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Since this holds for every p € F(I'4), we obtain the lelt side of {4).

Lemma 4. Let ¥, be a q-dimensional admissible manifold in B* (n> q) and let A =
= R(Cy, C,) be a ring in V. Then Mfu (TT)= 0 if and and only if €, or C, consists of
a single point.

Proof. Let A= R(C,, Cy) be the ring of 7' c R7, pre-image of A by Clu): O 17,
where {{n) is the diffcomorphism of Definiton 3. In virtue of Lemma 3, we h:w_e to show
that MyT4)= 0 if and only if €, or C| consists of a single point. But this is true for
Theorem 11.10 of [6]. _

Proof of Theorem 2. Choose in R” a neighbourhood U of § such that U n &g = {L}
and that Uy Fy is a ring A = R(C,, C,), where Cy = {{}, € £U N Iy By Lenuna 4,
Jf:q (I'4) = 0. Let now A’ I-’(C‘;, C;) be the image of A by the diffeomorphisny  N(T),
with Cf = X(Cy), C; = C(X(), L5 Vo), where C(X(Z), I3 ¥,) is the sct of all points X = R-"
such that there exists a sequence {{g}, sueh that Ty € ¥, lim {; = {. and lim X(E) - X

’ f—>co i—w )
13y Theorem 1 we have M:G(T‘A') = 0, hence, from Lemma 4, C(’) consists of a single point.
'The above reasonings can be used to prove the sccond part of this theorem. We necd only
to make use of (1) insltead of (2).

Let’s now give a theorsm about the behavior of un (r, g) - pe diffeomorpliism on
the non isolated poinls of the boundary of V. .

Theorem 3. Lol X(L): D— IV be an (23 r, ¢} -pc diffeomorplism and let V, < D
with Vg € N{r, q). If ¥V, and F"; (= X{F;))} are admissible manifolds in the sense of
Definition 3. but with ) equal to the unit ball BT of I, and if they are locally con-
neeted on the boundary, then, X(0): V22 V; con be evtended to @ homesmorphism of Vyu 8V
onio V; uai.

For the prool we need to show two Temmas,

Lemma 5. Lot Oc It?, V, < R (n> q = 2), {(u): Q0= ¥, be like in Definition 3.
Let X¢C); D— Iy (D). D'c R®) be an (o'; v. q}-pe Jdifjfromorphism such that Vi, C DI,
o e N(r, g). Thr X = X[{)]: O — V;(i";.— X(Fg)) is an (z2’; 1,q)-pe diffeo-
morphism,

Proof. Let T @ e o umily of curves loeally rectifisbiles, and Iy = L)) By Theo-
rem 13.1 of [6] we have 3 (T} = xJI,:q(Fz). If Ty = X(I',), for (1) we have .7\!:’0 Ty =
= 231, (I'y).

ficnce .Uq((I‘:)-:;xx’AIr (¢ 1) Since this holds for every curve family I}, from Theorem
15,2 of [6], the lomma follows.

Remark. In the proof of Lemma 3 we made use of Theorems 151 and 15.2 of [6]
(pp. 16, 47). Indeed. such Theorems are provedin [6] fur a diffeomorphism, of a domain
O < k7 onte a domain Vo Iy yet there are not difficultics (see also Theorems 1 and 2
of [5]) to prove such theorems when ¥y is a smooth g-dimensionul manifold of B* (n > g)-

Lemma 6. Let Qla): B — Vg be a (1, q) - pe diffeomorphiza of the unit ball Bt C Re
onto a €l qulimensional manifold Vg R (n> q), with ¥y locally connected an the boun-
dary, Then, Z{u) can be extended to a homeomorphism of BT Y 2139 oniv Fq U eV

Proof. The prool can be obinined like that of Theorem 1 of [1] (p. 379).

Proof of Theorem 8. For Lemmas 5 and 6, it is possible to extend {(u) to a homeo-
morphisim of Ji 4 2B onto Fy U iV, and X[{(#)] to a homeomorphism of 17y aB7 onto
I‘; i aV;. 1lenee, we can cxtend X(£) to a homeomorphism of 15 U 8V, orto V; u BV;_
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SOME PROPLERTIES OF THE ZEDUCED SUSPENSION
AND A GENERALIZATION OF CH-COMPLEXIES

Y

. MOTREANU

The first part of this paper sets forth some properties of the redueed suspension.
In thesecond part we define generalized CTV-complixes nnd using Lthe properties of the reduced
suspension, we pote their clementary topological propecties. In [1)] there is also a generali-
zation of CiV-complexes using muappingtorus to obtatn n-skelcton from (n — 1)-skeleton.

1. Proparties of the Realused Suspeasion.f.i. Throughout this scetion if Y is o
pointed topologicad spaece, with base point 7, Y will denote its redueed suspension and
define S¥Y = S(S* 1Y), k221, withelements [, 4, ] for a2 € Y and f; = 1 I is very
easy to prove that for ¥ compact, S%Y is compact, & 2 1 (51 is Hausdortf space because
Y®0U yoxI U ¥x1 is elosed in Y x T normal, hence any two equivalence classes can be
included in disjoint open classes).

Proposition 1.2, Lel T be o locelly wompact space. ¥ < T a compast set and 3Y  the
boundary of Y with respect to T. Let e y,=0Y and regard Y and 8Y as pointed spaces
{rwith the same buse point y,). Then S* Y is homeomorphic to &5%Y.

Proof. Assume k-1, We will prove that the quotient mapil: Y xI— &Y restriets
1o a homeomorphism (Y — 6Y)x (! — I)— Int SY. Since IT is open, II{(Y—oY)x (I—IhHC
c Int SY, If [y t] € Int §Y, there is an open neighborhiwod 17 of [y, (] such that [y, 1] =
e Vo SY, and beeause (1, ¢8) T < Y with IT7HI) open, (y, 1) € Int{(¥y xI) =
= (Y = 3Y)x (I — I). Thus TIJ(Y — oY )x(I — I): (Y — gY)x{] — I)= Iant SY is sue-
jeetive and sinee ¥, & ¥ — &Y, it is also injective. Quite analogously we may prove that
there exists a homeomorphism (Y — dY}x (I — I)x SY — S&Y, hence SaY & 25Y. Suppose
St 3Y = 38'Y for i< k and k> 1. Then S%3Y = S(S¥712Y) = S(25%71Y) = 45FY, andso
the proof is ended.

Let YX Y’ be the smash produet of the pointed spaces (Y, yy) and (Y7, y').

Proposition 1.3. S7Y X 84Y = S xY’), for n, n 2 1. o

Proof: Yor n=m =1 we have

. YxI . Y'x A
SY x8Y' = — X T =
Yx 0y ¥Yx1y goxd Y X0U Y X 1UpxT
Yx ¥ 'xIxT
T VXY I IU YRXY ' XIRIY XY/ x I XTI U YoeyexIxI
Yx¥ ' xIxl

- SHYXY')

Ty xy'x it U nyé XI2Y yyx Y xI?
Assume inductively that the property is true for k, &', 1 € 4 << n and 1 < &' < m. Then
SV % S0V = S ST ) ) SPHSY) = SATTL(SHY X 1)) = SYT(Y x Y).

temark 14. For 2320, we have alo (§?¥)x ¥’ = $%(¥x ¥’). Thus §2YV x§mY’ =
= Sm(Y %Y}, n, m> 0.
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Proposition 1.5. If (Y, Yy} is a pair of topological pointed spuoces with the sa -’basc
point y, and Y, is clesed in Y, then there is @ howmeomorphism SPY — S¥Y 2 (Y —1Yg) x
w(l — I)FL, .

Proof. Let IT: ¥ = IF1— S¥Y e the quotient map. For (¥ — Yo)x (I Y7, an equi-
valence class consists of n single point, hence ITHY — Y x (J — I)F7 ! is bijecetive and be-
cause {Y — Y )= (I—ij’*‘" ts open, JIJ{Y — Yy} x(d — ¥~ is Lomeomorphism.

Proposition 1.6. Jf Y is a compact metrizable space, then SY is melrizable. )

Proof, If ¥ is metrizable then Y =1 is metrizable and let p be a metric on Y L
Define pf3 SYXSY —~ R by the formuls:

ol 8), (45 1)) W b). (s ) = (Y —go) x(I — )

inf (ol ). (a, =)} (g, 1) = (Y — g x{T = D) and
ol 1)y [, vy | O ROUT XN I R T
\ b, (y, ') Yxou Y x
\ X 10 gpn ]

. . e . D T A . = [, ]
Obviousty o'([g. ¢]. [y, ¢'1) =0, o'([y. ¢, [y, ¢']}= 0 if and only il [y, 1]= [y,

and p'([y, £ [y, .1) = p'([¥'. i’].f[y, t1). We must prove that o'((y, (], [y, 1) ='([y, 1],

fw, D+ o' (lys '), [y, t"]). Since excepting the followm.g ecase, all the others are very

casy to praove, we suppose (¥, (), (¥, 1) S (Y — y)x (I — I) and (y, ') € Yx01U Y1y

1t ygxd. Then we have:

ey ) Ly v+ o ([, '], (", 7)) = info((y, ), (a, <)) +infe((y”, 1), (a6, TNz

= inf [e((y, 1), (@, DN+ oy ) (@ D13 olly: O 7, 1) = 'y 1), ", 7)) for each

(a, T} E¥YX0U Y1 U yo 1.

Lel p: Y- 8Y be the quotient map. We must prove that the metric topol(?gy is
equivalent to the quotient topology on &¥. Let g, he the base point of §Y, that is the
equivalence class obtained by collapsing ¥ x0 U Y'x1 y y,x I to a single point.

Assume [y, {] # g}',, and U is an open neighborhood of [y, {] in L quotient topology
such that yT, & U (possible because SY is a Hausdorfl space by 1.1). Then {y, t) & p YL,
p (U} is open and p™HIU) C {Y — #p)x{I — I). Because pH{U) has the metric t_o;_)?logy
induced by p, U is metric space and is open in §Y with the metric topolegy (pfp™(U}:
:p"H{U)—> U is homeomorplism). Cheose now U an open neighborhood of yy in f’l" '(S%’
with the quotient topology). Since y, & U, YX0U YX1U ygpxlIc p™(U) and p7I(U) is
open in Y x I. Then (¥ %) — p™Y(U) is compact and p = inf {g((a, ©), (x, ')} > 0 for cu.r:h?
{(,%) € YX0U YX1Y gl and (2, ') @ (Y xI) — p7{(U). Define Sp,(yo, y.,.'2) ALy, 1] =
= SYfp‘(gu, [y t]) < p/2}. We will prove that Sp. {4, pp/2)c U. Suppose there is {y, t]~e S’g
(Yo, £/2) and [y, 1] & U. Then (y, 1) & p~(U) and & < inf {p({y, 1), (a, )} = ¢'([y, t], 7o) for
(g, 1) € YX0U Yx1U y,%x I This contradicts the hypothesis that 3" (. [y, (1} < wf2- Sup-
pose again [y, 1]+ '3;0. If SY has the p-metric topology, we cho(o;e th SI;her .S,-I_(E;v,((t], tr)‘)
3 o . “H(S[ 2], 1) = {(y, ) @ - yo)x (I — Dlpl(y, 1),
?;fil:’)l;ll? r!{oi? f;ez(l[:y ’hteJ:’l;):. ‘;I';]}(E[Z,]t)], :!is)‘p i(éjan] opl!)n na:.{i(ghborhood‘ of [y, t]. in the c!uotlcrft
topology on SY. Now suppose that Sp{y,, r) is an open sphere in SY with the p-metric
topology. Then p™! (Sy(yy, 1)) = {(g. )inf {p((y, 1), (2, D)< r} for (B, 1) = ¥Yx0U Y1 U
U #ox I and we will prove that p~*(Sy(y,, r)) is open in Y:s:I.( R XI-

L (S, inf y, 1), (a,t))}<r, for{a, 7)€Y X 4 a
Since Ilf'i%’ lj)lfxpl U(Sg';o(:(jol' r.)s? t-:}:ln;:rl:npact,{ pﬁi{arc) is( (a,)!r}) e YX0 U YX1Y yxI such that
inf {p((y, 1), (a, D)} = plly, t), (a, 7)), for (4,7} € YXOU ¥xX1U yoX1. Denote p((yy, ¢),
(@, 7))}~ b and choose < r — b If (y', U') © Sp((y, 1), 0) then for each (a, 1) = YX0U

i e S
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U Y1 U gyx I we have ol(y’, ), (a, <) < ol(y, O, (' 1)) + al(ys 8). (a, <)), Thus inf =y
) (e N < plly ), (7, 0) + inf fol(y, ), (0, D))< 1+ 6<r, for (14, %) € Y x0 y Y1y
U yex L

_ It follows S ((y. 1), 5y © p MSu (4. 1)) and then PS54 {4y, 7)) s open in Y x I and
S (Yg, This open in SY,

Corollary 1.7. If ¥ is a compact metrizable space, then S7Y is metrizable, n 22 0.

2, A Generalization of CW-Complexes. Let Y be a compacl subset of 8 loeslly com-
pact spuce . Let 2Y denote the boundary of Y in 7' and 45471V s the boundary of the
compact set ¥V with respeet to the locally compaet space Sy,

Definition 2.1. Let X be a Hausdorff space and fet 1 be a closed subsct of X. X is
said 1o be obtained from A by adjoining (1, Y, n)- cells if there is a fumily of continuous
maps fi: S AY = A such that X = V(§+71Y ) Vign A, where (S04 Y ) — SWY for each 4.
Ji is called an altaching map. Then the churacteristic maps j; TSVI(Y, aY - (X, ) ore well
defined and € = fI(S77LY) is called a n-cell,

For us it is convenient to eonsider that §71Y is 1 one-point space i#f ¥ # 4 und §71¥ =
= O if Y= JY. Then $719¥ = O for n= 0, X is the topological suin of .1 and a dis-
crete space.

Definition 2.2. Let X be a Hlausdorff space and let A be o rlosed subscl of X. A sequence
of skelcta of X relative to A is « sequence of closed subspaces (N, Ay, n o o 1. of X such
that :

1} (X, AP is obtained from .« by adjoining 0-cclls,

2) (X, A} is obtained from (X, A)*7! by udjoining n-cells,

Definition 2.3. A generalized CW-complex or « Y-CW-compler (X, .1) consists of a
Housdorff space X, a cloved subspace A and a sequence of skelrtn (X, .1 )2 of X relalive to
4 such thal:

(1) X =y (X, 4),

nteN

(2) X has the weak topology with respect to the subsets (X, Ayt X,
. LExample 2.4. The usual CW-compliexes are obtained for ¥ = Iz Kl and 5Y = 2f =
I 22 89, It suffices to show that SE*x Entl where 7 = {s BYja|< 1} Since S(§" 1) x
% 8%, it only remains to verify tiat §{int £7) 2 int E+"1 In [5] the following homeomor-
phism is defined f: S{S")x~ §"™! by
pMEE (3~ 20p)) 0=1x

15 ] =

f([z: t]) =

pIME ~ 20z - (20 — 1)p)) stg 1,

D =

where p_ : H_ — D"*! and p; : H — D#* are projection maps with
Ho = {z= (3, zata) S5z, S0}, Hy= (2= (%, Inpo)finge = 0}
and pi = (1, 0,...,0) € §#L,
It is well-known that int E*x 8% — p, with p,= (1,0,..,0} € §7 and 851y -
— S(8" — py) = [Py, 1/2](py is assumed to be the base point of $7), f/S(S" — Po)) 1 S(S% — po)—>
— &%*! is a homeomorphism on its image, henee we ouly must prove that f(S{S* — p,)) =
= §atl _ p‘;, or because f is bijective fIpg, 1/2]) = Py The last fact is very easy to prove. .
Example 2.5. If the compact space ¥ is such that ¥ — 3V x (Y — y,) x (I — 1),
then §77'Y is an absolute Y-CIV-complex with
g P<<n—1,
(Sv1Y)Pr = S$713Y p=mn-—1,
SY1Y p=oa,
by identifying y, with thc base point of §8371Y. For p = n — 1 let f: 5772 5V - Yo be the
attaching map and using Propositions 1.2. and 1.5. we can prove (§27 V)n-1x gl gy,
If p=n let 1s"~13p be the attaching map and clearly (S*~ 1Y) = §n1Y.
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Example 2.6. Fach compacht space ¥ with disercte boundafr_v ‘bYI-is l;cl-n]flg}-::“i?]ﬂtre H}u-
CH-complex of dimension one. Y is obtained from Y by attuching @ sIUg y U
map 18y . i - . .
! léxample 2.7, 1f (X,. ) is 8 pointed ¥-C)¥-comples anil (‘_\2,--*1.-_») 15 J’P(_)m_tui 1(:__»”'
— CW-complex and ecither X, or X, is locally compaet, then Xy XA, I.;; :;-(1 X },,,2}‘ . -

’ a1y m—l oy e . oo pemly,, §M LY )= (2P e ure
complex. If f,: (ST Y, ST oY) = (ef, e}) and gh.()”‘ ‘12,? C. _2) ] ( h’] ie o
chmracteristic maps for (X, Ap) and (X, o) rcspcct-ivcl_\', lhcn‘ ti)lr' :\IX:\: ‘}“‘— 'f“_:l :r:r-
following chiaracteristic mupsf;‘xg;‘ S(EPTY ), STTLY )X (ST Yy, ™ oY 2)_>(¢“, eﬁ)x (“!!_“)
g - ‘;"’.‘—1""‘I"=
1t follows from Dropositios 1.2 and 1.3 that (5% Ly, st ad l)x(b"". }'2. N ' 5)1}2 :
L (EPLY X SATLY, s Y X 807 g, U SVTIgY kST Y) = (50 YR ), (87Y X
X3SV, U (25370 ¥, X ST Y= (3 (Y, % Yg), &5V %8N =(STITEHY Y
(S"*""_z(a()])}. Y,))) Since YV, and Y, arc compach spiees, Y,i\".‘, l‘.; comypact, thus the ng\\_
characteristic maps are well defined. We have (XIX.YZ}”?+lj (?:\'! X3). In Lhie weak topology
jtje=
isti aps < X, is 1 alived Cl-complex and be-
Ath respeet to the new claracteristic maps X, % X, is n gencta 3 -
:‘:u:c Yl, or Y is a locally compact spm'o: the weak topology amil the quutivnt topology
X, % X, coincide. . L
o Xli)é\'a';,'nple 2.8, In 2.7 let (X, 1) = (X, A) be a ¥ — CiF-complex wud et (X, <la}
: [ ! o~ T [ 3 is 1 ¥ — CH-complex.
— (Z. By be o I — CW-complex. Then (X ¥, AdxB)isn : ! ) . “
. Rgmark 29. It fO“OWii from the definition of the g(‘memllzed _(,.W- °mn'plc_\c tha_ii t{;-.._
characteristic maps are continuous and abso that the inclusion A< X is continuons. € c(}: x
Y ; is 1§ isjoi i - Proposition 1.3, int el = ¢F — € 18
Xe=dU ‘_(LE}I(P;‘ — &) and this is a disjoint unjon. By Proposition L., ! i A

heraeomorphie to (Y — dY)x {1 — Iy . o .
Rer?lark 2.10. By proposition 1.1 and Remurk 2.0 cach ¢f 15 2 compact set, tius

Josed in AL ; . o

’ Remark 2.11, If f":S"‘l(Y, Y )~ (X, .1) is the characteristic map_for 2, then S

. . . G A o W i :

a closed map and thus fi{(5" Py — SeTlaY)s SR - 5N QY —el —cp s a homeomor
ismn. ) i

pltn There is the following gencralization of a well-known result coneerning the usual

- lexes. . ) .
e cm;i)opu::i.tiou 2.12. Let (X, ) be a topological pair such that X is e Iausderff space

] : i s (X { hieed
LS i X. Suppuse thal there is a sequence of shelctons (X, Ajroof X such !
(:JH?XA.‘I‘)&T' f.——mi{d }r.;(, A) ifﬁ gencralized € W-complex if und only if X has the weal topology
with respect to the subsels A and cach ef. - ‘
Proof. The first part is obvious. Conversely assume that I C .Y‘IS such thal Fn A
is o closed subset ot -1 and alse I' 11 e is ctosed in c;‘ for ecach €7 . :\"c .-;hc;w b};gln(}luctwlr;
i X, Ay is closed in (X, 4)8, for all p 2 0. lin=0, (X, AP =AYV where
tilm:t flisgrgte se)l: ::nd the result is clca’u. Assume the result for k< n where u% 1_._1$1|1ce
(lw( Ap= V(8§ 1YY VX, AL Fon (X, ) ds closed in (X, -A)? if and only if LYF N
n (’X Ay is closed in F(S» 1Y) VX, Ay twhere Ha e V:(:s;ﬂ"l Y :’(X, Ayl (X, A‘)nt}s
the quotient map. Beeause It (Fa(X, 4)#)n (S" L¥y=1J; -(I' n e?) and the clmr:mtens- l‘c
map f; is continuous M=1{F a0 (X, )N (LY is closed in (87" 1Y) . By the inductive
£ n - . . -
assu.m;)tion [I=1 (F n (X, 4)7) 0 (X, Ay l=F n(x, 4" 1 js closed in (X, 4)7L
Corollar; 2.13. If A is a compact sel, the generalized CHV-complex X is a compactly
gencrated space. o . '
Corollary 2.14. If X is @ generalized CW-comple, ifYisa t?palogwal spac:, and if
j: XY is e function, then f is continuos if and only if f,'A‘ is contz.‘nuaus and fle} is con-
tinous for each cell of X. One cun prove by the same technique as in the case of the usual
CW-complexes : ) o
Proposition 2.15. If (X,A) is a generalized CTW-complex, then each n-cell e,”, disjoint

of A, meels only @ finite number of open cells of dimension < n.
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Definition 2.16. Given the generalized ClW-complewves (X, A) and (Z, B}, a map f:
(X, A)—» (%, B) is said to be ccllular if f{(X, A)r) o (Y, B s, Therefore the (T,Y ) — CW-
complexes end cellular maps define a category.

Definiton 2.17. Let (X, A) be a genecralized CIV-complex, Then (Z, ) C (X, A)
is a subcomplex of (X, A) provided the following condition is satisfied : if (X, A}® is a se-
quence of skeletons of (X, A) therc is a sequence of skeletons (Z, B)® of (%, B) such that
(Z, B)r o= (X, A)" nZ, for all 7= 0.

Remark 2.18. From Proposition .12 it follows that if (%, B} is » subcomplex ol
the generalized CH-complex (X, Ay and if B is closed in ., then X is closed in X. Be-
eause the union of subcomplexes is a subcomplex, each union of subcomplexes is a closed sct.

Analogous to the usual CH-complexes we can state the following result :

Proposition 2.19. If (Z, B) is a subcomplex of the generalized CW-complex (X, A),
then in the induced topology, Z is a generalized CW-comple.

Example 2.20. Let (X', A4’) and (%, B) be Y — ClWW-complexes, let (X, A) be a sub-
complex of (X', A') and suppose f: (X, A)— (£, B) is a continuous cellular map. Then
(X'V,Z, A'V;B) is o generalized CW-complex. If IT: (X'VZ, A'VZ) - (X'V /Z, A’V ,Z) is the
quotient map, then for (X’I” +Z, 4'V,Z) we have the following charaeteristic maps:

iy I
a) (SR Y, 8§71 Y )= (X', 4') = (X'V,Z, A’V B) where J(SVTY, ST Y ) (X', A4%)
is the characteristic map of (X', 4’} and not of (X, 4}
% I
b) (S5 Y, §7LgY) > (Z, B)— (X'V,Z, A'V,B) where g; is a characteristic map of
(Z, B).
Lemma 2.21. Let (X, A) be a generalized CW-complex and M C X such that M — A 3
# 0. Then M conlains a discrele sel.

Proof. M — A U (€ — é:‘) and it is a disjoint union. For each i< I, let z; € (e} —
i€l

— )N (M —4) and let FC {n}. Cleatly Fnd# O If s a cell of X, then
Faer=(Fne)u(Fnie— ). F'e? C y (¢ — ¢f) where m < n and the union
must be finite. Thus F n e} is a finite set. Obviously F n (¢f — €)= @ i& I, and =
i I, 1t follows that F ne} is a closed subset of e}}. Now we can apply Propositien 2.12.

Proposition 2.22, A subcomplex (Z, B) of a generalized CIW-complex (X, A} is finite
if and only if Z is a compact set of X.

Proof. If Z is finite, then it is compoct by Remark 2.10. The converse follows from
Lemmsa 2.12 and the fact that & compuact set can contain at most a finite discrete subset.

Definition 2.23. If (X, A) is a generalized CW-complex and if M C X, then the set
o(M) = n {(Zi, B)/M C Zy and (Zy, Bi} is a subcomplex of (X, A)} is called the subcomplex
generated by M.

Remark 2.24. o(M) is really a subcomplex of (X, ) and if M C A, then g{M) C

C o(M’). Thus ¢ is a covariant functor from the category of all subsets of X to the cate-
gory of subcomplexes of (X, 4}.

Lemma 2.24. o(e}) is @ finite subcomplex of the generalized complex (X, A).

Proof. We first remark that o(e?) = o(e}) U (¢f — €}} and o(e}) C (X, Ayl Now by
induction on n: if =0, then €} is a point. Suppose the result holds for 0 < k<n — 1
and »n > 1. If e} © A, since ol(ed) = c(e:‘) U (ef — e}) the proof is ended ; if € — A# &, then
et (ef N Ayu j(gJ (e}" — e;“) and J is finite. It follows that e} C A U’_ (e‘fr a(e”;)) and by
the inductive hypothesis the right part is a finite subcomplex. Then c(é:‘) is a finite subcom-

plex and we obtain the desired result.

Proposition 2.25. If K is a compact sel of a generalized CW-complex (X, A), then a(K}
is a finile subcomplex.

Proof. If K A, then o(K)= 4. If K — A # @,then Kc Ay (U (¢} — 'c;')) whete
jied
J is finite. It results that o(RK)c 4y o-(e;') and we can apply Lemma 2.24.
JEJ
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Proposition 2.26. If (X, 4} is a generalized CIV-complex with A compact, then X is
paracompact.

Praof. The proof is similar to that used for the usual CTV-complexes showing that for
each open cover of X there is 4 partition of unity subordinated to it. Ve essentially use
Proposition 2.25.

The following are some gencralizations of the Definitions 2.1, 2.2 and 2.3.

Definition 2.27. Let Y be a compacl space and let ¥y be o closed subspace of Y. We
say that e Hausdorff space X is obtained from A by adjoining (Y, Y,)—cells if there is family
of continuousmaps fi: S 1Y, such that X=V(8§*7IY )V fy A, We define a sequence of
skeletons of X relative io A like in Definition 2.2

A generalized CW-complex or (Y, Yo )-CW-complex (X, A) is a pair of a Ilaus-
dorff space X, a closed subspace A of X together with a sequence of skeletons (X, 4)" of X
relative to A such that are verified the conditions 1) and 2) of Definition 2.3,

Remark 2.28. By Proposition 1.5, Int e;‘ is homeomorplic to (¥ — ¥)x{I — Iyn2
(e} is a ccll defined in an obvious sense with respect to Definition 2.27).

Proposition 2.29, Fach (T, Y }-CW-complez is a (Y, Y, )-complex.

Proof. Tt is sufficient to put Y,= 3Y and we obtain the generalized CHW-complexes
in the sense of Definition 2.3.

Proposition 2.30. There cxists a generalized Cl-complex in the sense of Definition
2.27 thal iz not an usual CW-comgpler.

Proof. Let 4 be a eompact space and let Y, be a closed subset of A such that Y,
is not path connccted and has more than two points. Choose 17« compact space such
that ¥, is a subset of ¥ (in particular we can have Y = A). Let X= ¥Y¥,4 where f is the
inclusion mapf: Y, A. Then corresponding 1o f we have a characteristic map f*: (Y,
Yo)= (X, A) and let e be the closed cell f(Y). if we give on X the weak topology with
respect to the inclusion wmaps . C X and ¢ X, than it is elear that (X, 4) is a (Y,
Y,) ~ CW-complex. Now we prove that (X, 4) with the given weak topology is not an usual
relative C1V-complex. We first observe that (X, 4) can have at most a single cell (in the
sense of usual C#¥-complexcs), namely . In this case therc is a continuous map g: (En,
S71)— (X, 4) such that g(E*)=c and g{§" ) =en A= Y,. This fact contradicts the pro-
perties of Y.

The following property is a generalization of a result conserning the usual CW-complexes.

Proposition 2.31. Let (Y, Y,) be a pair such that Y is compact, Y, i3 closed in ¥ and
the inclusion map Yo Y has the property thut §*Y, C S¥Y is a cofibration for each k =0.
Then for every (¥, Y,) — CW-complex (X, A), the inclusion map 4 ¢ X is a cofibration.

The proof is similar to that used in [2].

Definition 2.32. Let {(Y,_, Y )}uc4 be @ family of pairs such thal for each asd, Y,
is @ compact space and Y, is closed in Y, (X, A)isa {(Y o Y M gea — CWe-complex if X
is a Hausdorff space, A is a closed subspace of X and there iz a sequence (X, A)" of skele-
tons of (X,A4) ((X, A)"is obtained from (X, A)n"V in the sense of Definition 2.27, but
with more than one compact pair) so thut all the conditions of the Definition 2.3 are verified.

Proposition 2.33. The attachement of handles to a closed manifold (in the sense of
Morse theory) is obtained by adjoining of eells in the sense of Definition 2.82,

Proof. Let {{E¥H, §¥~1x Lt} be the family considered in the Definition 2.32 and
let f;: (§k71x El)— fi (S¥"1x E') be the attaching map. Then fi i(Int E¥)x E' (where f{is the
corresponding to fi characteristic map) is homeomorplism.
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AGAIN ON THE SURFACES WHICH ALLOW o? PROJECTIVE
TRANSFORMATIONS INTO THEMSELVES

BY
FROIM MARCUS

To the memory of Mendel Haimovici

Introduetion. The surfaces of the ordinary s i
_ aces ary space with c0? (and not more) projeeti
transformations (p. t.) into themsclves have been studi i i e,
5 : s cd 5 i
grometer T Bl Gues io T acel fo for the first time by the eminent
In the ordinary space, all algebraic surfaces witl e i
. E I only «o2

belong to the following types, (see [3]): VTt dnto themselves

;:. %:e algebraic surfuces of Klein-Lie,

. The surfaces conlaining a pencil of conics whicl i 1 { '

e e P f ich are obtained by interscction with

c. The surfaces of the sixth order with elliptic sections.

Among the last surfaces, Enriques considered in [2] the surface

X 33 :

(1.1) Ka,xy — xg)f - {2y, + 27p — B, 2ry)t = 0,
where k& is a parameter.

If we exclude the values 0, — 4, 0 of k i

- 5 one ob - i
N ) obtains non-ruled surfaces with oo?2

in {2) Enriques stressed that {he asymplotic curves of the surfaces (1.1) are twisted cubics
0 p tni::t:; t|‘);:1;aer 54] v»;e hth(; given sor?c propertics which characterize the surfaces witl;

fpot emselves from the point of view of Fubini’s jective di i

i e LS ini’s projective differential geometry

1. The Klein-Lie algebraic surfaces are the coincidence minimal profeclive surfaces ;

2. The surfaces which possess a pencil of conics oblai ) 1
. : ned by th -
Jaces with a pencil of plancs, are determined by : At U T

2 _ 2
ﬂ=er—l(u_U) Loy= “TERjE -t EEK+2) 20,
(1.2) L=M= __?_(u_u)—z,
1 K|

K constant < 0 bein 1 ; i
g the curvature of the first differential form of Fubini, and L, M
‘f;lrlg ]‘J‘r%ljl'ez?;“;gt al;l:_;;:tmn? of the theory of surfaces, u, v, the asymptotic [’)aramlg;;zl:g’. ’I‘i:cy
! - surfaces projectively indeformable, and the conj 3 :
Jorm with these a double net of Koenigs. (see {1-]). ¢ comjugele fines {o the conies

8. The surfaces H 3 : ipii ? it 3
- dclcrmif:ed byoj he sizth order with elliptic seclions admilling wo® p. t. inlo them-

1
() ﬁ=;(u—v)"1;1'=-:z(u—v)"1; L=M=§(u-—0)".



