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Theorem L1 s thus proved,

Remarl 4.0 In the ease where KN () = K = const., z(n) =2 =

const., Lhe property (1) means the o-exponential asvmptotic stability

in the sense of Definition L1, In this ease we ean prove a converse of Theorem

1. To prove this, assume that exists a veal sealar funetion sueh that condi-

tions a), h) and ¢) hold. Let us substitule in b) rand y by o (n:ony, 2y) and
gl a g respeetively. Tt follows then

AV (e () y(n)) P e = hgy{n 1)) — Fluoan), y(ny)
= — {1 — o) Viin. a{uhoyin ) Yromwhich Ve - loa(n = oy 1))

!
s 2V (e (), y Yy Yor Viinca (e ngo vl gy (s ne, go) Y=o ™V (e, 40)-

From this rclation and a} we obtain

o (r{n: w2l - pln: ne y)) 2 Ne (o Yo} =t

This completes the proof of our assertion.
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iy sOME S FUNDAMENTAL INTEGRODIFFERENTIAL  AND
INTEGRAL INEQUALITIES
15y

B PACHPNTT

I. Introduction. In the theory ol differential and imntesral cquations
one has often 1o deal with certain integral imequalitios. !n particular,
Gronwalls inequality [3] also known as B Pt an’s Lenma |1 |
and its ceneralization due to Bihari [2]have been used extensiy cly in the
tudy of differential and integral equations. In this paper we wish to establish
come fundamental integrodifferential and integral inequalitics of the Gronwall
- Bellman - Bihari type which can be used in some applications as handy
tools, The author believes that the inequalities estaldished i this paper
are new 1o the literature.

2. Integrodifferential Inequalities. Inthis sechion we state and prove
come new integrodifferential inequalities which can be used in the analysis
of o elass ol dilferential cquations, .\ usefud intesrodifferentinl imequality
is embodied in the following theorem.

Theorem 1. Lot wit). 2. () b{). and ey be real-valited
o sative continnous functions defined on 1= 10, % ). for whieh the ine-
yuality

(1) C < all) b (f-)(\r-(s) (i (s) + e'(-«))d-v). fei,

holds. Then

{

{2y M (y<ail) “b (f)(\r‘i.n,-} (.1 (%) l;’(.\')]c.\p(\r'ft]|h{~.1 1_|rlt)d.s'),
Sorall b = I whert
(3) A () = x(0) — afl) - \a sy s, el
o
ang
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0 BO=\cE 40 cxp(g[b(:) & ¢ (=) + b (=) c(-.)w:) ds, 1 = 1.
Proof. Define
{
(3} m ) =\' e (sl (s) 4@’ (s} pds o (0)=0,
&
then (1) can be restated as
() @ () < a(ty+bit)ym(l).
Differentiating (3) and using {6} we have
(") w (1) < ety la () +alt) +b@Embl.
integrating both sides of (6) from 0 Lo £we have
i !
(8) x () £ «(0) +S a (s} ds Rb () m (s) ds.
I n

Now, using (8) in (7) we obtain
!

i
m' () = c(t) 1.1:(0) — a{f) —{—\a (8) ds -+ b (t) m (t)+ Sb {s) m {s) dsl A
‘ o 0
Adding ¢ (£) m (t) to both sides of the above inequality and denoting
.t
A )= l0) - a(l)-t \a {s)ds. we have

' (e m By <e () A @) el m (1) =

(9) "
te (t)lm () + Sb(s)m (s) ds) .
If we pul )
(10) e () = m(f) - \b (s) m (s}yds, u(0)=m(0) =0,

then it follows by differentiating (10) and using the facts that m'{l) £
<cWAd)yFb@e@my o) and m () < v () from (9) and
(10), we sec that the inequality

H1 INTEGRODIFFERENTIAL AND INTEGRAL INEQUALITIES T

sty < (b () ety L b eDT @) be® A

i watisfied, which implies the estimate for v {t) such that

(1) g ¢ (s} <1 (s) c.\'p{ g [b(=) -+ c(z)+ b(=)e(=)] d—.) ds = I (1),

Substituting this value of v (f) in (9) we have

m' (1) < e(®)Th) —11m ) +cll) [ () 4 B

which implies the estimate for () such that

m () < gc(s) [ (s) + B (s)}exp (IS« () [ b (=) —1] df) m

Now, substituting this value of m () in (6) we obtain the desired bound n

It is interesting to note that, the advantage of incquality (2) over
inequality (1) becomes apparent if we consider a (2), b (1) as known functions
and @ (£) and 2’ (£) as unknown. that is inequality (2) gives us a comple-
tely known function which majorizes v'(f) and consequently =z (¢) after
integration.

Another interesting and useful integrodifferential incquality of the
Bihari lype may be stated as follows.

Theorem 2. Let w (t), @ {(£)  be  real-valued  nonnedalice continuous

Junctions defined on I, and b(0) = 1. be a real-valued conthntous SJunclion

defined on I, W () be a positive. continwous. striclly inereasing function for
a = 0. W0} = 0. and suppose further that the inequalily

(1 v (1) < a -\ D (s) W (s)- a'(s) ) ds.

Ry

is satisfied for all t = I, where a is a nonnegative constant. Then for ¢ = I,

]

) () <a —'-§b (5) W(G-l[c(r (0) + a) + gb (=) df” ds.

L]
where

F

(13) G (r) ;\_u.dS__. rsore >0,
J res =1 (s)

it
and G- iz the inverse function of G, and
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f, '{f =1 Gixe)z6 (o (0) - a) - Kir {x) ([.\'1]

Prouf. Define

114y m(ty —u \‘h (5) W {0 (s) sy dse (0}
then (11) can be 1'0\1:11(1'!' s
i13) 2 = m ()
Dilferentinting (11) and using (13) we have
{1} m ) = YW ety m())
Intearating both sides of (13} from 0 Lo £ we have
i
(1) () = 0 (0) gm (x) o,

Now, using (17) in (16). we obtain

{18) TROERIONY (.t. (0 Lo () \m(.s-) d.s-] .
0

It we put

(19 i r(0y o f{l) Rm {~)els. & 10) {0y o (0) ) e
b
then it follows by dilferentialing (39) and using the Taels that ' {f) =

= h ()W e ()Y and m () = v (1) from (18} and (19 aud B () = 1T we see
thal Lhe incquadity

(20) () < bty lv () W i),
is satisfied. Dividing both sides of (20) hy e () -+ W (T (1) ). using (13}
and then integrating hoth sides from 0 to £ we have

!

(21) GE)) G ) a) <_\1) (s) ds.
0
Now, substituting the value of @ {f) from (21) in (18) and then integrating
both sides from 0 o § we obtain
f ]

m(t) <u -.Rb () H'((,’ I[G (r{0) — u) — Rb (<) n’t\) s .

1] ;]
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Now. substituting this value ol me {1} in (15), we oblain the desired bound
in {12}

We note thal (12) gives the estimate on 2" (£ and consequenthy on
¢ (1) alter intepration. whicl is different from the given by Bihari in {2},
[For similar estimates on integral inequalities we refer the interested reader
to the authar’s recent papers f+] and |3

We next establish the following integroditferential inequality which
ean e wsed ine some applications,

Theorem 3. Let o (h). (). and b(f) be real-valued nonnegative vonli-
wnuns functions defined on 1, for whieh the inequalily

(22) O \'h ()" {sj(a (s} -i- 2" (s) ) s, 1 E I

]

Jolds. sohere a is o positive cowstant. Then
{a (0) - a] e
v —fa(0) 4 al ferb (s d=

1]

(23) Y £ dexp i (%) dsl .

-
for all 1 =1, u'k(.’n’\e‘ b(=sydz = | v (0) + a]™, for all t= L.

Proef. Define a tunelion m {£) by Lhe right hand member of (22). Then

w' (1) =0 () @ (e () 2Tl ) m(0) = a
which i view ol {(22) implies
(21} pd () < b m i) e () m (1))

Sinee () < e () rom (22)0 we have o (f) £ a0 {0) - \ m {s) ds. Now,

I.
using Lhis value of & (8) m (21) we have

(23) m'(H) < b (1) m{t) (.r (0Y = m (1) —:—R m (%) d.s') .

If we pul !
t

(26) vy =2 (0) - m(t) - \m (s)ds, ©(0)=r{0)m(0)=wx(0) + «

then if follows by differentiating (26) and using the facts that m'{l) =
<b () m (1) (1) and m () < o () from (25) and (26) we sce that the inc-
quality

#{t) < b (@) v ) 4 ¢
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is satisfied, which implies the estimate for v {{) such that (sec (71
[& (0) - ale
. .
1 —fa () + a] {e b (s)ds

u

t = 1.

v{f) <

substituting this valuc ol © {¢) in (253) and then integrating both sides from
to 1 we have
i

mit) <a cxp-/./' b (s) |

\‘u

Now, substituting this valuc of m(t} in (22) we obtain the desired hound
in (23).

3. Integral Inequalities. In this scction we establish some interesting
integral incqualities which can be used in the study of many problems con-
cerning the hehavior of solutions of some differential and integral equa-

Lo (0) -~ «] e N
1— [« (0) -(Ijgf)—'l’)(‘.')d‘. )

tions. Fvidently, some of our results in this section include as speeial cases | :
the well - known results of Gronwall [8), Bellman [1] and}

Bihari [2]
Theorem 4. Let z (t), a(t), and b(t) be real-valued nonncgative conti-

nuous functions defined on I, and b (2) is a positive, monotonic, nondcereasing
condinuous function defined on I, for which the inequality

[

a (4) (gb(s) x (s) ds), L1,

(27) () <altyn(t) + e

holds. Then
a(t) n(t)

(28) z (t) <€ . s 0 €t <y
ll — 2{a(s)b(s) ds]

¢
where §; = sup {te I: ‘.ZS als)b(s)ds < 1} .

Proof. Since n (t) is positive, monotonic, nondeereasing, we observe
from (27) that

¢ '

o) e 20( (5 20) 2 0((} 020
(29) ?T(?)sa(t)nrm(gb(s)n(t) ds)sa(t)—.-n(t)(gb(s)n(s)ds).
Define

i (2@ g = (0) —
2 (t) —Sb(s)n(s)ds, 2(0) = 0.

0
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Then "
. _ @
- (t) - b (t)" (t) d

which in view of (29) implies

S() < b(O|aw) = W =awb ()=t = ).
n (t) I
Integrating Loth sides ol the above inequality from 0 to t we have
L
(30) 22(f) =2z (l) -+ ‘_’Su (s} b (s)ds= 0,
0
The left side in (30) is a guadratie expression and both the factors ol this

quadratic expression are either >0 <or 0 at the same time so as to satisfy
{30). Considering these eases we  have

1
'

(31) 2 (f)=1 - {1 251” (s) 0 () d.s"

The Tirst value of T () in (31) is nol admissible here. because this value of
= () will give us the lower honnd for o (£} after substituling it in (29). Hence,
substituiine the second value of 2 () given in (31) in (29), we obtain the
desived hound in (28]

W note that by selting # (1) 1 in lhe above inequality we arrive
At the swnother interesting mequality which can be used in some applications.

We now apply Theorem 4 Lo establish the following new integral
inequalitios.

Theoreny 5. Fet 16 a (), b(1). and c(f) be real-valued nonnegative
continuons fiunctions defined on 1. let W (u) be a posilive, conlinueus. mono-
fonic. nundecreasing and subnudtiplicative function for « > 0, W(0) =0,
and suppose further that the inequality

' £ {t) [ f b () () ds)
S (d ) \(. S )ds) h( ' fuc (s)w(x (s))d ) |
P vy =i~ wl.r &

is satisfied Jor all 1 = 1, where ag s @ positive constand. Then
t

(33) vy < k(1 Q2 1[&1 (g) - \c () Wk{s))ds|, 0 £t <y
i which )
a(t)

(34) k() = 0 <t <ty
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where 1, is as defined in Theorem 4, and
o () _:\ ds :
J IV (s)

Ty

(35) 2. > 0,

and Q-1 is the inverse function of , and t is in the subinterval [0, 11) of 1 o
that
!
Q (o) - \(' () Wk ()) ds = Dom (L2 ).
0

Proof. Deline

n(t) = ry - \( () Wia(s) yds, n(0) =,

1]

(36)

Then (32) can be restated as
!

alt)n () + % ( \ b (s) &8 (1.\-] ,

1t

at) =

The rest of the proof proceeds much as that of Theorem 2. given by this
author in {6, p. 148], by making usc ol Theorem ¢, and we leave the details
to the reader. '

An interesting observation aboui the integral incquality estubi ished)
in Theorem 3 is that, when & (£) = 0 and « (1) - 1. it reduees to the Bilart's)
inequality given in [2]. which in itself conluins as a special case the well -
known Gronwall - Bellman  incquality  given in {30 {t]. In the specialf
case, when e (£) — 0 and w, =1, then Theorem 3 reduces o Theorem 4
with » () = 1. !

We next establish o st more seneral Form of Theorem 5 which hasi-
cally involves the comparison principle.

Theorem G. Let v it w(t). i) and o(t) be real-valued nonncsative
continuwous functions defined on Lo let W (I, w) be a positive, continuons. mono-
tonic, nondecrcasing in u.w = 0, for cach fivedt = 1 letthe function ™ (1) = 0
be nondecrcasing and continuous for v z 0, 'V (0) =01 and suppose further
that the incquality i

(87)

——,
£
o
]
i
™
=
p——
©
—
to
P
-—
-
—
Cn
-
4
Pl
o
S
=
=
[
R
S
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iw satisfied for all £ = 1 where vy ix o posttive constant. Then
(38) (Y < ) e

sohere KUY wud Loare as defined in Theorem |{ and r (1) is the mavimal
solution of
(3th)
isling on the subinterval 0 =1 = 1, of L o

The prool of this theorenn follows by an argmen! similar o that
i Lhe prool of Theorem 4 given by this suthor in [6, p. 1455 by making
e ol Theorem b We oniit the detalils, o o

4, Nome Applications. In this scetion. we indieate some applications

of the inegualities established in Theorem 1 and 1 1o obtain the bounds for
e solittions of sone differential and integral cquations. I'here are many
possible applications ol the incqualities established in this paper, bul those
yndicated here are sulficient lo convey the importanee of onr results, _

We firsl consider the third order differential equation ol the form

{40) gD = g w0

where o CTT x R x BB and y(0) = e Yy0) =, and Y0} =¢,
are viven constants, Assume that lhe fonetion feosabisfies

(H) (e g YOS Wy Ryl s

where &) is a real-valued nonnegative continuous function defined on .
Inteurating (40) twice from 0 to t. L € I. we obtam

U e i o ot <

P e () WL B e )] r (o) <o

[

(+2) i (F) = ey 4 cof 4

S(! —s) h{s. y(s), y (s))ds.
[}
Takine the ubsolute values on both sides and using the condition (41) in

(42) we have
!

Yl e lal et =\ ke Uy 1+ 1y 6 ) des
<a+ntquqn+u+nﬁhM(wm«+mwan.

Now. an application of Theorem 1 yields

y%msﬂ+0(ﬁH%m)+ﬂ+0“kaP®)+

(43) l N

L Q (5)] exl)( \ I (=) -.d-.) d.s-) .

&
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where
!-
Pity=]cil % {le % )(1 NPT } Y,
and

Q (x)-—Sk (s) P(s) ex,)(g[:_l ) - k(=) = 1 ) .".'(-:)Ir!-.) de. t < 1.

Thus (43) gives a bound on ¥ (t) | in terms of the known functions,
and hence inteerating both sides of (43) from 0 to  we can obtain a hound

on |y ()| for f = I, where y(f) is a solution of (40).
We next consider the Volterra integral equation of the form
i 1
(1) () =) = = () II(!.\ ) |d.-}. I:
i

where 2 f o CL R, K e O x I x ROR| wnd = O[] xR R
Suppose that the functions & and H in (44) salisly

{13) B, soz(8)) ) <g(s) 2(s) ), fo v &L
(16) H{, w)y| <sMu,tel

where M > 0 is a constant and g(¢) is a real - valued nonnegative conti-
nuous [unction defined on 1. Now, in view of the assumptions (43) and (46),
we can establish very casily the bound on the solution 2 (f) of (++) by using
Theorem + with n (/) =1 on a suitable subinterval of /.
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NOTE ON AN ABSTRACT VOLTERRA EQUATION
BY

SERGIU AIZICOVICI

f1l. 12] we use monotonicity methods to ap-

Following Barbu ) _ v mel '
Volterra integral equations. Specifically we arc

pr(m(-h a elass of abstract

concerned with establishing the existence of solutions of the integral
equation ‘
(1) 2 (1) Sa(t — sy Au(s)ds = f(&), =0,

&

under weak assumptions on the convolution kernel « : {0, 0) = R. Here
u () is to be an element of a Hilbert space I, 4 — a nonlincar m?n?ton(i
operator on M and f: [0,w)—~II, o prescribed function. For _bacl\__qm.ch‘
material on monotone operators, relevant to the present note, we relcv
the reader to (3], [4} .

Let F be a real Hilbert space of norm | .| and inner product (.}
Let 1 bhe a real Banach space such that V'  II, algebraically and topolo-
gieally. Consider a convex, lower semicontinuous, pProper function
@: 1 —- (—ec, oc] and denote by . ils subdifferential {1 = ¢o). It is known
that .1 is maximal monotonc in If.

We treat Eq. (1) in case A = ¢ making the following hypotheses :

{1) a:]0,00) — I is locally absolutely continuous,

{ii) a{0) >0, )

(iit)  the injection V c H 1s compaci, -
(iv) Dl(g) c V and for cach & > 0 the set {x;lo(a)! + &<k

15 bounded in 'V,

v) [ [ & L (0,00 ; I},

(vi) f(0) € D{3).

Definition. By a solution of (1) we mean a
satisfying

u e C([0,e); ), v = Lie{0,00: H), nu{t) = D (4), ae. t >0

There exists w € Lix (0, ¢ ; H) such that w ({) e Au (1), a.c. on (0,),

function u: [0,00) = I



