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Applyving Corollary 1 ane obtains o solution o0y of (23} (26) such
Lhit
(27) w, o= CO0 )Ty Leo(oot s V)
(25} wy L ey = LE(oot s H.
{24 [ = 1) s absolutely continnous on LR

To extend (1) on (. 2h| consider the problem
{
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From Corollary 1 one derives the existenee of o function ¢[00 4] -
- H satistyving (30} Furthermore (27) — (209) reinain valid with ¢ ins
tead ol wy . Tt is now obvions that

_ {u;:‘!ﬁ. 0=t <1,.
u ity
vl — o) 1y = €2,

v nosolulion ol (2850 (21) on |0, 24,
In o similar manner one conbinmes 4 () on (28, 7). Clearly, by
{27)—120) assertions (20)—(22}) are satisficd.
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1. Introduction. In Thix nole we anbounee =enmd resnlis concernivg
dicerete actions (X, @) where @ s a continnons self map (nol necessarily
2 homeomorphism) of a conmpaed metrie space X. The proofs of these anl
clated results will appear elsewhere [9]0 Let 77 denote thi  operator on
() (complex valuad continuous  maps  on N indueed by @, leess
T())=fod.

" Definition. We say T and @ wre weakly almost po) fodic. or that {X, 1)
i « wap. systom proveded the st midronp VY w S 4] i precompact in
the weak operator topolody.

“Fis defimition may e restatod movarvious ways, Fol exaple il s

nantrivially cquivalent to the slatement that in € (X)) wilth the weak Lo-
poleay (huundad pointwise convergenee; cach orlnt VT (0 s precompact.
I he condition in ke defsition holds in the sbrong apertlor topology.
we cay 1 and @ osne stronely abmost periodie (saupe) Weak almost perio
dicity arises and has heen cindied i varions conlexts @ lopology [3]0 [T
wnholic dynmmies 111 and operator theory [1ol [T11.
' 2 General Theery. 11 can he shown pL L6] thal T induces o de-
compusition € (Y) ¢, @ ¢, where for cach f = C, the weak closure of
e contains 0 and cieh fin € is the uniform limit of finite Tinear com-
Livations of unimedular ciwenfunetions. This decompaosition, together with
vesults ¢ 1 Markov eperators from [3], provide the key tonls for develo-
pring the general theory.

We begin with the minimal sets of &, that s, =els which are nen-
cmply. elosed, benvariant and mininal wilh these properties. Sinee A
is compact, minimal sels exast,

Theorem 2.0. If (X, ®) is a wap. systen and I s weinimal, then
O F s a sap. homeomorphisin. I facd, B s monotlietic droup, | 2] and
A s fransfation by a bransitive group elenend.

11 can alse be shown in the above context thal £ supporls exactly
one invayiant probability measure. The regularity deseribed in Fheorem
5 earries over Lo the union of all the minimal sels, whieh we vall center
of the systenn and which we denote hereatter by M. The results aboul M
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vl torth in the nest theorem depend Lo a surprising degree on the Lde-
Leeuw-Glicksheres decomposition of € (LX) roentioned eardier and does not
weent to Tollow from purely lopological comsiderations.

Theorem 2.2, Lot (XN D) be a warp. system with eonler M. Then M
is a retraet of Xo @ s st on Mo ad e orbit closire decompusition of M
is both wpper and lncer-semicontinious. There i a sequence N of integers,
sueh that, for all o = Xo i) o = N oclusters in Mowd (D7 = N
conzerges wniformly (o the identity an M.

Thus., on M. @ exhibits strong reeurrence properties reminiscent of
almost periodicity as the term is ised in classical dyvnamies. in connection
with the decomposition of W mentioned in Theorem 2.2, there is a related
result which shows that the strueture of certain minimal sets eannol change
abruptty. ‘This contrasts sharply with the orbit structure of even such
nice maps as a bwist map off B= given by {r, ) —- (r. 0 - 2}, The resalt is

Theorem 2.3. If (XN, @) ix ¢ wap. system and B s a minimal set of
dimension 1, then thore is a neighborhood of Focontaining no U-dimensional
minimal scl. On the other hand, (f 1 is totally disconneeled, theve s a neigh-
harhood of E containing no connccled wiinimal sel. )

3. Actions on Manifolds. We sunmmarize briefly some of the more
detailed information availabie when it is assumoed that the siate space Y
i a compact, closed. conneeted manifeld. H X s tepolomieally equivalent
to a eirele then by Fheoram 220 3 s o poinl. a proper ares or alb of 3
tn the first ense. various examples show el nol much ean be said. In the
Jast case, @ musl be conjnoale ooa rolation or rellection, Tao the remd-
nine case. © must be inesenlialoin frel @ (V) = X and s adso seaepson A

When X s o Z-manilold the situation is more complieated but still
lractable. Besinnine with an anoubus of in 240 let 4 be an Lrrationals
rotation of . followed possibly by reflection through w eentral eivele. By
making various identiticatons on the bhoundary of o o by embedding
A in o targer 2-manifold tin hoth cases, heeomes M) one obtains a vit-
ricty of actions on oopnifolds with 37 homemnorphic to an annulus. a
disk, a sphere. a torus. projective space, a Klem boltle or o Mobius band.
We can now state the main result.

Theorem 3.1. Let (X, ®) be a waep. system. where X ds a compact,
closed. connceled, 2-manifold. Then coactly one of the following holds :

(0) FEvery minimal set is O-dimensional and P s pertodic on M.

(b) M = X dis « forus and is wminimal wider @.

{¢) The only minimal scl is single simple closed curve.

(dy & | M is onc of the annulur welions described aboce.

The proot of this theorem is a strenuous exereise in classical cut-and-
pasic topology. using results from [8] and [12]. Finally, for higher dimen-
sional manifolds some positive results have been obtained. For example.
as is the case with flows [1], we can say that if [2 s a minimal set of o
w.a,p. action (X, @) where X is a compact n-monifold, and if E has dimen-
sion n or n — 1, then £ is a finite union of tori (the point being that K
is not some gencralized solenoid with messy topological structure as des-

WEAKLY ALMOST IERIODIC SYSTEMS a5

ceibed in 1. Finally, there s an interesting result abonl wap. honeo-
morphisms of nanifolds, the proof o which uses the retract part ol Theo-
pem 2.2 and some aluehraic topology.

Theorem 3.2. fet @ be a woap. homeomorphism of « compact, elosed
manifold X. If the interior of M s nol cmpty then M- X, and thus @

IS Saep.
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