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vt € R ;iv)gis monotone increasing and continuous on K ;v hiLos, 1) —
= 7. (s) u, where 2 : B = K 1s continuous on £, 2 vi) f{f) =2t 0 <2 <1,

then, the above theorem reduces to theorem T of {1

REFERENCES

1. HHohson IEW. - The fheary af functions of a real variable and the theory of Fourier's
seriex, vol, ko third edition, Cambridge Upiversity Press, 10275,

. Jung CIVK. — On generalized complels melrie speces, Bull. Nner, Math, Soe, 35 {19649),
113 — 116,

3. Luxcmburg JSW. — On the convergence of successive approximations in the theory of
ordinary differential cquutions, Inday. Math. 20 (1835), 3 — 3.

t. Corduncanu C. — Sur cerluines qualions fonctionclles de Vofterra, Funke, Fkvacioi.
g (1966), 110 — 127.

Received 21. VI. 1376

13

Faculty of Mathemalics
Lniversity of Tagt
Itontdnia

Analele stiintifice aic Universitatii WAL L Cuza* din lasi
Fomul NXII, s, 1 a, 1977, 01

COINCIDENCE POINTS AND APPLICATIONS TO VOLTERRA
FUNCTIONAL EQUATIONS

BY

MIILAL TURINICI

1. Let £, =10, < x| be the positive half-axis, N ={0, 1, ... }.
the pesitive integers, F(R . R) = $fy [+ R.— E.}. Denote:

DM —{feF(R.R):f(0) =0, f(f) <t VIE>0 1,

iy Po={f =M L () =0, 9> 0} (where, /0 stands for

the n-th Herate of f0 ¥au N
i) @ 1 e M limosup f{sp < b ¥E>0, (i.e., VE >0, Ja(t)e ]

0. +]. such Lhat s = | toa{l)| = f{s} < t—a(f)). Let us denote by
P (respeelively @) the set all (g, '1). 4. Woe (R, R), for which
Mere exisls fe P ojresp. /= ). such that the folfowing implication
holds

(1.1) (> 000 =0, mle) = () = u € f(o)
Note (4] that
(1.2.) Qe (=Q'cl),

In what follows, a partial characlerization of the class @~ is given.
Theorem 1.1, Suppose that

{1.3) Vi > 0, 35 = [0, I suchthat o (s) < Y {t),
(1.4) w0 x>0, o{u) s Wi)y=u <v,

.5) line inf o (s) > lim sup I'(s), ¥i >0, (i. ¢, ¥1>0, 3 (ty = 10, ¢,
1.5) et

such that o (u) > {x), Yu<lt—a(t), t —a()|, VoSl Ita URBE
Then, (o, 1) = {7,
Proof. Defiue f < F(R_, R.) by f{0) =0, and
(1.6) f@) =supi{s=R_;q¢(s) <F(@)}, ¥t>0
From (1.8) and (1.4}, f(t) is well defined and f(t) <f, Vi < R.. Now, let
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f >0 be given. Suppose there exists © = [4L 4 [« (£} | such thatl f{v) >
t —a(t) By (1.6)weeanfindu € [ —a () f(x) | = [{ - a(t), ¢ [¢ —
—a(t), ¢+ a{l)], such thal ¢ () < 4 (v), which contvadiels (1.5). There-
fore, flv) <!t —a{l), Vo = [, L a(@): since { >0 was arbilrary, il
follows that / = @. On the other hand. obviously. (1.6) = (1.1). Q.E.D.

2. Let (X, d} be a complete metrie space, (Y, X) A AT I C
> XL

Defivition 2.1 .1 point v & XN will be called a coincidence point {abbre-
vigled ep)of U, FUX, X)L U2 T Denole AV (U, 1Y) =12 = Y.
Uz = T=}. The main result concerning the existence and uniqueness ol
c.p. can be stated as follows.

Theorem 2.1. Let U, 7' = I(X, X), ¢, U = I (&.. R.) be such that

(2.1) d(Un, Uy) < o (s)=>d (2, y) = s,

(2.2 die, y) <t =d(Tw, Ty) =\ (). |
(2.3) U(X) =X,

(2.4) {9, ') = P |

Then, the following conclusions hold

2.5) A (U, T) consists of a single element, =~ e X,
2.6)  there eaists f = P, which has the property

Yo € X, Jp(x) = 0, such that d{x,, z) < f¥{). vt =
Yo = N, where. {2,5 n € N]cX is defined by
ro =dy, Ulwy ) =T (x,), vn = N,

Proof. Let w € X be given, From (2.3), theset U (7o) — ty < Y
Uy = Ta} is not empty. Besides, let gy, = U (Ta) 4, # g A
we choose s € 1 0, d{yy. g} [ then, d(Uy. Upy) =0 < o (s). while.
d (i #:) > s. Therefore, y; = ., and so, we can deline 17 e J (V. X)) by

/
Al

—

E

(2.7) Vo =U" (Ta), va = X.
It is evident that
(2.8) UVe =Ta, Yo « X (ie, UV =1,

Consequently, ~ & X is a c.p. of U and Tiff it is a lixed point of V. Let,
2, ¥y € X, 1, u >0, be such that d (o, 5} < ¢, d(Ve, Vi) > . From {2.1)
and (2.8) we get d (7w, T'y) > ¢ (). On the other hand. from (2.2), d (Tr.
Tyy < W (t). Thercfore, o (u) < 'I(t). and this implics # < f(¢). where.
J = Pis given by (2.4). Smce < d (V, Vy) was arbitrary, we veb o (T,
Vi) < f(f). Thus, we have proved that

(2.9) d(z, y) <t=d(Ve, Vi) < f(1).

Now, the result follows from theorem 2.2 of [8]. Q.15.D.

COINCIDENCE POINTS AND APPLICATIONS TO VOLTERRA 53

5. The main result of the precedmg paragraphe may be extended if,
nstead of (ordinary) complete mekrie spaces we consider gencralized comple-
¢ metrie spaces {enes), [T] Let (VL d) be such o geanas. denote

O - dyeXNod{e y) < el Vroa X,

i) Q7Y e e Noda, Ty < -l ¥V = (X A)

Wy Q(U, ) =*a e X: 3y & Q) such that Uy = Tw]

I'he extension of the main result is the following

Theorem 3.1. Let U, T & F (X, X). o. V' & F'(R.. R} be such that
(3.1) all the conditions (2.1) — (2.1) hold.
(3.2) Q (U, ) is nol empty,
Then, the followeing conclisions hold
(3.3 A (U0 1) is not emply:
(3.4) there exists [ & P, which has the propertyy
if == AU 1) iv given, then, Yo = Q(U, T)n Q(x)3elr) 20, .mch;
that. d (. 2) €0 (1) V2 zla), Vn € N, where. o, neNjcX
i defined by oy —a0 U {a,.) = T{v). Vn & N. o ‘ |
Proof. Let V@ F(X, .X) be defined by (2.7). Condition (3.2) 1mphcs
that € (F) is not enapty. On the other hand, (3.1) = (2.9). Therctore,
theorem 3.2 ol 3] is applicable Q... ) ]
t. In this paragraphe, as an application, some existence and uni-
queness results about w general class of Volterra functional equations [2]
are presented. _ _ . )
Let (R, | .|y be the cuclidean n-dimensional space, C(R,, R") =
— (e aws RO— R, a is continuous }. C(]0, t]. R") = fary w: [0,' t] —
< is continnous t, vteE R D= 8): 0<s <t < -1— w |, C (.I) X
xR, R)="4tw;x:D xR, — R, .r is continuous . Tor a given
e (R, B, t = R, » stands for the r('r-;tri(‘i'mn_.t'1 (¢) = ’L(b), _‘v’s =3
= [0. f]: clearlv. w, € C ([0, {]. R*). vt = R_. Consider two families of
mappHngs
(1) f-=k():C(lo, t], R") > R, YVt = R,
{1.2) (. sy~ K(t s):C([0, s]. R)-—>R", ¥(t, s)e D

such thal
(43) Yo e C(R..
nuous on f i _ o
(44) Vo e C(R.. R"), the mapping (& «) = K (t, s} (x,) of D into R" 1s
continutous on 1 )
Now. let us eonsider the following Volterra funetional equation
4

R"), the mapping t - I (f) (x,) ol K _ into R is conti-

(4.5) ke (f) () = 2 (1) +RK (t. ) (x)ds, VU = B,
0
(where. »7 = (' (R . R")is fixed) or, in an abstract form
(:1.6) Un(t) =Tz(t), vt = R, (ic, Uz ="Ta)

where, U, 7": C (R, R*) = C(R., R") arc defined by
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(£.7y Uz () =k()(x). Vi = R. Yo & C(R,. R")

!

(+8)  Tr(t) = o) —RK (1. ) (o) ds. Vi R . Yo e C(R. R,

]
Consequently, @ € C(R._. R") is a solution of (£.3) il il is a c.p. of U7 and
T and so, all the preceding results are applicable. provided that a (gencra-
lized) metric structure on C(R.. R") might he defined. To this end. let
g e (R, R) be such that g — continnous. ¢ (/) > 0. ¥/ = R . Deline
a generalized norm ||, !, on C (K. R") by

(+.9) rly =supflla(fg(®): 1 s R\ Yo = C(R . R
and denote C, (B . B*) — [0 = C(R.. R}y Jwll, = = « L
On the other hand. suppose that a family of mappings

{1.10) f ! 1 =seminorm on C{[0. "], B).¥ & K.

is mven (of course, ., is also a seminorm on C (K., R"} il we take
=&, |, YieR,. voe C(R . K")) Suppose inaddition that

(+.11) the family [ ., 1 = R 1 is a sulicient family off seminorms on
C(R., R"

Ny

(+.12) £llg==sup {lelfe@;te R )Y, ves C(R. RY)
The main result about (1.5) is the following

Theorem 4.1. Suppose that there caist o, W eF (R. R), h =
= C(D xR. R). such that

(g - 7S By CRLR, TEW ) =k () () < (o) 8 ()=
ol @ =yl €520
(t. sy D, x, yes C(R, R"). s= R, {or—y <=

(+.14) K (L s) (v) — K )y < h(l s 3)

{
(+.15) %h (f, 5, sg(8))ds < g () (=). V. = =R

p
(4.16) Vy=C(R., R'), Je<C(R. RY). such that k() (x)=y (1), ¥t K.
(+.17) (3 1) = 1"

(4.18) there exisis a € & - C, (R . R"), such that

!
k() (2,) = 2° (1) RI\' t, 5) (19) ds. Vt = R. .
IS
Then, the following conelusions hold

(1.19) the Volterra functional ecquation (4.3) has «b least one solution in
C (R, R} and cractly one solution in 2° +~ C, (R., R")
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' 5 ) . gy f",jl[.,.ei\fl
(4.20) there exists f = P which has the property : the sequence}:ﬂl l’b' ;1 )

C(R.. B"). defined by @%(t) = (t) ¥t < B, k() @™ =2 () +

i

-T_SK(f, ) (:rl"[) ds., Vi R, ¥Yn & N, converges lo the unique solution

M- C,(R., B"). and the error of approximation 119 given by || aMt —
T <) vz g =sup e — s gy g S NG
) ng‘of‘ It is easy to scc that (4.13) = {2.1). Furthermorc, by ;c
gume way as in theorem +.1 of [31, one shows that {4.14) =‘md {(+.15) imply
k:’ 2). Finally, it is evident that (4+.16) = (2.3), (£.17) = (2.4) and (tl-.l?):f:»
-:‘E'—i 2y, ‘Therefore, theorem 8.1 is applicable, and this completes the proot.
Q-LAD';I \s an application of the ahove result, a certain interesting class'{)f
\-’o]tm:r.u-l'unctional equations will be presented. Suppose that o family
of mappings
(5.1) (t. s) - I (1. 5): C(]0, 5], R") = R, vt s) =D

is given. such that . ‘
2' o) Yo & C(R., R™), the mapping (I, s) —~ H(t, s)(x;) of D into R" is
<-‘c)).1.1-tinuous on D. Consider the following Volterra functional equation

t
(5.3) \H , s) (e)ds =y° (), Vvt = R,

0

is fixed. This s of functional equations repre-
here. 1 = C(R.. R") 1s fnsed._llns class of fu tional ‘ .
:-‘c::{l A '{,[‘unctinnnl” cxtension of the so-called Volterra integral cqu-.}tlton?
of the first type. On the other hand, (3.3) is — from a fornlail)_' point o
view — pau'hcuhu' case of (4.53) but an effective reduction to {L.5) is pcgmt—:
ble onlv under some restrictive conditions. More precisely, suppose tha
there exists a family of mappings.

(5.4) (1, s} = K (1, 8): C([0, s]. )~ B, V(L 8) < D.

such that ) :
(5.5) va = C (R, R"), the mapping (i, $) —~ K {t, ) (2,) of D into R
is continuous on D
=
Ht—a s)(e) —H{ 8) (@) = — S K (u, s) (2:) du, Ve = C(R., B*),
!

Y{t, sy D, Va s R..

(5.6)

Define the family of mappings
(3.7) t—>k{t):C([0, t], R}~ R, vt =R,

by the following relation
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(5.5 KA () = H(t O(r). Yo = C(R . R, ¥ ekR.

Finally. suppose thal there exists e = (R . K"} such thal

(3.9) TaRtg) v (s) ds. W R

L

The main resull about (3.3) can be staled as Tollows

Theorem 5.1. Suppose that (4.13) — (4.48) hold for a0 V1A
(e R.L K (L %) (f 5) = D} defined above. Then
(3.10) the Valterra functionad equation (3.3) has at least ane solution in
C (R . R") and cvactly one solution in o+ C, (R [ R")

(3.01) there evists [ = P.awchich has the property « the sequence bt oy & N [ o
C(R . R"Y. defined as in (1.20) converges o the unigque solution & at

— C (B, R} of (3.3) and the error of approvimation is given by the same
inequality as in (£.20).

Proaf. Suppose lhat v = C(R . R") is o solution of (5.3). Let us
wrile (3.8) Tor £ -« = B . where @ = 0. A simple substraction of these
equalities vields

I {1t
(5.1 \ = a syt~ (L s) (@) ds \ Hit - oa s) (o) ds —=

L1} 1k

Yot 4 a)— (1)

Taking into account {3.5). {5.6). (3.9}, dividing by @ = 0. and inlerehanging
the limits in the first intearal of the left side. we get

L Fia !

17 1 e
(5.13) \ I da. sple)ds R [ (8} \ K (s ) (o)) dulds, Ya >0,
« . a .,
I i in
Performing the limit as @ - 0 <. we get (13). Conversely. suppose that
= (R., R") is a solution of (+.3). Integrating (+.53) on the interval {0, £].
we get (from (5.8) )

(5.14) RH (s, 8) 1 a.) ds = i_r“ () ds - \I \‘K(s. ) (i) dul s
o it R

Now, an interchange of limits in the second integral of the right side of
{3.14), and (3.9), vields

(3.153) SH (5.8} {v,) ds == yo{t) - \‘ \'K {s,20) {2,) d.v’ du.
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Finadlv, from (3.6} we oblain {3} Therelore, we have proved that (1.3)
aind (5.8) arve cquivalent. and this completes the proof. Qw1
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