=0.
Ilenee Al o D, as stated.

Corollary 2. If A is « lorsion-complele mived group then so is oAb,

Theorem 3. For every mived group A there exists a pure-exract sequence 0= d—F -
S IF = 0 with ¥ a torsion-complete mixed group and W torsion and divisibte,

Proof: It X is the minimal algebraically compael group containing 1 2§ pure sub-
group then we have u pure-exact sequence 0— oAd— X X4 — 0 with X{dA divisible ([1}
p. 173). Let ¥ Dbe the subgroup of X such that Fla = T{X/.4). Then A is also pure in
and we have the purc-exact sequence 0+ 4= 17— /4= 0 with T[4 torsion and divisible.

«) The autbor wishes Lo thank Prof. L. Fuchs for reading the orizinal mavuscript and sugzesting sigoificant
\mprovementa.
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It remains to prove that V is a torsion-complete mixed group. Sinee X[V = (X[ A)(V'[A) =
= (X/A) T(X|A) we have an exaet sequence 0— ¥ — X — J— ¢ with J = (X[4)]T{X[A)
torsion-free. Hence the sequence is pure-exact and so 0 = Iom{QZ, J)-> Pext (QZ, 1) —
— Pext (Q/Z, X) = 0 is exact. Thus Pext (Q/Z, ¥) = 0 and the theorem is proved.

in the notation of the previcus theorem we lhave the next two corollaries:

Corollary 4. If A is a lorsion group then so is V.

Proof: V' coinecides with the maximal torsion subgroup of X.

Corollary 5. ¥ is a reduced group if and only if A = 0.

Proof: If A!= 0 than X is reduced ([1] p. 173). The converse is obvivus,

8. Injective property. Call a group 4 7-injective if every diagram
O~ U=V Vs i}
4
A

with pure-exact row and TV torsion and divisible can be embedded in a commutative diu-
gram

U U= Vo W=0
| 7

L/

AT

Theorem 6. -1 15 a lorsion-complele mived group if and only if -1 is T-injeclive.

Proof: Let A be a torsion-complete mixed group and 0— U— F — 1I"— 0 a pure-cxact
sequence with W torsion and divisible. Then Hom (¥, 4)— Hom{U, d)—=Pext(IV, 4)= 0
is exact. Thus every homomorphism U— A is induced by a homomorphism ¥ — -1, proving
that A is T-injective.

Conversely, let -4 be T-injective. Theorem 3 implies the existence of a pure-cxact
sequence 0= A~ "= 1= 0 with I a torsion-complete mixed group and W a torsion
divisible group. Since . is T-injective it follows that the scquence is splitling. ITence, .
being 2 dircet summand of 1, is a torsion-complete mixed group.

4. Minimality and uniqueness. In this section we show that for a given group -,
there exists a minima torsion-complete mixed group which contains .1 as pure subgroup
sueh that the factor group is torsion and divisible, and which is unique up to isomorphism
over ..

First of all we need a few definitions. Let A be a pure subgroup of X and denote
by K(d, X) the set ol all subgroups IT of X such that

(i) A NI =0 and
(i) (o1 + I is pure in X/H.

If K(.1, X)= {0} then X is called a purc-essential extension of .l. Among the pure-
essential extensions of < there is a maximal one, which is exactly the pure-injective hull
of A (See [1] § -t1 for these definilions and rosults).

Theorem 7. for every group -l there exists o minimal torsion-complete mived group V
containing A nas pure subgroup such that VA is torsion and divisible,

Proof: Let X be the pure-injective hull of A and let ¥ be the torsion-complete mi-
xed group constructed in theorvem 3, We shall prove that ¥ is a minimal torsion-complete
mixed group containing .{ as pure subgroup such that 17/.1 is torsion and divisible. Sup-
pose that I is not minimal, and let ¥ be a proper subgroup of V7 satisfying the stated con-
ditions. Sinee Y/ is divisible and .{ is pure in §” it follows that ¥ is pure in I7 ([1] leinma
26.1), and since VY = (F/.1)/(Y.1) is torsion it follows that Y} s a direct summand of ¥,
If V= Y @& then the theorem will be proved if we can show tat B 0. Te prove
this, we merely show that 2= K(1, X), for X is a purc-essential extension of A (cl. ir]
p. 172).

That 4 0 R= 0 is elear. Next we prove that 4 + R 15 pure in X, Let e =« +
—r= s+ R, »< X and n# a naturul number, Since 4 +~ R <V Y @ £ (which is pure

in X) there exists an clement ¥ - r @ ¥ @ R sueh that a(y = 7) -+ @ & r. It follows that
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nr r and ny = «, and sinee . is pure in ¥ we have na = o for some ¢ € . Bat then
n{a + ?) = a7 20 that 4 - K is pure in X, and the theorem follows,

Hefore proving o uniquencss theorem we need the fullowing

Lemma 8. If X is a pure-essential crlenvian of o, then every homomorphism on X wohich
induces a monomorphism on A such that 4 is pure n 9 X, is itself « wmoncmorphism.

Proaf: Let X be a purc-cssential extension of A, and let 9 be 0 homomorphism on
X such that ol is one-fo-one. To prove that ¢ is o monomerphism we show that K
= Kero & KA, X) = {0}. That ot f K= 0 is clear. To show that (A4 + K)/K is pure in
XK, Iet n{e - K) = e + L Ke(d+ KK, » + K= X/K and 6 2 naturel number.
Then nsae = oo and sinee o is pure in X it foilows that ¢4 is pure in X, lence noo=

oa for some oa = o, But then e —a= & € K. Thus na = « + & and nf{a + k) = a 4

Lo fecbomk, so that nla 4k K)=a-+ & K. The lemma is proved.

Theorem 9. Let V awd V7 be two minimal torsion-complete neived groups euch ennluining
A as pure subgroup such that Vi wnd V'[.4 are forsion and divisible. Then the identity map
on A can be evtended o an {somorphism of 17 onto V7.

Proof: We may assume that one of the groups, say 17, is contained in the pure-
injective hull X of .. Theorem 6 implies the existence ol o homomorphism ¢ such that
the following dizgram is commutative

i} N | -
i[Ta i‘?

!

0 —= A —= |

Since 4 is pure in I witich is pure in X, and X is a pure-essential extention of A, we have
that 7 is o pure-essential extension of .1 ([2] lemma 3). Thus lemma 8 hinplies that ¢ is
one-to-one and the minimality of I/ implics that ¢ is epic.

The minimal torsion-complete mixed group containing A4 as purc subgroup such that
the factor group is torsion divisible will be denoted by ¥ 4.

Corollary 10. If A is colorsion then V4 is ulgebraically compact, and the colorsion hull
of a lorsion-complele mixed group s «lgebrateally compact.

Proof: From the pure-exaclt sequence 0= A — Fy— T— 0, with T'= & Z(p=) we
have the exuctness of 0 = Pext (@, <[} — Pext (@, V4)—> Pext (@, T} = 0, Thus I 4 is cotor-
sion and hence algebraically compactl (see [4])

Iet A be a torsion-complete mixed group and 3 the minimal cotorsion group such
that 0 > A~ M~ D> 0 is purc-exact with D a torsion-free divisible group (cf. [1] § 58).

Then 0= Pext{Q/Z, A)— Pext(Q/Z, M}— Pext (Q/Z, D)= 0 is exact. Thus Af is
algebraically compact.
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