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ON THE ANALYTIC SOLUTION OF CERTAIN LINEAR DIFFERENCE EQUATIONS
BY
S. B. JAIYESIMI

Introduction. Consider a linear difference equation

n
(1.1} Bn) Zn_1 = 2nZnsr

i=0
Zg(2) = [(1)., Za(0) = C!, a constant,

where pe(n) are functional coefficients, & is a parameter and B, a function of the discrete
variable m. Of the few wavs of obtaining analytic solutions of (1.1) alrcadv studied, the
formal series generation is of fundamental importance.

The existence of analytic solutions of linear as well as non-lincar difference equations
have been diseussed hv Stephens [7] and Trijitz insky [8] who showed that
analytic formal solutions of such cquations exist and alse by Milne-Thomson [5]
who applied Norlund’s approach to obtain an integral form of the solution. Milne-Thom-
son attempts fo solve a given difference equation of n very low order via a much-higher
order ddifferential equation thereby lending to several Limitations.

However the questions arisc:

If there exists a formal solulion yn(2) of (1.1), which converges te an analytic solulion,
to what analytic solution dots ya(3) converge?

What is the radius of convergence of this formal solution ?

Can an anaiytic solulion be so constructed in a well defined region while every singu-
lar solution is sieved off?

These questions are fully answered in this paper. It will be shown here that if Z, (3}
is an analvtic non-formal solution of (1.1) then ya(2)} converges to Za(R} Z,(3) and that the
radius of convergence of wu(3) is given by the first zero of Z, (1), the contour integral form
of which is obtained in the discourse thut follows.

Ve shall construct the solution #a(3) by taking arbitrary initial values and trans-
forming (1.1) into the two-layer equation

m
(1.1 A) T ) = 1Byl
o

YR e 0= CL EZO0, nE L,

which uses previously computed values at the kth laver to obtain values at the (& + 1)
laver, The main advantages of this method over the traditional method [8] are that the
initial values may be completely arbitrary, the method is easily adaptible on a digital ma-
chine and the region of convergence of the solution can be charucteristically predieted.

The method here is an improvement on Milne-Thomson's as it will become evident
that every arbitrarily high order linear difference equation can be replaced by a simple
first order ordinary differential cquation.

We will here assume the existence of a uniquely defined solution of the difference
cquation {1.1A) and that such solution converges to an analytic function, ya(i) satisfying
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n
b !I-i(")zn—i = }~,3nzn+r
it

We will discuss the cases in which

(i) pi(n) is a constant independent of n, =1,

(i) ¢ (n) is linear in », of the ferm wum 4 e, and B, =1 where (L, tay WP el
stanls  and,

(iii} pidn) is n lactorinl cocilicient or admits ol a Factorial scrics.

Definition.  We shall say that a solution Zu(2) of (1.1) is of tvpe & if it ean lLe
written as :

(1.2} Zalr) = S""’Yz(’)l-‘f.
()
where e {#) is an analytie function of 7 awl { speeilicd throughout 2 contour ¢.
We shall regard the ggn)s as of arbitrarv signs unless otherwise stated. We note

t};nt U_lc _ease pu(n).= Lopny=n—1, uin)=Z0Vix= 2 has a solution ot type . In
fact this is the cquation

Yp—(m—1)Zs_ =0

the sulutivn of whieh is the gumma function.
2. Consfant coefficients. Lt

m
(.1) B Zpt= 27,
i=0

where gy are constunts, 1y 3 0. Subslituting (1.2) into (2.1} we have

. oni ) - , ) i pnt
2.0 -7, (03 () e — 5 [y FE) 070 4+ wvertyp (0]~ di=a,
1 n
where ’
"
(2.2 a) F(t) =X et

i=0
I
and V(1) = — F(),
it
. We seek ¢ such that the primitive in (2.2) rem:ins single-valued Lhroughout ¢ and
vanisaes at both ends if ¢ i+ an open contonr. This implies that

pnt

(2.3) " LA T e = 0
Thus we have Lhat
(2.1) T L, ()T & wdh ety = 0,
so that
{(2) :
B A nhers
(2.3) v, 0 —f-—exp —5 d<t |
i () Fi=)
where (3} is a conslant (with vespocel (o 1) of integration. (2.3 then hecomes
\ {
R el nrers
(2.€) A2) - c\;p-f S . :!-.} = {),
R T T
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wow consider tle line

(=7 M=t
where [ is o constant. We scek an estimate of v, {8} slong Lo S 7o fni
'
| Su?.-:-ff } (1)
expy— \ - dvpx ool
v ™

and in fuet 137> 0 This means 7, (- 0. Leb f—= o0,

nncrt TnerT F
{2.8) e = e
() w, - o{l)
[l

nners
and definitely, exp {— S——-—*-H-«u d:}—:- 0.
o + ¢(1) -
Thus, (2.6) holds. We nole that as {—= b o0 - if

3

orv nrert
ns. S dr 5
P+ ) rugto(i)
and
¢

: (5 b s Tttty T
<. arg der o arg A - L) =g i F e 3,
( 9) 5 lla+0(1) i &

where o = #nfr(py 4 o(1})-
Hence, we have
it
(2.10) Zul) S e (£,
— i

where v, (f) s given hy (2.5}, and i =V — 1.
Suppose-F(¢) ks ub kewst one simple %ero, uy, on line £ and vy, {¢} is not single-valued
in u neighbourhood of thie fivst zero, wu;, of F{f). Then the coutour ¢ comprises the loop

Irom — oo, round %, and back to — co. In this case we write
{4

(2.11) = \ ey, (1)t
-

We see that (2.10) and (2.11) are solutions or ivpe G

3. wpiln) lincar. Let p(n) = weit |- w; where py, o arc constants. Substituting (1.2)
into (1.1) we have that
@3) Ty, (e o — S (V] () + VR — Vi) + 2emt ], () ent i = 0,

¢
where

m m

{3.12) Vilt)= Lwie™¥, Vyl)= Tue
i=0 i=0

By our carlier choice of ¢ we will have

(3.2) Pyltyy, (ent =0

and -;';\(t) satisfies the differcntial cquation
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;‘2.5‘)‘ + [V, 17 4 hert ]YA = .

from which
!

(%) S I'((=) — 2ers }
3.3 w (1) = —— eXp ——— el
@4 0= g { V)
where B(3) is o conslant (with respeet o 1) of integration. (3.2) heeonws
t

B(x F(z) — rers |
{3.4) —?(—)(}N[J {?tl = S l()— r.":}l = 0,

Fylt) Fal=) e

Now suppose u, # 0 As [— — oo, the integrund in (3.1} tonds to wy/p, = 8, say.
Also 1/V,(2)— . ‘Thus (3.4) holds. As - -+ oo, the infegrand in (3.4) again tends asympto-
ticallv to
8 — (Wuglert, r> 0

so that
!
Fi{s) — deft A
{ut -+ S —-—li)—— d‘:l 48— — et —mias o
Va(=) J Tito
Therecfore
!
Py — reft
expint A S i T D,
v
2

Considering again the line L defined by (2.7) and using the arguments that follow,
the latter to estimate vy, (¢) along L, we have

w il
(8.5) Za)= e,
— o il
where v, {1) is given by (3.8). This again is a solutions of type .
If however we have ¥, as a singularity of v,(f) in the {-plane, namcly the first simple
zero of V,(f), then we have a solution of the form

[
mm=§}mnm¢

4. Factorial polynomial and factorial series coefficients. These are cases in which
pi(n) admits of a factorial polynomial (respeectively factorial series) representation. Let

(4.1) win) = kil
where us is a constant and
{4.2) alll = nin + ) (n + 2)...(n 4 i}
In this case we can obtain a solution of type G by simply repeating the arguments
of section 2 above, while the function ¥V(f) is replaced by
m
(4.3) V()= 3 panltl e—%,
§=0
Suppose we have factoriul series coefficients viz

{4.4) (@) wiln) = T ey ol or (B) wilm) = 3 puys wl-A
i=0 i=a

e
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Here the situation is again similar to that in scetion 2 but with
m 0
I X Sy alle=® for (a)
i=0ji-0
(4.5} Vi) =

I ¥ X pgnl-fie—it for (b)
im0

so that in each casc l-'(t)*,';‘(t)eﬂ‘ e = 0, and 1'(:)yi (&) + YOV (f) + npett Tk = 0 L HEN
gives

. - i)es oGy nae"s 7
(+.6) ()= m)cw{ S V(T)rr}.

C(}3) a constant of integration. 'Fhis again gives a solution, similar to (2.11), of type G.

Fundamental results. It has become evident, from the foregoing, that the path of
integration depends on the distribution of the zeros, in the t-planc, of T{{} (or V(?) in the
linear coefficient case) but the existence of a convergent solution, as a function of A, depends
on the distribution of the singularities of v, (¢) in the 2-plane. From this last statement if
we apply the iterative scheme as in (1.0) then the solution of (1.0) exists uniquely and con-
verges in the a-plane up to the first zero of Zy(x). To these effects we have the following
fundamentasl results. Here we put a == e~4,

Lemma 1. Let

(47) V(z)= T e ab.

Fli]

Let pg> 0 and p; real. 0 € i < m. V(x) has only real zeros wilhin the bound of the series
in (34.7) if and only if the conditions
i, <pl, for0<igm—2
holds.
Proof
m
V()= X piat,

i=0
which, on grouping the terms
m -1

3

m—2
=% 2 (it s o+ pieed), i=3G-1),1<)< 31 {m 4+1).

i=0
Since x =¢~¢, then & # 0. For F(x) to have a zero, therefore, we will have
givp i b gy x+w=0for 0€igm— 2
There will exist at [east onc complex zero if for some i
(4.8) dee pegy > ()%
Whenee, all zeros lie on the read line if and only if for 0 S i g m — 2
(+.9) i pigg < (e, )

FFrom the above Lemma we see that if the conditions of the lemma lold for every
@i, Y, (¢} can have only branch points on the real line. But if for some ¢ 220, (4.8} holds

then the upper limits of the integral solutions obtained will be defined by

1 1
log,ulzlog,:—-iﬂ, |u,|=-r—960,
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where /- \/— 1. Thix eonsideration hiolds espeeially for Utie faclorial polynominls and series
corltivient cases where. in pariicular, pg > 0.

The soluiions are thevelore obtained by euliing tie plane through the fivst singu-
lavity w, ui Yy, (1) (respeviively zera of () and taking bwo infinite loops round H, respee-
lively for (£.8) and (L9)

Theovem 1. Let the difference cquation (1.1) have a formal solation which conver-
ges to an asalytic {unetion

N R
Mo (B) = Xy 2

=10 ‘
which satisfics (1.1). Lel the initial values be eorre: pondingiy el aneh (hat i) =
a constant, & 2= 1 and Zy(3) = f(3). Then yu(d) = O [Z,03).0(2)]. )
The radius of convergence of the soittion of (1. 0}, if given by a formal series, is
determined by the first wero in the J-pline of 1he inital solution Z(2) of (1.1)
Proof. By wur curlier diseussion, il the solution sequence {yi"‘l ()} of (1.0} converges

to ya(2) then

u(n) = l.],n::. [l® sl D22 alkir)

where a‘(]’“- 0 k2, z("‘”: ¢, on
Lot yu(n)— g(3)a{d} as L— co. When n = 0,

C = allbame gy~ nl0) Zo(n) = plrbfir),

whenee g(z) ~ Clf(2), so that in the linit

: Zal(2)
(1.10) (1) o[ ;J.

I
The analytic solution of (1.1) has been given in the furm
Za(2) = P(3) S entcin, 7, ),
c

where P(3) corresponds Lo the constant ol integration in cach of the cuses considered und

PO, 7 ) = 0 =y, 3, 0.

In order that Zg(x) may satisfy the initial condition Zy(2) = f{x), we must have

T = Zo(2) = P(%) S Y, 2., t)dt.

Thus ’ .@,

r(=10) { Y0, 2, 4
Hence, ¢

(411) Za(n) = 102§ enty(n, 2, 0] S 240, %, 1ydt.
[+ ¢
Therefore the limiting solution is given by

Yalh) = C'Sem?(n, A, Ddif \-«?(1), 2, e

]

L d ANALYTIC SOLUTION OF CERTAIN LINEAR DMIFERENCE EQUATIONS G5

Sinee  the initial value s completely arbitrary we ean, without loss of generality
Lake €= 1. Then we have
(1.12) Yo (7] == S enly(n, n, it | S{(n_. , D)l
4 [}

We thus see that in the a-plane, the radius of convergence of the formal solution
of (i.1) will by determined by the first zero of

S ¥(0, 2., 1),
Example. Consider the limiting cquation
(+.13) (n — 20y — (20— B}y —~ {30 — WLy = 7245 _,
nzz2 ors 0, Zy= fih
Substituting (1.2) into {4.13) we have
Talt)yy, (0)e™ e — S {Folthy 1) 4 L175(0) — 10y, () ny, (£t} et dt = 0.

r 1% chosen suech that '

(1.14) "2(”‘."). (et o= 0

and

(+.17) Falt) vi () < [V — Vilt) 4 ey, (t) =0,
where

2 2
Pty = 3 wpe™ ™, Fylt)= Ypie ¥,
1=0 =0

= 1, Uy = Loy — S ey = — 2 ey =3, o= 1L
solving the differential cquation (417} we obtain
t
B - (5} — netT
73 {8} == Q cxp{ S —-l’—— tp.
Valt) Fa(=)
(+.16) holds at ¢t = — 0. Mxamining }7,(f) we have
Vall) =1 — 2Ze=t — Bem 2 oo 1 — 2p — 342, p= ¢!

The coefficients of F,{¢) satisty the condition (£.9) ol Lemma 1. In fact there are
two stmple zeros of Fy(x), 1 and 1/3, Hence the contour ¢ is the loop from — ¢o round
— 1 and back. Thus a solution of (4.13), assmmning ¥ = 1, is

0
-1

I3
. eﬂ‘ ] Vl P }_cl“l’ n 5
F) S Vz(t)exp{s v, d.} d=

Zy (") = _l_m

t
1 V, — aeft
5 exp S— a— dzy dt
Vy(t) Va

—

and the formal solution converges to

& — Matematicd — 204
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. ,
S ent { 1, — ers
exp i | e iz
O V:(” P 5 Vv, ! } iad
Yo (A) = == &
= - .

f vl |5
exp )
. VoAl) I T d.} it

which is analytic in the half-pl: 7

s nnaly slf-plane bounded by 5 w, where is i

PHCKL 2% ana, : d by ¢ where #) s the fivst zern e in
tegral Z,(%), in the deneminator. However il Zs(7) his no zero lth- 7 t T Ul'- the i
whole 2-plane. LT, n gn(z) i analyvtic in the
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AL, I, CUZAY din lasi

RUNGE-KUTTA METHODS FOR INITIAL VALUE PROBLEMS
BY

O, LGNAT

In this paper we deduce some Runge-Kutta type methods for approximation of the

solution for initial-value problems.
Tet us consider the problem

L v F( —l
() 'D""'_T—' CERE ] ,I)‘Y]’

(1) (2) U@, X)= ®X),
B Uln Xlyer=9

where

q
G0, Tix 11 las b= RY;
[l

celo, Tvs X @ [Lfan bil; [ = 0 (ﬁ [as, b:]) :

fal =1

i
b1 o, b= R2;

Tm]

¢
F:[0, TP [l [ag, L]xRP xRP 4RI 7
ol
and DUDz (resp. DUIDX) is the Fréchet derivative with respect to ¢ (resp X) for each

X (resp Th
Suppose that (I} hus an unigue analytical selution.
lygous with Cauchy-Kowulevska theorem [2]
For sinplicity we consider only two cases: i) 7S [0, T} and U e R}, X = R®

and ii) T < [0, T]%
1. Runge-Kutta methods for Cauchy-Kowalevska problem.
Consider the system of partial differential equations :

This results by an argument ana-

eu DU
) _F|, XU, -—): Us R?, z < R?
at DX

with mitinl condition
(5 (o, ) = d(x},
and boundary condition

(6) Ut, X) [ger = 0, I'= &0, 1]x[0, 13



