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where
Pity = e, 4= (e

and

!
s ';(1 2t ).1 I.
:'—)
t

@ () SI.-{s-) P(s) o_\p(\'[;;]_z Y J; EEY A ) A-(f)mf) ds. § e 1.

1 =

Thus (43) gives a bound on | ¢ () 1 terms of the known functions,
and hence intearating both sides of (13) from 0 1o / we ean obtain a hound
on |y ()| fort = I, where y{f) is a solution of (10),

We next consider the Volterra integral equation of the form

t
[ H4) s =) - I (!\ (L s o (s)) a’w) .
0
where 2. f = C|d, R|. K e C{ 1 xI xR R).and If = O[] xR. R
Suppose that the functions £ and H in (44) satisly
i-45) Eflosoz{s)) | €g(s) | z(s), L sl
{-16) g vy <M ul.t =1,

where M = 0 is a constant and g(t) 15 a real - valued nonnegative conti-
nuous [unction defined on . Now, in view of the assumptions (+3) and (46),
we ean establish very easily the bound on the solution z (1} of (1) by using
Theorem 1 with n{/) = 1 on a suitable subinterval of [f.

REFEREXCES

1. IR, Bellman—The stalality of solutions of tinear differential equations, Thuke Math. Joun
10 (1943), GHI—G4T,

2, LBihari — A generalization of a lemma of Bellman and applications to uniqueness problems
of differential equations, Acta Math, Aend, Sel. 1ungar 7 (1856), 81 -9,

3. T. 1L Gronwall— Noleon the derivatives with respect to « parameter of the solutions of a
system of dif ferential equations. Ann. Math. 20 (1019), 282 29¢.

4. B. G. Pachpatie — An inlegral incquality similar to Dellman — Bilari  inegualily,
Rull. Soe. Math. Gréee 13 (1074}, ¥—12.

3, B.G. Pachpatte — Onsome integral inequalitics similar to Bellman — Bihari inequalities,
J. Math. Anal, Appl. 49 (1973}, 794 —802,

6. B. G. Pachpatte — On some generalizations of Dellman's Lemma, J. Math. Anal. Appl.
51 (1973}, 141 —150.

. B.G.Pachpatte — Onsome new integral inequalities for differential and integral equations,

J. Math, Physical Sci. 10 (1976), 101 =116,

Received 22, X1 1976

~1

Department  of Mathematic
Deogiri College
Aurangabad (Maharashira)
India

Analele stiintifice ale Universititii ,Al [ CUZA* din Tasi
Tomul XXIII, s. 1 a, 1977, .1

NOTE ON AN ABSTRACT VOLTERRA EQUATION
BY

SERGIU AIZICOVICI

Followine Barbu [1]. [2] we use monotonicity lr}q_thods to ap-
sroach a class of abstract Volterra integral cquations. Specifically we mfi
‘ ‘ N » . v . - o . “=
concerned with establishing the existence of solutions of the ntegrn

equal ion .

(1) 1 (1) Sa (t —s)Adu(s)ds = f(8), = 0,

ions onv ion kernel «: !0, 0)— R. Here

inder weak assumptions on the convolution 10, ) -
;; (1) is 1o be an element of a Hilbert space II, 4 — 2 nonancat mon?ton(l:
operator on I and f: [0,00) = 1, a prescribed function. For backgr n'ch.
material on monotone operators, relevant to the present note, we reter
the reader to [3], [4)- ; . ! inner product (.

Let 7T be o veal ITilbert space of norm . anc 1l :
Let 1 be a real Banach space such that Ve 11, algebraically :%nd t_opolo—
dieallv. Consider a convex, lower semicontinuous, proper iux}cu—on '
©: I - (—, ] and denote by 1 ils subdifferential (A4 = ¢o). It is known
{hat .f is maximal monotone in If. ‘

We treat Eq. (1) in case & = ¢9 making the following hypotheses :

(i) a:[0,00) - R is locally absolulely continuous,

()  a{0) >0, I §

) the injection V = I 15 compaci, ‘ X

((iv)) D (cp)Jc V and for each I > 0 the set {z;lo(x)! + |2 | <k}
is bounded in V,

(v) fif = Lie(0,00; H),

(vi) f(0) = (o) . _ 5

Definition. By a solution of (I) we mean d function u: [0,0) =
satisfying

i = C([0,x); H), v € L3, (0,00 : H), u(ty = D(4), ae. t> 0.

There exists w & Lie (0, oo ; II) such that w (2) & Au (1), a.c. on {0,0),
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(-]

w{t) - \alt —syseishde = flh 1 =0

L il T

1]

For simplicity we will write Au instead ol .

Theorem. Suppose (1)~ (vi) hold. Then Fq. (V) has o« solitfion safis-
Sying:

woe Lo (00 2 V)t = o (e (D) s locally absolutely conlinuous.

Remarle 1. This result is related to that of Tond en [6. Theoren 1],
Note that we remove Londen's restrietive requirement that ¢ he of houn-
ded variation on an interval [0. 7], Our condition (iv) is not vsed in 6]
It should however be emphasized that there are important elasses ol 'S
ol physieal interest which satisty (iv) (see c.ov [31 Chapler 1V]).

Proof of the Theorem. Tor each 7. > 0. consider the v aularized
cquation

!

i) i, (1) Sa i sy g (sVds = S0 = 0

11
where

§

Ny

4,

(L —5). Jy =t - 2)7,

—~t

Inasmuch as oI, is lipsehilzian it follows that (2) has a unique locally abso-
lutely continuons solution a, : [0, ec) — [ Differentiating (2} vields

(3) o () w {0) () - Su' (= &) Apls) ds = (1), ae on (0. ).

Itemember that I, — ¢9,. where

o, (1) - minlwl R i (I!J}-

72 s
(4 we il 2y

20 0) € (@) £ la) =L

Multiply (3) by .1, w0, () and integrate over (0.0). This gives

¢

w{i(t) o« {0)5 () Fds € 2 f(0) -

u
¢ t {

-t
—

4 S a (s) ! r!.s's (<) 2 ds ~S i) () Vs,

We fix T = 0 such that

W

0,

ON AN ABSTRACT VOLTERRA EQUANTION i

r

(13 '.’\' al (%) iy o= a (0),

CThen using (8 (3 (6) one s

Al restrict ourselves to f = (o, 1

oA th) '—’—L:-)-ES Eolanls) s € o (F(0))

! \ S L (s) ds,  te= 0T

[
Sinee we may assume (without loss of generality) that o 2 0. we infer

from 7} that

{5}

Thenee, by (25 (3) onc conchudes

o, o> 0) s hounded in Lo T dh,

(N e 7= 0 s howded in Lo T
{10} TP S | bounded o L (00 T H).

Set o, (1) Ju(ty and vemark that  for sufficiently small 7, ('
and (10 romain satisfied if an is replaced by @ . Consequently. by (7).
(11) o (1) Loy = Ot T for o sufliciently  smaul
Here and in the sequel € denotes various [inite posilive constants inde
pendent of 7. Now use (ii). (iv) and a well-known compuacity criterion
[5. Theorem 3.1, Chapter 1} to deduce thal
(12) vy, - n o stronghy in C{0. T
for a4 suitable sequenece 7, - O, Sinee o, w;, (1) & Ao, (1) one gets by (8)
(12} and the maximal monotonicity of .,

Ay an, — e wealkly in Lo, T3 M)
We also have
W, -1, strongly in L2(0, T D),

e et weakly in L2 (0, T I

fi

Take 7. — 7, in {2) and let 7, —= 0. One ohlnins

W) \a(t Cw) A (s)ds = f(n. L= T

In addition. Irom (11} it follows
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{13) o)l <C 0<t<T.
This implies (cl. (iv))
we L0, T; V)

Then, using the fact that «', Au = L* (0, T': II) we infer (see [+, Chapter 3,
Lemma 3.3)) that the function &> o (u (t)) is absolutely continuous on
jo. T1.

‘To eonclude the proof, it remains to show that u (t) can be extended
outside [0, T']. Let us consider the cquation

¥ T
o ::(t)u-Sa(t—s)A:(s)ds;f{t—j—T)-Sa(t—:~T——

— &) Au (5)ds, 0<t<T.

Remark that f, . f{ =Lz (0, 75 I}, where f, (1) denotes the right-hand
side of (14). By (13) one also has f (0) = u (1) = D{p). Therefore the
preceding arguments lead toa solution z: [0, T'] > IT of (14). Tt follows that
[ w (). 0 <t T,

- <«
u (t) == -
\=¢¢—="T), T <t <?2T.
is the desired extension of # (/) on (0, 27'|. The same method enables us
to prolong 1 {t) on the whole half-axis.

Remerk 2. The above proof can be casily adapted to the case where
a{f) is replaced by an operator valued kernel J5:[0,00) — .2 (I1, H),
such that

For each v = H. t -~ E (i) v is locally absolutely continuous on {0, =),

P& Lo (0, 00 1 L(H D),
(E(O) 1, 0) = kv 3 k>0 0 &1L

By £ (I. H) we have denoted the space of all linear continuous
operators on 1.

Corollary !. Let (iii). (iv) be satsfied. In addition suppose

115} a & L (0,1 R)
(16) 1 & L (0, ¢ 5 H).
(17 1w, = D (o).

Then the cquation

(18) 1 {f) — mAu(l) + 3 a{t—s) du(s)dss f(t), ae t>0,m>0, A=,

]

& ON AN ABSTRACT VOI/TERRA EQUATION o1

with initial eondition
(]E]\' Ny — gy

heas a solution w(ty sueh thal

{20} woe C{To oy Y n Lo (0.5 143,
121) i, Adu = Line (0. 00 o 1),
{22) 1 == {2 (D) s locally absolutely continious.

Proof. We need only observe that (18). (19} are equivalent to
H

w i) 4 Sfr it — 5) Au{s)de = g ().

S{ty = 1y S.f'(.\') ds, 1 = 0,
f)
Consequentiy. by virtue of (153)—(17) onr Theorem applics.

Corollary 2. Let the asswmptions of Corollary 1 be fulfilled, Suppose
morcocer wee are gicen a continnous function hi{—ta. 0y =11 1, > 0 «a-
fisfuing

hh e D ae on {—4.0): £(0) = D)
Ah = La(—t,. 0 ).
Then there eaists at least one continuous solution w:|-=lo, %} = I of th

problen
{

w' (1) =l (t — o) - omdu(l) = Sa. (t — sy Au(s)ds =

L]

(20
a [ ae. on {0.s2), m > 0. o =%
(2.4} w () = ().
sueh that (20) — (22) hold.
Proof. On (0,1,) Eq. (23) can be rewritten as
t

(230 w' {0 —m A (t) - Sa (t—s) <l (Y ds= f(t- b (E—ta),  auedd =(0, 1,),

U

—t, £t €0



02 - - =h I-!-;':II'._‘-I'.—’.!t'i'-"'. .l_i. - T
with
[26) w (0) = & (0).
Applving Corollary 1 one oblains a solution 0} of (23} (26) such
that
(27) w, = Co Yy p Lo V)
{28) iy . ey = LE(00 ).
(241 { o (g (D) is absolutely contimnous on LR

To extend i (1) on (1. 20,] consider the problem

/ !
S om e (0 gu (1 — &) e (s) ds = f (0 - L) — Ly (i)

i
]

(30) _
\u (t fo = x) Doy () dss nes on (O8]

{

V@ (0 I FR

From Covollary 1 one derives the existenee of o function ¢ |00 4] -
- | satisfving (30). Furthermore (27) — (29) remain valid with ¢ ins-

tead of 2, . 1t is now obvious that

() {N; {H. 0O < <.

vl — 1) o <t <2,

s nosolulion of (28). (21) on [0, 24,
In a similar manner one continues o (8 on (26, <), Clearly, by
{27)—129) assertions (20)—(22) arce satislied.
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WEAKLY ALMOST PERIODIC SYSTEMS
By

1 MONTGOMERY (Univer-ity of Phede Lslands, 1. SINE (University ol 1thode Eslund).
1L THIOMAS {Suny. Al

1. Introduction. In this note we annobhee some resubls concerning
Jirercte actions (X, $) where @ s s continmous self map (nol necessarily
4 homeomoerphism) of a compact metrie space X The proofs of these and
related results will appear clsewhere [9] Tet 7 denote the operator on
¢ () (complex valued continuous  maps  anN)induaeed by @, s
T = fotb.

" Pefinition. We say T and W are wealkly alneost periodic. or that (X, 4}
is « waep. systom, provided the s widronp VT G AL s precompact in
the wweak operator fopolody.

This definition 1y e restaled o various ways, For exanmiple it s
nenlyivialy cquivalent to the statemcnl that i () with the weak Lo-
poleny (bounded POITWIEE converpenee) cach ortat 1T (O is precompact,
i the condition in the definition holds i the slhrong operalor topology.
we sty 4 and @ oue strongly ahmost periodic (~ipn). Weak admosl perio
dicity arises and has heen sindied o varions conlexts @ topologs 310 7]
cvmbolie dynamies (1], and operator theory [10l 111
' 2. General Theery. 11 can he shown BEL 6], thal T induces o de-
composition C(X) = G, @ ¢, where for cach /= () The w vk closure of
PN contains 0 and cach fin € is the uniform Tanit of finite finear com-
Dinations of uninedular clgenfunctions, This decomposition, together with
vestlts «n Maikov cperators from [3], provide the key touls for develo-
ping the general theory.

We beein with the minimal sels of ®. thal s, sels which are non
cmply. elosed, d-invariant and minitsal wilh these propertios. Sinee .\
i~ compact, minimal sets exst,

Theorem 2.1. [/ (X, ®) is a wap. systen and Foas winimal, then
W F s a sap. homeomorphisin. In fac, Eisa sonothetic group, | 7]. and
A s franstation by o fransitive group elenend.

11 can also be shown in the above conlext thalt F supporis exactly
one invariant probability measure. The regularity deseribed in Fheorem
21 earries over Lo the union of all the minimal sels, which we call eenter
of the svstem and whieh we denote hercafter by M. The results aboul M



