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Proposition 2.26. If (X, A) is a gencralized CIW-complex with A compact, then X is
paracompact.

Proof. The proof is similar to that used for the usual CIF-complexcs showing that for
each open cover of X there is a partition of unity subordinated to it. We essentially use
Proposition 2.25.

"The following are some generalizations of the Definitions 2.1, 2.2 and 2.3.

Definition 2.27. Lot Y be a compact space and let Yy be a closed subspace of Y. We
say that a Hausdorff space X is obtained from A by adjoining (Y, ¥,)—cells if there is family
of continuonusmaps fy: 5" ' Yo such that X= F{(877Y )}V fi «l. We define a sequence of
skeletons of X velative to A like in Definition 2.2.

A generalized CW-complex or (Y, Y, )-CW-complex (X, ) is a peir of a Haus-
dorff space X, a closed subspace A of X logether with « sequence of skeletons (X, A)" of X
relative to A such that are verified the conditions 1) and 2) of Definition 2.3,

Remark 2.28. By Proposition 1.5, Inte} is homeomorphic to (Y = YoIx(I— Ip?
(e? is a cell defined in an obvious sensc with respect to Definition 2.27).

Proposition 2.29. FEach (T, Y )-CW-complex is a (Y, Y, }-compler.

Proof. Tt is suffieient to put Y= 4Y and we obtain the generalized C1V-complexes
in the sense of Definition 2.3.

Proposition 2.30. There exists a generalized ClV-complex in the sense of Definition
2.27 that is not an usual CW-complex,

Proof. Let A be a compact space and let ¥, be a closed subset of A sueh that Y,
is not path connccted and has more than two points. Choose Y a compact space such
that ¥, is a subset of ¥ (in particular we can have ¥ = ). Let X = YV, 4 where f is the
inclusion mapf: Y, 4. Then corresponding to f we have a characteristic map f7: (Y,
Yo)—» (X, A) and let e be the closed cell f'(Y). If ‘we give on X the weak topology with
respect to the inclusion waps JC X and eC X, than it is clear that (X, 4) is a (Y,
¥,) — CW-complex. Now we prove that (X, 4) with the given weak topology is not an usual
relative C1W-complex. We [first observe that (X, 4) can have at most a single cell (in the
sense of usual CIW-complexes), namely c. In this case there is a continuous map g:{(E",
8§71} -» (X, A) such that g{Em)= ¢ and g(§" )= en 4 =Y, This fact contradicts the pro-
perties of Y.

The following property is a generalization of a result conserning the usual CW-complexes.

Proposition 2.31. Let (Y, ¥,) be a pair such that Y is compact, Y, is closed in ¥ and
the inclusion map Y, C Y has the properly that §¥Y, C SFY is a cofibration for each k =0.
Then for every (Y, Y,) — CW-complex (X,A), the inclusion map 4 C X is a cofibration.

The proof is similar to that used in [2].

Definition 2.32. Let {(Y , Y M geq be 6 family of pairs such that for each x= 4, Y,
is @ compact space and Y, is closed in Y (X, d)isa {y,, Y ) leea — CW.complex if X
is a Hausdorff space, A is a closed subspace of X and there is a sequence (X, A)8 of skele-
tons of (X, A) ((X,A)7is oblained from (X, A)%7L {n the sense of Definition 2.27, but
with more than one compact pair) so thut all the conditions of the Definition 2.3 are verified.

Proposition 2.33. The attachement of handles to a closed manifold (in the sense of
Morse theory) is obtained by adjoining of cells in the sense of Definition 2.82.

Proof. Let {{E¥*L, 8k71x B}z, be the family considered in the Definition 2.32 and
let fi: (§%7ix EY)— fy (S¥"1x E!) be the attaching mup. Then J; iInt Ex)x E* (where f]is the
corresponding to f: characteristic map) is homeomorplism.
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Introduction. The surfaces of the ordinary s i
d - surfuces ary space with c0? (and not more} projecti
transformations (p. t.) into themsclves have been studi i e
.t s ied fi 5 ; s
geometcrI T EArignes in 1] e 1) or the first time by the eminent
n the ordinary space, all algebraic surfaces witl 2 i
Lelong to the following t},pes: (see [3]): A
12 g:e algebraic surfuces of Kiein-Lie,
. The surfaces conlaining o pencil of conics which : 1 1 ]
T e f are obtained by intersection with
c. The surfaces of the sizth order with elliplic sections.
Among the last surfaces, Enriquecs considered in [2] the surface

! 2y 5
(1.1) Ia,x, — 73 — (2@, + 2u} — Bx 2,15 = 0,

where k is a parameter.
If we exclude the wvalues 0, — 4, ® of & i i
b S e : . one obtains non-ruled surfaces with co?
{n [2] Enriques stressed that the asympiotic curves of the surfuces (1,1) are fwisted cubics.
. tniﬁltt; f]?g:; [l-:;] “;z havtj given tsor?c properties which eharacterize the surfaces with
= p. b clves from the point of view of FFubini’s jective di znti
S R S ni's projective differential geometry
1. The Klein-Lie algebraic surfaces are the coinci ini jecti
! 3 icidence minimal projective surf -
2. The surfaces which possess a pencil of conics i terse e sur.
. : 3 oblained by the inlersecti -
Juces with a pencil of plancs, are determined by : A Lt Ry

a=\/,—,}-,{u—vr=; Y=—,—,}—,<u—vr1; K(K 4 2) 0,
(1.2) L Blsz—;-(u—v)'g,

K constant < 0 bein ] ] I

g the curvature of the first differential form of Fubini, and L M
:l:;: w:;“‘ l:l_lown fqnctmns of the theory of surfaces, u, v, the asymptotic ],Jarame%’el?;. Ti!.::y
y Drojeclive-rotation surfaces projectively indeformable, and the conjugate lines to the econics
orm wilh these a double net of Koenigs. (see [4]).

8. The surfaces of th : ) ipli 7 175 ]
sclves are detcrmz';':ed by f the sixth order with elliptic seclions admitting oc® p. . into them-

1
(&) f= -;(u-—v)'l;~(= — afu - p)yl; L=M=z—(u—-v)‘3.
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Jane lo linear compleves and they are minimal projective surfaces.
neng

Lheir asymptotie Ve i Taitzeica-Wilesynski's surfuces. (Sce

Consequently, by [4] they belong te the limiting case of

also [G]). ) . o
: 'l]‘iu: purpose of Lils paper 1= to complel

others to determine then in finite forn.
Somnc other properties of the surlag : ‘
The asymptotic curres of the surfeces (3 are {wisled cubies.

Indecd let be

¢ Uie study of Lhese st surfaces and among

e (:—j). 2. We will prove fitst the following result.

2.1) ) b p a3 Gpyrtd 4 tpy il 4 pye 0,

i i Li { 5y ie counst. or u = const. of u surface (x). Suppose
ifferential cquistion of an asymptotic - « . or rface :
Sﬁtd the coordi:}atus » are normalized in Wilezynski's sense ; then they are the solutions

of the completely integrable system:
(2.2) Tyy = Py PnTi Arp = flu b Pl
Taking into account (2.2) it foilows that for an asymptole v const., we have:
X ) -
ip, = — 2(log Ble; 6pp = (log Bl — By — (log Blua — 2P
(2.5) 4pg = 2py, (log Bl — 2puw — BOYS
2 o i
Py = 2(ppn)e (log Bl — Py, (log ﬁ)tza + P — PpB? — AP+ (P1)eutpnllog Buu
Interchanging B, Pi, #, With v, g, ¥, W obtain the coefficients of (2.1) from an asymptote
i ang . . Y
w= const. If {x) is a surface (9) then from

(2.4) Lo —2py — Pe; M= —2Pp — Yur
resuits I -

. o T Bp, e e,
(25) = 2a(u — v)* = 2 — v)?

Conscquently, for an asymptote v = const. and u = const. we get respectively :

1 : R L I
(26) pi= S = v); Pa= - :I(u——v*)'z; Pa= 8_(u_:—v)3 3 Py= 16(u — vp
and . . 2 - B ___E_ .
(2.7} pl=-2—(;—:-';); Py= —mi Py = T Su—vp Ps= 16{u — v)*
A curve on a surfacc is a twisted eubic il [71,
(2.8) = Oy=0,

where 8, and 0, are invariants of a lincar and homogeneous differential cquation of the fourth

order {7]. Their expressions arc ([7] p. 240};
3, , 6 . 6 4
s = = e Py — — P3,
(2.9) Q= Py~ §P2 i Oy= Py —2P; T o Py . 2

where ([7] p. 16), B .
Pz='Pz'“P1_‘P%F Py=p, — p1 — 3PP + 201,
2.10) o 5 A o
( P, = p, — 4p,p3 = 3pz + 12p1p2 — 01 — P1,
. . . . der

E alf-invariants of the differential equation of the fourth order. )
ol I”tl’!;::rcczxticl:c 6};‘11 I{I)l shows that the asymptotic curves of the surface belong to linear-
complexes ([7] p. 231). From (2.6), {2.7) and (2.10) follows:
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(2.11) ~ Pyuas Pia= Py 0,
and consequently

(2.12) 03= G! =i,
Therefore :

The asymptotic curves of the surfaces (9 y are fwisied cubics.

This result entails as we shall sce later, why e asymplotes of a Wilczynski's surfacc:
([81 and [9]) with U(u), V(v) being polynominls of the third degree, arc twisied culics.

From (2.6) and (2.7), 7t follows that the cocfficicnis py of the differential cquation (2.1)
of an asymptole of a surfuce { ! ) are independent of the parameler ¢. 'Vherefore, we have the
following result :

The asymptotic curves of the same family on « surface (9) which are oblained when
x varies, are projectively equivalen!. This is anolier projieriy of the surfeecs ().

3. Inanimporlant paper, Wilczynski [8] hay defermined in finite form (he surfuces
with undeterminale dirvectriv curves and the asypnplolic curves belonging fo linear compleres.
They are generauted by the points whose coordinates ure:

A)  al= MU+ V)= 2 — o) (U0 — FO); of= TP = PO, 2l wbp; ay=1,
( 1

where w, v are asymptotic paramelers, U is an arbitraiy function of u alone and V' of v alone
whose derivatives or the third order do nol vanish,

In a communication made to the American AMathematical Society at Madison in 1013,
Wilczynski [9] announced and scemingly withoul later demonstration (see [10], p.
132) that in the single case when Ufu), 1 (v) are third degree polynomials, the surfaces (A )
are rational of the sixzth order, whose asymplofes are fwisted cubics.

A. Terracini [i0] has deterninined in finite form the non-ruled surfnees whose
asympto tcs belong to linear complexes. They form three elasses and Terracini has observed that
the surfaces of the third class coincide with the surfaces (A) of Wilezynskhi.

In our paper [6] we have proved the following throrews:

1. Among Terracini’s surfaces only the surfaces of the third claxs are minimal pro-
Jective.

2. They belong fo the limiting casc of Txizeica-Wilezynski's surfuces.

With the formula established in (2.3} we ean show thut the asymptotes of the sur-
faces (A) of Wilczynski or of the third class of Terracini's surluces are {wisted cubics
Ufu}, V(v) are third order polynomials. Indeed aecording to O. Rozet et N. Legrain-
Pissard {11] Terracini's surfaces of the third class are given in Wilezyvnski's coordi-
nates by:

18 701 —

() at= B0 e B gy, ¢3=—1—_[(-9-—'—)—(“—”) —(U+V)]: Wi

2¥ea 2¥e 2\/0 2 o

UP0s £ 0, L const., Ulo, Vo1 the derivatives of order i with regard to u or v of U and
V, and ¢ = U + ¥V, One finds immediately that
30 1763

8.1) B — o, = —E
a G

If U{u) and V(v) are polynomials of third degree, then,

I3 a b
(8.1) ) —— Yy — =,
] 4]
and
1 B
3.2 = — e
(3.2) Pn vy Dos s s
with
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(8.8) A— 3a2 — 2ab; B = 3 — 2ab.
From (2.3) follows now
(3.4) “op 2 m=ip 1
Y M= i - - 3 H =i ,
'Tagt to° g3 16 6*

and from {2.10}

(3.5) P, Pym Py =0,
According to (2.9) we have
(3.8) 0y = 0, = 0,

which proves Wilczymski's proposition,

Determination of the surfaces (7). -k, Wilezvnski {8] hasshown that it is possible
to determine in finite form the surfaces whose direetrix eurves are indeterminate and that
the asymptotes belong to linecar complexes. We have shown [+] that among the surfaces
whose asymptotes belong to linear complexes the only surfaces being minimal-projective.
are the Tzitzeica-Wilczynski limiting surfaces. Counsequently, Wilczynski's first directrix of
a surface (9) passes through a fixed point P and the sceond dircetrix lays in a fixed plane
passing through the same point P, ([12] first vol. p. 168),

From (/)and {2.7) it results that the coordinates x of a point which gencrates a

surfaces {</) verify the system
1 {82 — 2) o 3—2

(g*) Tyy = Ty T Ty Tpp= — Ty +
a(t — v) det(u — v)? u—u 4(1e—10)?

A straight line congruence to a surface x(u, v), where u, v arc the asymptotic para-
meters is generated by the straight line (x, y) where (see (130

(4.1} ¥= Typ — Lty — Ly,

If (#, y) is the first dircetrix of Wilezynski and supposing 0 = const., then [18]:

1 1 1
(4.2) L 1YE_ ;g LB i
2y 2(u — t) 28 2(u — v)

and the two focal points of (x, y) are given by:
(4.8) T= a + Rlvy, — Lize — Law),
if we put
(4.2%) do= 2 + (p + dR) (wuy — L7y — Low),
where A and w arbitrary funetions of u, v. Taking into account the system (") it follows
(4.4) R = 4(u — v)%
Consequently
{4.3") xr= -+ Hu — 0Ty + 204 — V)T, — 24 — V)Y,

Differentinting this equation with respeet to u and v, and using (&/*} we obtain

— 3 5 -

Ty = [4(u — )% 2yy + 2w — v)2y — 2w — vay] s ————ua,
2(u — v) 2(u — )

(a)

o= —— {4 — 0)? Ty + 2w — V), — 2 — V)] =
2(u ~ v)

x,

2{u—v)

which proves once more that xisa fized point.

——
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Consider the points:

1

'T‘.Y
2(u ~ v)
(B) . . (0 = const.)
dy o Ty — ~(log Blo = 4y — R
2 2{u — v)

1
&y Py — ;(lOgT)u = Ty +

which determine Wilezynski's seeond direetrix.
From the first equation of (1) and the system (&/*) it follows :

o 22 Sy 1

a - S

afie — v)

.1‘1“ == & -
dafu — ) 2(n — v)

and taking into account (9‘) and (), this equation can be wrilten

1 1 fed 1
(4.5) fyg — ——— = [.ra —_ ] £ T,

M — ) h w{u ~ ) 2 — v) afn — v} o

Likewise we obtain

&y @

{4.6) dyp — » .
2w — v} Hu — vp

From z,, and @, we find, using (Z*) and (B) that

1 @ 1

(4.7} Mgy o ———— Wy = __d____ P Ty ———— = = .—a;- 4
2{u — v) Hu — v)? 2(u — ) w—1

Integration of (A) yields

() r = Sgfu — v) 52

Thercfore :

(D) Py — I = 2y @y - L S 2¢,(u — )12,
Hu —v)  alu—2v) 2(w — v}

and ;

(13} Xau + —2  _equ )V oy, it S
2(u — v) 2 — v) u—u

From the second equation of (D) and the first of (E) we obtain

U _ e
(w —)12 (u — v}

(Fj —efu — v) 82, 4oy (u — R

Introducing the expressions of and x; in the first equation of (D)) and in the second
equation of (E) entails:

D) U ( b o — B) V2

() = o~ o TN e
't (V) Vit U

{x : T (m - :g 3 — Gle — o} = (———:_'5:;3)‘,2 + galu — nlz,



By integration we get
. §U (u)du Vi(v) ct (4 — 0) 5 = VWi(o)du
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‘Then
el + 1) (u ~ 9 — (v — 0T + aly(u) + Vi(0) = 0,
(0 (1 + @) — v)? = (1 — 0) Fiw) — aU, (1) — V(o) = 0.
Therefore ) )
(1.8) 2e,(1 + a){u — v)= (v} + e Uy(ne).
Operating with a/ée or with gfgu, we find
(£.9) ¥y @) + 2a(l +a)=0; aUi () — 2600 + )= 0.
Thus
(4.10) aUr(u) = — Vi(v) = 2¢,(1 + 2),
and consequently
(4.11) al(u) = (1 + aju? + coue + 65, Filo)= — e (1 + 2o + 2 v + c3
Introducing the expressions (4.11) in one of the equations (IH), it follows:
(4.12) cg = — 8; c; = — ¢y
Therefore
(L) al,(u) = ¢(1 + aju® + 1 -+ €35 Vi(w) = — g1 -+ x)p? — 630 — €5
The system (B} becomes now,
Bzt = T e,y ——am L g,
2(u — ©) (u—0) 2 2(2 — v) (2 —0)

Uy(u) _ e (u—v)'?

()

w—v) (u—vl2 B8 (-2 (u—-v)V?
Consequently
Uyu) — (U (u)du = Vy(v}) — (¥, do=Fk
where % is a constant.
If we denote

Uu) = {0 {u)de s V(v)= (F (v)de,
we finally have
(Q**) T :M_ﬁ(u_u)ﬁﬂ_

{u — oyl 3

One can prove that the four functions given by :

2= [E—-v](u - )R .;L"=[

o

2
. v”) {(u— ) U,
o

(M)

satisfy the sgsiem (/%) and the matriz (8) (x ayxy), is of the third rank.

3

2% (1 a)[?"”a}(“—v)“‘fﬁ—(u—v)"“’: “~"=%‘“‘”’—”2'

SRR
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Therefore we have the folowing theorem :

The functions given by (M} may be laken as the coordinates of the points generating
(by variation of 2) the surfaces (&) ) which allow =% (and no more ) projective iransformations
infe themselves.,

The interpretation of the condition thai U(u), V(v) be polynomials of third degree.

5. We now wish to prove the following result :

The surfaces (A} of Wilcaynski or Terracini’s surfuces of third class, allow a group
G, of projective deformations inlo themselves if U and V are polynomials of third degrer.

Indeed the coordinates x' of a surface {A) satisfy the system:

(3.1) Tyy = By + Oy ; Tpp = Yy + Qe , By # 0)
with
e Jrus
{5.2) 2= - = =0y w= —_— Bp; o= U2 4 P02 S0 P03 g,
a G
From [18]
1 2 1 .
(e) Lﬂeuu—‘gﬂu - B30, Bp; M- el'l!_gev—'{eu—'ru;

it follows
40 _ 30y2 08 _ 392
(5.3) L. 28U 3(U™) . M= 2V 3t
22 25t

Because UIP® £ 0, it results that a surface {A) cannot Dbe a coincidence surface. Suppose
that a surface (A) admits a group G, of projective deformations into itself and that the
group is generated by the infinitesimal transformations [12]

(5.4) X, = Sl X omud 4ol
L+ an &v
I'rom Fubini's projective lincar clement, the following conditions for B, v, must hold:
(5.5) Bu + Pr=Ye +Yo=0; B+ufy +08, =0 v+ ure+ty,=0.
Taking into account (5.2) it follows that
(UM)2 = gUA® 4 TR0 — ()2 o o704 1 [ 93,

(5.6} u( %0y | UAIPO . (U & U = 0,

ulJ® V0 & o(P9)2 — g(F% £ oFN) == 0.
Observing that U® P9 £ (, one obtains, from (5.6)

(5.7 64 V®¥u—1v)=0; ¢+ UPv — u)= 0,
Consequently
(@) TN 4 F03 = g,

This shows that the functions Uu) and V(o) are polynomials of degree three. One can show
that the group G, is a group of collineations. Indeed the group is gencrated by the infini-
tesimal transformations iff the third diferential form of fubini Ldu? + Mde? is invariant
under the inf. trans. X, and X,.

By (5) and (z) one obtains:

30y 2 03 2
(5.8) L = _'E(U_) s M ?.( K-J ; U oL P,
2 a -4

8]

from which
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(5.9) Iy + Lp==0; M, + My =10
Similarly I and M also satisfy the conditions:
(5.10) 2Ly ~ tuLly + oLy =0; 2M 4+ uly, +vd, =0,
because :
2Ly + uly + tle= — w(o + Vo u — v)),
{5.11) ¢
oM + udly +vM, = — w(q 4 UNp — u)),

0“'1

whieli are annihilated by virtue of (3.7). This shows that if U(u) and V(v) are polynomials
of degree three, then the surfaces (A ) udmil a group G, of collineations into themselves.
Reciprocally : Let (4°) be a third class surface of I'erracini or of Wilezynski with
U, ¥ third degree polynomials.
By (8.1), (8.1°), (3.2) and (3.3) putting

{5.12) U= g; ¥F¥s ),
it follows that

a b
= - ¥e= —~—3 6= au +a, + bu 4+ b,
@ a
5.13
e A pp— . A=3a—2mb: B= 8- 2b
Pn—‘hz»in-lo_z =l = oy lidh
and
2 H
(3.14) L= — 3_‘1; M= ..mi .
242 agt
Changing the asymptotic parameters and putting
{3.15) Noeauda; v= —bu4 b,

and indicating by 8. v the new values of B, y, that results in

b — a - 3a? - 2ab
B _——;T=““"‘-=_":';Pn=p—l‘l=—':'——-,
alu — v} bu — v) a? 4a¥(u — v)?
(5.16)
5 Py _ Bb%-- Zab
T abtu— v
and
: = _ 2 _ —:
Lo -85 —2j, — b _Bal_2ab -3
alu —v)*  2a¥(u—0)@  2u — v)?
(5.17)
- . — 3
M= — w5 —2pyy = — —mmseme |
. 2 — v)?
Putting
(5.18) e_t
b
we obtain
(3.19) Baimmae ; T~ =i, L= M= -—2 .,
a(u — v) #w— v 2(u — v)?

which coincides up to the notations, with the formula (g ).

o ——— R

e I
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.Clmnging the parameters by (5.13) the surfaces (A) or (:\’) are given in finite form
by (M). We have shown that the asymptotes of the surfaces {7} or equivalently the surfaces
determined by (M), are btwisted cuabics.

Taking into account the results obtained in this paragraph, one arrives at the follo-
wing conscquences :

1. If the functions U and V', which delermine a surface (A ) of Wilezynski or a sur-
Jace (A') of Terracini, are polynowials of degree three, then it admils o:® profective transfor-
mations into ilself and reciprocally. It appears that this property was not observed by Wilcz-
ynsekiin his communication [9].

2 In [¢] . Enriques ocbserved that the asymptotes of the surfaces (1.1) adinitting
a? (and no more} projective transformations into themselves, are twisted cubies. As we
have scen, this propertyis e consequence of the fact that his surfaces (1.1} (k # 0, — 4, D)
achinit o0 f(and no more) projective transformations inie themselves.

3. The surfaces (A) or (A') with Ufu), Viv) polynomials of degree three coincide
with the surfaces (J) determined in finite form by (M ).

The Eariques surfaces coinecide by o great deal with the surfaces (9).

Qther properties of the surfaces (¢/). 6. Let S be a surface generated by the point
{1, v) where u, v are the asymptotic parameters.
The ruled surfaces R, R, [13] are generated by the points:

(6.1) Noe=pp--te; Y= vy be.

The flecnodal points of the tangents of the asymptotes u = const., and v = const.
of the K, and R, ruled surfaces, are determined by the conditions [13]

(6.2} Az Lo+ C=0,; L2281+ C=0

with [14]:

1 1 1
A= 85 B (@ B)s €= B+ Bk B0+ 600

(6.3)
1 i 1
Ay MY = {y0u + va); C . (AL % yeu 4 v Ou o . 0% ).

Then

. 4 . —l
(6.4) Bt 4C="Ar; B oaC =1 AT

K n
where [14]
A — (2B 4 288, — D A= — o'(2y3L 4 2yyee — YE)

AZ0; A0 — o= sign (2B2M + 208, — Ba); — o = sign2y°L + 2yyu — Ya).

According to O. Maver [14] the minimal surfaces are characterized by ene of the
equivalent conditions : .

(6.6) A= Uu); A= Vo),
where U(u) and V(v) are two arbitrary functions = 0.
According to Demoulin [15] the flecnodal points of the ruled surfaces Ry, I,

which correspond to the point x, determine on Lie's quadrics £ a left-quadrilateral (Demou-
lin’s quadrilateral), having as vertices the characteristic points, other than @. According
to Mayer [14], these points are called the I} {Demoulin} transformations of the point
x. The D-points coincide if and only if [14]

©.7) A= A= 0.

In this case § is a surface D of Demoulin [168]. Therelore:
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“

! sections which admit «? (and no more) pro-

i ith elliptica
The sivth order surfaces with ¢ ; ( re)
jective transformations into themselves, the surfaces ¢el ), enjoy the following propertics :

; i led surfaces coincidc;
tecnodal points of the asymplolic T ace:
?J‘ :flf?;; JrDemtmlinptnmsformations of their points coincide. .
'T.he relation between the surfaces (9) and a class of surfaces obtained by O. Bo ru\:l-.n. 7;
It seems that to the present the only known (4'3) surfaces in finite form which admit oo
seel

i i lves are the following:
tootive transformations into themseiv ' lo
projeChlveEnriques surfaces in asymplotic coordinate given by [17],

1+ h +1-—hv a,-2=1+—hu'~’+1_"u=-

B : 2 2
.1 . e REL
CN g, BB B0 OB ey,
4k ah 4h ah
where
hE & + .
(7'1,} 4 L k B

; 1.1), u, v the asymptotic paramcters. .
ke 2pa;3;?c§;;e::sk?’gmor( Te)r,mcini’s surfaces of the third class with U, V third degree poly-

nomials, or the surfaces (g), given by (M) which contain almost all Enriques surfaces. Ihis
¥

i t paper.
a consequence of the results in the prescn .
fOllma‘rsl::snne of l?is papers on projective differential lgepmerifryt\\lruch t::ederx::’:lg); s?;};cte(;
»rmi inite form hEE
tlv. Otokar Boruvka [18] has determined 1n t ] -
glel.ic;\e O:Smy;,ta group of two parameters of projective deformations intro themselves with

a projective subgroup. They are given by
1
1 ! — e aT
7:2) w=ﬂ”“:T“{“—y+a*;%“: f'(m"y S Lat

i . it
where x, y are the asymptotic parameters, and four more clagses of surfaces which admi
a two pzlrametcr group ol callincations into themselves, determined by :

1
1 1. 4
— q i 3. = amz. - 2 Fid =am_._y’
(7.3} r, = e’ L 3xy - 3y = ¥ 7y aJ 3 Ty .

(one has corrected the signs in the formulae given in [181),

(1.4) m={(z—y~4; ap= (e +y) (e —y)4; T= a(w—~y)3*(a—2)(m+y)’(w—-y)",

where ., .,
L=ttt p T s, x1 E2
: a &
(7.5} cry?
-t = el ws=log(ft’—y)—(, l],
T N L w—y
and ]
(7.6) = log(z—y); Xp=a-+Y; ay= (x — y)* — 2z + Y4

where «, y arc the asymptotic parameters. Boruvl-:a has obtained these sulr_fao:rféll:lii ::tcgsl'l?:ll}g
the system of dilferential equations established Ly E. CartI:;n 1;: \3 e tha; ur e
déformation projective des surfaces® ‘([lq] p- 811'—314?. 0. ;')rutwl i 5011‘]“ o e
research of tlie surfaces with oo® projective transformations into them 1 s with & projes:
tive subgroup, there is a case which leads to a second order differentia cqua;or:] i o
regU1;1r singul,m‘ points, and with an irregular point. In z'xll ,other cuscsl Bomil ;“sesco nl; })un-
cedent classes of surfaces. We must observe that in Boruvka's paper, (18] th
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damentil mémoire  Fomdiwmenti di geometria  proicttivo-differenzinle® of .. Fubini,
[5], 1919, are not quoted. The curvatures K of Fubini's first differential form {13] of the
Inst three classes of surfaces are respectively :

o
{a + 2)? ’
Because these curvatures satisfy KK -+ 2} 5% 0, all the surfaces belung to the surfeces (1.2 ),

Therefore they enjoy the propertics given {n our paper [4], among others, lo b projective ro-
tation surfaces, projectively non-deformalie.

Consider now the surfaeces {(7.3). We shall show that they arc preciscly the surfaces
(9) Indced, if we multiply the coordinates given by (M}, with

(7.8) V;(" —y)mu2,
and putting

(7.7} K= K= —8; K - -8

{7.9) = x; v=y, and a¥x = 1,
we obtain:
- - u ! - —{ u* L J
al Voc (_ —o)=an—I Tq, 2t VG e i a2 = L
o a @ a
(7.10)
o - u* ; B 1
x \/a Adba)|— =2 —(w—=0v) a®0 4 32% — 3xy? — ' =m
x e

where @y, X, &, are precisely the coordinates (7.3) found by O. Boravia. This proves once
more, that the sixth order surfaces with elliptical sections which admil «wo® (and no more} pro-
jective transformations into themselves are given in finite form by (M).

Concerning the surfuces (7.2) we can prove that they are projectively applicable on
the surfaces (7.3). Indeed putting in (7.2)

(7.11}) z=0, Y= u aag=1,

and

(7.12) r=1u Yy=v; aa=1,

in (7.3), we obtain for these surfaces B = 1[e{u -- v})]; ¥ = — «/{# — v), and this proves the

assertion, which did not seem self-evideni. Therefore we can state:

The surfaces (7.2) are projectively applicable on the surfaces (7.3).

Some ather remarks. 8. IMinally we want to put in evidence another class of algebraic
surfaces of the sixth order, which admit c0? p. t. into themselves.

In their paperquoted above, .ane and Macec Quecn [17] have mentioned some
results in relation to the problem of dctermining the analytic non-ruled surfaces whose
asymptotic curves are twisted eubies. They have reduced this problem to the problem of
integration of an ordinary differential cquation. If § is a surface whose asymptotic curves
1 = const,, and v = const. belong to lincar complexes, then one can by a suitable choice
of the parameters z, and v, obtain for f and y the equation

2% logf
(8.1} —— =p%, (B=17)
3u o0 g B=v
whose general solution is
B V@let

o T

(W'D 0,

where 4 and (U are two arbitrary functions of u alone and @ alone, respectively.
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Dencting by & and 7 the Sehwarzian derivalives of @ and @ namely

- ay U Tj(fo_”)'—l[(vn
59 “_(a{') 2’ o) = m')

then the differential equation

L S R 16 2
{8.4) 57 4 S 84S SU —— U1 -3l = 0,
20 5 15
where

D" - B ~ F

{8.5) I, =
' a

{1, k. I constants not all essential)
give the necessary and sufficient condition thal the asymptotic u-curves he twisted cubics.

A similar equation in 7 and ¥, where
@" — BV 4 F
(8.65) F, W =rrer s
ml

give the same condition for an asym totic v-curve. The authors suceced in inte ratin
2 . . . ymp B 14
these equations for the particular casc

(8.7) & T=1U,= =m0

obtaining the following result:
The asymptolic curves of the surfaces.

1
= (i cu? + :Iu) - [- cv? & d‘v) 3
2 2

(Q .ru.__(lauz-_bu]Jr[lafuzwo];
3

=1

2

1 4 1, 1., ; LI 1., . :
ot =~ (ut + ) A [—uu-’ + bu} (-—c'v‘ + dv) - {—cu- -+ du)(-a’u- 4 trr.:)
G 2 2] 3 o N

with

(8.8) ad ~be=1; a'd — ' =1,

are lwisted cubics and the direelriz curves are indeterminate. These surfaces are algebraic and
of order six or of order eight.

some obscrvations on these surfaces are necessury. First one obscrves that the con-
ditions U, = 0, ¥, = 0 are not independent. Secondly, if U, = 0 or ¥, = 0, then according
to our results from [4], it follows that the surfaces (Q) arc minimal projective surfaces. The-
refore they belong to the surfaces (A} of Wilczynski or, what is the same, to the surfaces
{A’) of Terracini withoul the functions Ufu ), V(o) being all third degree polynomials, and
nevertheless their asymplotic curves are fwisled cubics. To know which one of the surfaces (Q)
are of the sixth order, we shall impose the conditions that they admit a0 ? projective de-
formations into themselves.

Trom §= T =0 and (5.2) follows
8.9) Bosy =

1
gy )
B
where

SURF : : A SCTIVE T
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(8.10) - {(B) = (ed" + Ve)u + (' + a'dlv L+ (ac’ + @'Quo + db” -+ b'd.

Assuming that the surfaces (Q) admit @ p. d. into themselves, we obtain from
ﬂu + ;r'J‘a; = B - 'l'tﬁu =+ tlﬁ,- = 4,

the following equalities :

{8.11) e ea’ = G bd o dd = 0; ad - a'd +cb — be' = 0.

Consequently

1

{8.12)
(ad" - Ve {(u —v) ’

o

From {8.11) follows
(8.13) a=ma; d'w nd; V= —nub; ¢ = — me.

Fhen from ad — be = a'd’ — e’ = 1, results

(8.14) oo 0.
Finally, using the last condition of (8.11} we obtlain
(8.15) m--n=1;
Therefore
(8.1G} m? = 1

and the sixth order surfaces which belong to the surfaces (@) are:
77 — . .
e 15 %=+ mu; 2= u®+— mo?;

(S.]T) ) ud - U"j w .
2 — o (W —~ o)

G
and that we get from

8.18 Ml 1 ‘ c :
( ) ‘11_1’ m2=:$3+dx2; x4 . i‘f_____!_bxg.
att = 4, ;
with ad — be = 1.
From (3.12) and (Q) it follows that :
1 1 1

Bru == s Uy= 5 0”=—
m{u — v) ®—v -

|

{(8.19)

L=M-= _3— ,
2mi(u — v)?

and it is easy to see that L, M satisfy the conditions (5.9} and {5.10).

Therefore the surface !
tions Tcreore the faces (8.17}, (8.18) admit o2 fand no more) projective transforma-
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SUR UNI VARIETE PRESQUI PARACOKAHLERIENNE MUNIK 1Y UNE
CONNEXION SELIMORTHOGONALE INVOLUTIVE

PAT

R. ROSCHA, .. VANHECKE

s P . . N+l 5 f 5 o ;
On considérs une Cp -varicté piendo-vicmannienne F d'indice d'inertic 1 4+ 1 qui

est douée d'une structure cosympleetijue C et structarée par nne connexion sclf-orthogonale
involutive ¥V, [T]. Une hypersurface 17, horizontale par rapport & C, est une variété para-
kahlérieune minimale doni les 2n courbures principales sont + (@8 &' W2 (1= 1,2,.., n:
w2 i 4+ m). Bu ¢gurd a la connexion ¥, & la forme symplectique canonique Q de V% est
naturellement associée une 2-forme prosque symplectique Q" = Z o' a8 (8 A 00 qui est telle
que les coefficients sont des invariants par rapport au groupe symplectique Sp (nr, R) de
et Uagrégat de Paff d’ordre maximal de )’ est homnothétique & la courbure gaussienne I
de I"%. En faisant usage de Va-opérateur et de la notion de a-concourance définic dans [9]

ol démonfre que si V_;( admet un champ normal N a-coneourant alors Vf?f ne posséde que

1
dieux eourbures prineipales 4+ -V- - qui sont de plus constantes, On retrouve ainsi un type
[N
d'hypersurfaces qui a été étudié par plusieurs autsurs mais dans des contextes différents
12, 6, 12]. Dans cc eas £ est homothétique 4 3 ct dans un sous-cus particulier Vq{ est
cinsteinienne., L'a-opérateur permet de plus de fomnuler la propriété inléressante suivante :
Soient X et ,X respectivement un chump isolrope (d'un des sous-cspaces tangentiels selfe
orthogonaux de Tx(l’%)) et le a-champ correspondant. 8i oy este la 1-forine duale de X
par rupport 4 2, alors la condition néeessaire et suffisante pour que ay soit cofermée est que
oK soit un sutomorphisme de la SL(2n; R)-structute sur qu. Enfin, ia qualité soit pour
X soit pour X d’étre paralléle dans le faisceau tangent de qu entraine unc séric de pro-
pri¢tés qui sont liées aux systémes hamiltoniens sur (V:}{, ), a I'harmonicité ct 4 la Q-
harmonicité (dans le sens de P. Libermann [3]) des covecteurs hamiltoniens et aus-
si & certaines transformations inlinitésimales conforines sur VQ{.

1. Soit ¥rfl unc Cw -variété pseudo-riemannienne d'indice d'inertie n -+ 1 [11]. En
chaque point z € F29tl on peut éerire

(1) T V) = AW @ D,

o T ( yantl), H2® etr7), sontrespectivement I'espace tangent & 2071, un sous-cspace parahernti-
ticn [5] vectoriel de dimension 27 et unc droitc temporelle. Soient §17 et §2° respectivement
Uespace tempurel et U'espace spatial qui définissent un automorphisme (3¢ sur %2 tel que
#?= + 1 [5]. Le champ /7)) est orthogonal & 927 et U(X)= 0 pour tout champ X =77 .

Soient h,, hi. (3,/,k=1,2,...,n; i"= i 4 n) les vecteurs isolropes réels qui définis-
sent la hase canonique symplectique de 5?{2" et h = hyy ., le vecteur unilairc anisolrope (temporel)
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