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Démonstration. Si 5 cst une séparation Wallace, alors Ly fonction ki 2E— 28 déli-
nie dans (Sg) est une t-fonction expansive (voir th. 1 de {3]). lin posant C = {2; adkel?},
on déduit el © kelt et € c {x; xFeB}; par suite lu condition (Sg) nplique {z; adenic
< {w; 2$keB} = €, done C= {2; adeB) Si @ < ¢, alors adess. d'ou il résulte que ae=
= kel done ¢C C ekl Puis, si 2 & C, alors on obtient z = kci3, qui, avee Uinclusion c¢i-
dessus, implique que <cSC; eotnme ' ordre <c5 est parlait, on a C< P . La relation .rt<d.r;

entraine les implications ; 0 s A= v < (B o< D= oSch: vSeni= o = (', done 1=,
<] o)

nfin, de 2 = Cil eésulte que acdeds, Aot 2 < £}, done € ¢ 8. 1ot relations L cC < (' chB
entratnent .1 <dC <c5u’ done < est kdempotent, [J

Réeciproquement. on a le théoréme suivant,

Théoréme 3.6. 51 < esl un ordre semi-fopogine purfait idempotent T'-séparé, alors lu
séparation associde &< vérifie la condition {51

Démonstration. Si ad < X, alors il suit que a(< N<e)eX, d'on il résulte que o < X
et parce que < est idempotent, on déduit qu'il existe Cc K tel que < C <X cX, 81 y =
= ¢C,on ay = reten vertu dela définition (3.1) 1 vésulte qise < F — @, done ef ' < M — o,
cest-d-dire @ <€ ct par suite on a a{< N De 2 & U« X, il s'ensuit quc pour
tout w = Xonou % zetdonew < F2 — 25 puisque < est parfait, il résulte que X < 1 — =,
ou que x <<¢eX. Cette relation et = < e X impliquent que (< N <)X, d'oll on v CC {;
(< N <fed} De o< Nl et Co {; a(< N<OeX} il résulte que a(<< N <) Lo
(< N<eX} et de la définition de la séparationed «, on déduit que {o; 2(< N <) e ) =
= {x; .1'§<X}= ekX, donc x{< M <k« X ot par suitc ad <k <X, ¢ est-i-dire que do vé-
rific la condition (Sg). []

Corollaive 3.7. Les ordres semi-lopogénes parfaits idempolents T -sépurds se corresponden!
par I’isomorphismc A avec les séparations Wallace quii satisfont aqux conditions (5;). {S;) o1
(Se)- O

Des théorémes ei-dessus on déduit le théoréme suivant de Wallaee de ecaractivisalion
d'une topologic au moyen des séparations.

Théoréme 3.8. Les f{opologies classiques T\ -sépardes sont en correspondunce bijective aiee
les séparations qui salisfon! auwr axiomes (8;)—(Ss). LPar cetie bijection, a une fonciion ferme-
ture Kuralowski I diferminant une topologie 1'|-séparde correspond la sépuration & détinie par:
XSV X NhY = O=hXn Y, e réciproquement, & une scparction vérifiant les axiomes (S))—

(Sq) correspond la fonction fermeture Kuratowski h définie par hX - {r: r&X).
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PSEUDOCONFORMAT, MAPPINGS IN SPACE. 11
BY

GIOVANNI PORRU(*}

& 1. Introduction and definitions. In a previous work [3] (sec also {2]) we defined
the (x: r, g}-psendoconformal mappings. We reeall:

Definiticn 1. fet X = X (0) be a diffeomorphism of a domain DcC H? onto D < im
{m = nz22) and let 33> ... 22 32 be the proper values of J*J, where J i the Jacobian ma-
triv: of N(E). If a2 1 48 a real constunt and if r and g are inlegers with T <r€n — 1,
2mgEn—r4+ 1, X{C) is said (a: r, q)-pseudoconformal, (abbreviated (x; r, g)-pe) when
the inequality :

1< altr v drage)
kolds for every € N. X(T) 48 (r, qf-pe if it is (a; 1, q) - pc for some = finite.

Remark. In [53] D and I were bath domainsin R7. Now D’ can be a suitahle manifold
n-dimensional in 1% (m 2= =n).

For r = 1 and g = n we obtain the cliss of quasiconformal diffeoimorphismns, For the
other wvalues of r and ¢ we obtain wider elasses, whose mappings haven't in gencral, the
typical propertics of the quasiconformal mappings. Moest of these properlies are still true
if we take the restriction of the mapping X{Z} (2 r, ¢)- pe o suitable manifolds in D
belonging to a fwnily N(r, q) defined in [3). We also reeall

Definition 2. The C' g-dimensional manifold Ve < D is said to belong lo the family
N{r, q) 1if I";= X(Vg) is at every poini orihogonal lo the semiayes by 22 . 2 hr 1 2 hrig oo
e = hp of EfL), wohere F(T) is the image of the unit batl B2 under the linear mapping X'(¥).
In this work we deal with munifelds that satisfy the following

Definition 3. 4 C! gq-dimensional manifeld Vg is said to be admissible if there exists
a domain (3 C RT and an (x; 1, §) - pe diffeomarphisie C(u) of (¢ onto Vg,

if ng(l“) is the modulus of the curve family I'c Ty with respeet to 775, then we
can show ([5]) that if X} is an (x; 7, q)-pe diffeomorphisin, and if ¥, € N(r, q) we
have :

(1) sup [MYa(I)/ M;’; M=«
I‘Clr'q

where IV= X(T") and the supremum is taken over all curve familics I"in 17, such that M:e(l‘)

s
and M:a(l"') are not both zrro or infinite,

In this work, at section § 2, we show that if X({) is an {o: 7, ¢)- pe mapping and
if I, & N{r, g} we have also

- sup (M7 o1y 3Pa(D)] = 201 ;
I‘er

(*) Work supported by G.N.A.F.A. of C.NR.
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at section § 3, making use of (1), (2) and of some theorems contained in [1] and in [6]
we find some results about the Lehavior of an (r, ¢) - pe diffeomorphism on the boundary
of the domain D.

§ 2. (r, 4) - pc mappings and modulus of curve families

Theorem L. Let X o X(&} be an (x; r, q} - pe diffeornorphism of D onto D' < RY,
and let N{r, q) be the fomily introduced in Definition 2. Then we have:

Vo 1V
2 su sup [M a (1) 4T = 20—,
() Vq€N|1:.Q) {I‘ch[ Tne IO < =
where the curve fmmilies T' are such that JI;"Q (T') and M’:; ('), (1" = X{(T)), are noi both zero

or infinite.

For the proof of tliis theorem first we prove two lemmas,

Lemma 1, If X(0): D— D' is an (x; 7, q}-pe diffeomarphism, the inverse E(X):
(D= D s an («'; 7', q)-pe diffeomorphism, with o = o2}, ' =n =1 — ¢+ 2

Proof. If A, == ... 2 Ay are the functions considered in Definition 1, we have: X < alkr ...
v Argg=y) from which we obtain

1 q 1 1
- = o =1 e = |,
Artg-1 hryg—1  Ar

If J is the Jacobian matrix of X(5), J7' will be the Jacobian matrix of £(X). If ;1.?2
.. 2 42 are the proper values of (J (T = (JT)Y we lave py oo Higoggp 3=1,., 0
S0 we have, for cach X = D': < 20— Yp ryy) therefore E(X) is
(', ¥, q)-pe.

Lemma 2. Let X(2): D = D’ be a diffeomorphism and let Ty < D belong to Nfr, q).
Then, lf'; (= X(i,)} with vespect to the inverse diffcomorphism Z{X}: D'~ D, belongs to

N(r, q) with ¥ =n —r =g+ 2,

_ Proof. Tet Ly= Lel) st i==1,..., 2, be the cquations of V), and let t__;-.-..- c‘(_t"f
sos tg) Dbe the eoordinates of a peint of V. The image of (Zyoeoes Gr) will be (X ..., Xn)
= V;. By performing a prolimioary translation and rotation followed by symmetries, we

¢
Faoreqts R_reqtz"en

may supposc (:;,,..., E,,) = (0,... 0) = (X_1 s ...,.X:;), and that ihe linenr mapping X’°(0} is
= A &g, (= 1,u.,8) where A = ... hp are the numbers considered in the Introduction.
Then the equations of the tangent hyperplane of V; at 0 will be, as Vg = N, ¢):

=0 1 Toov—1, 4 q,... 1

The equations ol the linear mapping i) will be T; = {1fng)ry (L= 1,...,n) with (1/%4)
Mp—tpq, Where oy are as in bLemmn 1. The equations of the tangent liyperplane to Ve

at O will be §g= 0 (= 1,...,7r — 1, r + q,..., n). Therefore, if £(0) is the cllipsoid image of
the unit ball % under the linear mapping £(0), and if w22 ... 22 iy #bc ils semiaxes, we see
that 7, is in 0 orthogonal to the SemMIaNEs Ly ..., dp—r—gi1n Mn—rigr..es thne Since this ar-
gunment can be made for every point of Py, I; belongs to N{, g}

Proof of Theorem 1. It follows hmmediatily from Lemmmz 1, Lemma 2 and {rom the (1}).

emark. Lor r = 1 and ¢ = r, we don’t find the swme resuli of [6] (p. $6), where
there is =z instead of x2— 1 This depends on the fact that an (x; 1, »)-pe diffeomorphism
is not, in general, g~quasiconformal {sve [G], p. 48}, but it is " =1 .quasiconformal, while an
a-uuasiconfornal diffeomorpliism is {«; 1, n}-pe.

§ 2. (r, ¢} -pe mappings and boundary correspondence. It is known (see (6], p. 52)
that it X(Z): D~ D’ is 2 quasiconformal diffeomorphism, und if Z is an isolated point of
¢D), then there exists the lim X(0): morcover, if X is an isolated point of 40, then there

[l 4
exists ihe lim ZLY) (where Z(X): 7' — [} is the inverse of X(3)). This result is not true in ge-
XX
neral, for {r, ) — pe mappings with r > 1 or g < . Take, for cxample, the diffeomorphism :

3 PLEUNCCONFORMAL MAPPINGS 1% SPACE. I a7
(3} (’=p+1 O;=0¢ i=1l..n—-1; p>0),

where polar coordinates are used. EH J denotes the Jacobian matrix of (3) at the point
(. Oy, On_y). the proper vatues of J*J are: 3= ..o 32 == (1 4+ 1/p)?, 22 = 1. The-

refore the (3)is (13 r, q)-pe with 7= 1., #~1and r 4 ¢ < # For this mapping I =
= {fre Rt || L]|> 0} and D' = {¥X = H*: | X[> 1}. The origin O is an isolated point
of D, but there does not exist the limit of (3} for {—+ 0. Moreover the inverse mapping of
(3), is (13 r, g)-pe with r'=2,..,0~1 and ¥ +q = mn 41, and also for it, the pre-
vious result is not true. We ean say something about the behavior of an (a; 7, g} - pe diffe-
omorplism on the boundary of its domwuin if we consider ¢-dimensional manifolds ¥, that
satisfy Definitions 2 and 3. In fact we have the following

Theorem 2. Let X(J): D—> 1 be a (r, ¢)-pe diffeomorphism and let Vg C D be an

mimissible manifold belonging to N(r, q). If % is an isoluted point of the border of ¥y, then
there evists the lim X (%) ; morcover, if X s an isolated point of the border of V4, then there

E-%
aer

exists the lim §(X), where Vq’ = X(¥,} and LX) is the inverse mapping of X{T}.
X=X xet’;’

In order to prove this theorem, we give two preliminary lemmas,

Lemma 3. Let A = R(Cy, C)) be @ ving of O c RY and lel A= R((:",,, 6‘,) be the image
of A by L(u): O - V,, where Vy is a q-dimensional admissible manifold in R®(n> g). If T4
is the family of curves that join Cg to C, and are contained in A, and Ty is the image of
T4 by G(u). then we have:

(l:) 11..;,‘”;",, U7) s W(Ty) = m:‘l:q(l’;;),

where @ 3z 1 is @ constant that does not depend on A neither on A
Praof. Let ¢ € F(I'y), that is n non-negative Borel funetion 5: 17— R such that

ggds2 1 for every locally rectifiable .r-'-— I's. Define 0= i1 by p(C)} = plt(ee)le (a0,

Y
where .uf, - :Lg are the proper values of W™ IF, with W =11(x) the Jacobian matrix,
of L{u), If v = T, is the pre-image ol’}' {Lhat is : = L(y)). it will be locally rectifiable (as
Z(u} is a diffeororphism) and we have, by Corollary 5.4 of [6]

(ear= (Fremass (Fa>1.

i Y

¥
so p & F(I'4) Morcover, as pd afu, ..ou pig) (sinee 17, is admissible)and dVyp= | W* IV |?2' dmy=
= (p.? R 114 N2 dmyg, it folloves :

Mgla)< S 0 dmy = S E{C(u)]‘l wi (u) dmg < o ( ;0 dlg.

O O Ya

Since this holds for every 5 € F(I'7), we obtain the right side of (4). Let now p = F(T'a)
Define p = p[u(Z)]. [we(u({)™? where w({)}: V4 — O is the inverse mapping of Z{u) It v & 'y
is locally rectifiable, so will be v = {(y) = P.I and we have

S ods = S olu(0)] - (g (TN s 2 S oldds 3 1,

¥ ¥ ' Y
= 1\e 1 1
s0 p € F(I'z). As pd < =gy ..} will be (—) < wr‘l(—— ——] and we also have
1 He te
M7} < 5 STy, = S o[ Q)19 . [egfu(TNT 0 dIy < :zq_lg cldm,.
Ve r, O
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Since this holds for every p = F(T'4), we obtain the left side of {1).

Lemma 4. Let Vy be a q-dimensional admissible manifold in R" (n> q) and let oA =
= R(C,, C,) be a ring in V4. Then MJa (IT)= 0 if and and only if Cy or C, consists of
a single poinl.

Proof. Let A == R{C,, C)) be the ring of ' Re, pre-image of A by Lu): G— 1y,
where Z{u) is the diffcomorphism of Definiton 3. In virtue of Lemma 3, we have to show
that Mg(T4) =0 if and only if C; or €, consists of a single point. But this is true for
Theorem 11,10 of [G]. N

Proof of Theorem 2. Choose in R* a neighbourhood U of € such that U n &V = {{}
and that Uy V, is a ring 4 = R{(,, C)), where Cy= {{}, C, U N Vg By Lenmuna 4,
A;’:q (I'4) = 0. Let now A" = R(C, ();) be the image of 4 by the diffeomorphism X(Z),
with O = X(C,), € = C(X}, C; Vo), where C(X(L), &5 V) is the set of all points X € R#
such that there exists a sequence {{s}, such that {; = 1, lim §y = L. and lim X(§) = X,

h i iosw )
By Theorem 1 we have BI:Q(T‘A‘) = 0, henee, from Lemma 4, C('} consists of a single point.
The above reasonings can be used to prove the second part of this theorem. We necd only
to make use of (1) instead of {2). )

Let’s now give a theorsm about the behavior of an (r, q) - pe dilfeomorphism on
ihe non isolated points of the boundary of .

Theorem 3. Let X(0): D> D' be an (x; 7, ¢) - pe diffcomorphism and let 1y € D
with Vg & Nfr, q). If ¥y and ¥V (= X{(V'y}) are admissible manifolds in the seause of
Definition 3. but with () equal to the unit ball BT of R9, and if they arve locuily con-
nected on the boundary, then, X (%) : Ny V; can be evtended to akomeomorphism of VU av
onte ¥V, udT,.

¥or the prool we need te show two lemmas.

Lemma 5. Lel Oc R, V, < R* (n> q= 2}, Ufu): O— V, be like in Definition 3.
Let X(C); D I¥ (D, D'c R*) be an (o'; 7. q)-pe diffcomorplhism such that Vy, C D,
i & Nfr, q). Then X = X[l{u)]: O I’;(i’;.— X)) is an {za’; 1,q)-pe diffeo-
wmorphisit,

Proof. Let T, @ be a family of curves localiy rectifiables, and I'y = L(T')). By Theo-
rein 13.1 of [6] we have M (T} = zJI;q(l"z). If I'y = X(I,), for {1} we have .'U';’q Iy =
< 231y (I'y).

Ilence .1!,,((F1)s.x::’ﬂl’: {¢I",). Since this holds for every curve family T',, from Theorem
15.2 of [6], the leinma follows.

Remark. In the proof of Lemma 5 we made use of Theorems 15.1 and 15.2 of [6]
{pp. 46, +7). Indeed, such Theorems are provedin [6] for 1 diffcomorphism, of a domain
@ < Be onto u domain Vo It9; yet there are not difficultics (sce also Theorems 1 and 2
of [3]) to prove such theorams wien ¥, is a smooth g-dimensionul manifold of % (n > ).

Lermams 6, Let §(n): Bt — Vg be a (1, q) - pe diffeomorphizm of the unit ball It c 1¢
onto a C' g-dimensional manifold Vo R* (n> q), with Vg locally connected on the boun-
dary. Then, C(u) can be extended to a homcomorphism of DUy 2B% onte Py U av,.

Proof. The prool can be obtained like that of Theorem 1 of {1] (p. 370}

Proof of Theorem 3. For Lemmas 5 and 6, it is possible to extend {(«) to a homeo-
morphism of 37 Y B2 onto V, U 3F,, and X[%(x)] to a homeomorphism of I¢y ¢B?¢ onto
I"; ] BV;. Henee, we ean extend X(£) to a homeomorphism of ¥y U 47, onto V; u HV;_
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S0ME PROPERTIES OF TIIE BEEDUCED SUSPENSION
AND A GENERALIZATION OF CH-COMPLEXNES

BY

2. MOTREANL

The first purt of Lhiz paper sels forth some properties of Lhe reduced suspension.
In thesecond part we define guneralized CIW-complexes and using the properties of Lhe reduced
suspension, we note their elementary topological properties. In [1] there is nlso a generali-
zation of CTV-complexes using mappingtorus to obtain n-skeleton {rom (n — 1)-skcleton,

1. Properties of the Reduced Suspension.l.l. Throughout ihis scetion if ¥ is a
pointed topologicai  spaee, with base point 7, 5Y will denote its reduced suspension and
define S¥Y w= S(S*71Y), k221, withelements [o £,.... ] for 2 = Y and §; = L It is very
ecasy to prove that for Y compaet, S¥Y is compact, & 2 1 (Y is Hausdor{f space because
Y0 U o xd U ¥Yx1 is elosed in Y x I normal, hence any iwo equivalence classes can be
included in disjoint open classes).

Propositionr 1.2, Let T' be a locally compact spure. Y T a compact set and Y the
boundary of Y with respect to T. Lel be 3y, =0Y and regurd Y and 8Y s pointed spaces
(rwith te same buse point y,). Then S¥ Y is homcomorphic to &5EY.

Proof. Assmme I =0 1. We will prove that the quoticnt muapIi: Y x T+ §Y restricts
1o a homeomorphism (Y — ¢Vix (I — f)— Lnt SY. Since IT is open, Y —a¥V)x(I—-I))c
c Int &Y. If [y. t] = Int SY, there is an open neighborhood J7 of [y, ] such that [y, 1] =
= [ &Y, and beenuse (1, 8) s MTY) < Y I with I17HF) open, (y, 1) € Int (¥ x1I) =
= (Y — gY)x (I — I). Thus II{Y — V)= (I —I): (Y — eY}x (I — I)!=— Int SY 1is sur-
jective and sinee ¥, & ¥ — 2Y, it is also injective. Quite analegously we may prove that
there exists a homeomorphism (Y — dY)x{I — I)x= SY — S5Y, henee S2Y = ¢5Y. Suppose
St3Y = 38Y for i<k und k> 1. Then S%3Y = S(S¥713Y) — S(@S¢7IY) = 45%Y, andso
the proof is ended.

Let YXY’ be the smash product of the pointed spaces (Y, yo) and (Y7, y').

Proposition 1.3, S7Y % SnY’ = SW(1XY"), for n, m 2 1. ’

Proof: For n=m =1 we¢ have

. YxiI 5 Yixd
SY x8Y’'= X —
Yx0u Yx1U yxI Y X0y Y %x1UuyxI
YxY'xIxI
TYXY XIxIU YXY'XIRIU yox ¥ xIXIU Yxyox IxI
YxY'xIxlI - SZ(Y>'<Y’).

T Y xY'xI? U nyé XIPY Yox ¥ 'xI?
Assume inductively that the property is true for &, &', 1 € k< n and 1 < &' < m. Then
S2Y % SPY* = SnL{ST ) SmTYSY') = SAHmTE{S(Y X 1)) == SPTR(Y x ¥).

Remark 1.4. For n22 0, we have also (S"Y)x Y’ = S"(Y x¥'). Thus §7Y x §nY’ =
= §¥mYxY'), n, m= 0.



