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ON LOOPS WITH LEFT INVERSE PROPERTY
BY

B. 1. SIIARMA

L. Iniroduction. One of the problems of varietics is to define some class of varie-
ties by a single identily, This problem has been solved for groups. Abelian groups, inverse
loops and WIP loops in [3], ]11. f51, [5) und [2]. The object of this pitper s to give cha-
racterization of Lhe varicty of left inverss property (LI} loops as a subvariety of quasi-
group with a single identity. An interesting corollary i= that Bol loops ean be defived by
means of a4 single identiy,

Let us recall that o quasigroup is a gronpoid < @, . = in whicli the cquations
a.x = boaml yoaa b oare soluble uniquely for z and it respeetively, Adloop < Q. . | e is
o quisizroup withe a two sided identity, o loop = @. .. ¢ > with identily ¢ i~ called n
LIP Juop if to cach clement 2 in @ there corresponds an cloment £V in @ such that

(1.1) oy ply = yturall y = Q.
From (1.1} we can castly deduce that
(1.2) 2oaTe T e e, (2T e g for all ks g
2oLl <R, " = bea groupoid. We say that the groupoid < @, = is an isg-L1P loop
if Ahese is 0 LIP leop < @ 0 > which is a prineipal isctope of << €2, " = such that* and

oare connected by the relation @* y= voy™! for all a2, yin Q.
Thearem I o quasigroup << Q, " = is on iso-LI1° loop if and ondy if the identity

(2.1) (ot ) e () )t (2 ) (7 )
holds for all @, y, w, v, w = Q.
Proof 1 Supposc that the quasigroup < &, * > satisfies the identity {2.1}. Keeping
6oy, woand ¢ the smne and changing ¢ to ¢ in (2.1),
o) = {*) o
Using the right eancellativity of (")
() W= {"f= constant = ¢

(o fixed clement of @) for ull ¢, w = Q.
On using {2.2) in (2.1),

(2.3) eta={e' y) (e¥(y x)).

Putting = » 1n (2.3), and using the left caneellativity of (7)., we have
{2.4) T= ¢ (" a).

Further substituting y by r in {2.3) and using (2.4), we get

{2.5) Fe= x e,
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Let us define 27! = ¢ a and

(2.6) roy=r"yl

Now we show that < Q. o> is a LIP loop,

(2.7) roc—= a*(e*e) — & (by (22) and (2.5)) for all & = ).
(2.8) porm et met (et )= &by (24)) for all + = Q.

From (2.7) and (2.8) we sce that ¢ is the identity of << ), 0> .

{2.0) (ry e (et )b e et (et = (b (2.1)) for all 2 < Q,

ylo(yoz)= (e y) (yoz) = (e y) {** (yoz)) =

) (e (e (g e =M = e’ (e7 2} (by (28)) = =(hy (2.4))

for y. == Q. . ) . .
Finally the equations @™ .= b oand y'a-—= & have umque solutions in the quasi-

group < @, * > . Thus the equations aor= b and yoa = b have unique solutions in th'e
system << @, ¢ > . We have shown that < @, ¢ > is a LIP loop. In other words, the quasi-
group < €, * > is an iso — LIP loop. .

Conversely, let the quasigronp < @, * > he an iso-LIP loop. Let < Q, e> he the
cotresponding LIP loop with the identity e. Then the {7} and (o) are connceted by the re-
lation.

(2.11) ity x Yyl forallr y= Q.

Since (y 1) 'e= y for all y &€ < @, o>, s0 (211) takes the form

(2.12) gty l=uaoy.

Putting @ = ¥y in {2.11),

(2.3) r*z=c for all x = Q.

Putting 2 = ¢ in (210}

(2.138) yl=¢'y for all y = Q.
From (2.12) and {2.13),

{2.14) coy - et {e*y) for all v, y < .

Turther the loop < &, = > satislies the left inverse property, that is,

(2.13) ylolycel)= at for oll @, ¥ € Q.

Hence, using (2.3) and (2.14), (2.15) becomes

2.1) (0 w) @ ((u*u}* g} (87 0)" (v 2)

This completes the proof of the theorem. . .
8. Letw = w(a, ..y zy) be some word in the variasbles 2y, ..., Ts 1IN the groupoil
<@ >. ) ]
Theotrem 2. The quasigroup < @, > is an iso-LIP loop in which the lmo w(Zy ,o.ciln) =
— ¢ holds if and only if il satisfies the law

(3.1) @ n wa= (' uw) y* (v oy )

all z, ¥y, u, v, t €Q. _ )
for Prooj‘j: The .only if“ part is an easy consequence of theorem I and the hypothesis

i = e, We need only to prove 'if’ part. As in theorem 1, from (8.1), we have

R -
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(t°1)y w = {s."s)" wfor all 5, t € @,
whiclt in turn implics thal
{2.3) ("= s*"s = ¢ for all 5, 1 4.
Putting r = y and using (2.3) in (3.1), it gives,
(2.6) e¥ == el

The given identity (3.1) reduces to the identity (2.1} of theorem 1 and ro the quasigroup
<€), " = is an iso-LIP loop. Ilence, for all @ =, we have

e"{e*x)=x and in particudar w=e (e w)= ¢ e by (2.6} = ¢ by (2.5).
Tlhus the quasigroup < @, * > is an iso-LIP loop in which the identity
wlay e ay) = ¢

holids, This completes the proof of the theorem.
Corollary : ol losps can bt difined by a single law as a sub-variely of quasigroups.
Proaf: In 4], it is given that Bol loops can be characterized wmong left fnverse pro-
perty loops by the identity gz . p0) (y . zy)a.
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