ne C. 1LLO) m

(24} sup O(H ) = 1

Proof. We shall prove that the method (23} belongs to the general
class {8). To show that. let us define the endomorphisms F by

Eor) E 2

I te

splaopap, = M,

HEas standard to vertly the condition (7} of Theorem T
Nexl. sinee L1 is self-adjoint,

F D WG YN sttep)p Voo X s dpp )
e ied, fed,

‘. Ij(?)}’, I"*"(J') — pih {r'__l.) = ],

here @ () are the partial sums (21).

Then. according to Theorem 10 the dterations (23) converve o w,
i and only i, LM, L £, ) s o Schauder decomposition of /1. But. by vir-
tue of Theorem 3 and of £23), Tor that it is necessary and suffictent to have
(13) which is cquivalent to (21) beeause <5 [0, UL 01 - 1 as 1L s
proved 1o [3] p. H6.

The iterative method {23} 0s obviously an extension of the conjugate
directions method, where a certain nutiber of steps of the ordinary me-
thod (namely the dimension of M) are performed simullaneousty al one
ileration. Certainby for practical purposes, we have Lo dispuse of sequences
of L f-conjuriate subspaces and adsoo to make sure that the conditions (21)
or (18) are salisfied, In [2] some procedures o gel simple sequences of
econjugate subspaces are deseribed and o disscution about the class of
aperators satistving the convergence condilions is done,
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N DISCRETE-TIME CONTROL PROBLEMS
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V. POYESCU

shlem was

introduction. In [1]. the following conlinuous conirol pire
mvestigated :

Minunize
(0.1) SL (e (1), 1 (8) At Tae ox):

=

subjeet o
= 7.

t
(11,2 Ly = S G) L, ‘\.S' (1, s) B {v) ufs)ds, 0 <!
J

oy e Kt &0, T

i K ois o elosed convex subset of I and L. [ are lf}\\’(c!t;r ql;;‘;;lif:()tlt1zlti<2l(i)s
wiiere A I8 ) S < = : - ; S (f .5') = I ) s oan evo-
T e . nonidentically e, and S , A1) s an exo-
kl:n):ni:}(i;\ uii:::'(-llllt(:)ll'h b'n:“'(). 1= L (U, J) 15 strong 1'1}0:15L11‘;1bl¢ such as B :
o T = L U Morcover B € L (0. T: L (U II).). e
:l'h(- purpose ol our paper is to study diserete-time con 1 ;

Minimize

{::,:5:

Nom)
Z .’;, L. W) L. '].,\')!

i1

(0.4)

subject to

((.5) g =edat gr Dty , U8 Oxs

(0.43) b= Ry, 1 8650

h - . . § . -~ q.’
where 6oy s doos bS5 i and & will be defined in §1 and §2,
; D Gyer s Aot s

anadosue of the above one.

which i3 an

s — dlalliaiied
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Indeed starting with (0.7), (0.2), (0.3) in an only formal manner.
we can scb (see c.o. [8) [10]) N8 =D, £, =18, { = ay = 0. 1., NP and
wit) = u(t) = uy, { =[l, 1) and denoting w(4) by &, { =gy we

obtain wo, =S, 0, D, § Say,, where ;=581 ,.1), { €6,
i

wdD“Muﬂ\S@ﬂBMmﬁ,feMmﬂiwlu_DmdmL

]
i = gy, . On the other hand, the cost function s £ (0, 1) g L, (),
0

w (1)) di + I {ay, @), which becomes
- fth

b3 \L {t, v (£), u) dt + L (xe, ay} 1T we substitute
te ‘.‘

by

L (¢ x(t), u)dt by L;{x;, u;), we obtain our discrete-time problem.
1

§ 1. Notations, preliminaries and plan of the paper. We denote by

1. H a rcal Hilbert space with (.,.) and |. | the mner product and
the norm, respectively ; H will be the states space;

2. U another real Hilbert space with <.,.> and [|. | the inner pro-
duct and the norm, respectively ; U will be the space of controls ;

3. oy H) and I*(oy_,; U) the two real Hilbert spaces considered
in [7], [8];

4.8, e LULIN for { @ gy, and Ny = LU H) for { @6y,

Sy e ll, i =6y, 0, €U, i €ay,,

6. K¢, [ € gy and A some closed convex subscls of /.
The problem

(1.1) ig=Sia D, it €0y ay € I

has a unique soluiion for every @y H and w € I* (6., : U) and the fune-
tions w-»a and @, =2 ol {F{oy,: U) into #{ay; H} and of H into
I* (6 3 1), respectively, defined by the difference equation (1.1), are con-
tinuous (sce [7]).

If K is a closed convex subsct of I, we denote by I the indicator

funetion of K, i.c.
ek
IK(.L‘):[ 0, 1f a N _
| - @, otherwise,

Given a proper lower semicontinuous convex funetion ¢ on X and a point
z € II, as usual, we denote by éo () the subdifferential of ¢ at @, Also,
by ¢* we denote the conjugate of ¢, We state below some properties of
the function

1 CONSTRAINED CONVEX DISCRETE-TIME CONTROL PROBLEMS 1135

=y gen). celln>o.
(1.2) A,y =l [l N Sly) oy |
‘Phe funetion s is convex and everywhere finite on H. 1<‘Iurlh.('1'm(_n'c
m. is Fricehet ditferentiable on Hoand its l"ré(-h(*l_(h[igrvul!:ll 5 18 I!E}p
:{,’.hi.l7 on I and coineides with the Yosida approximation (e}, of ép. The
Following relations hold

; (0 () 15 -0 (= nig)™ ),
(1.3) o) ) AR o =
lim e (@) = o ()
(_l.‘l») i o
{(1.3) il wy & I and l;l-l"ln.l'-,_ = a weakly in JI then l)n’lg infl o, ()= % (0.

Remark. W o — [, then we have :

i1.6) iy =zl [ y. ) = 0 for every y = K}
and
i.7) ) = I&.él}\) (x, ). + = I1.

Hence £ is the support funclion uf I\.‘ )
The above resulls can be found in |+ }.11:1]). ..]. . S
ITie plan ol the paper is as follows. In §2 and §3 we state anc 'l)l()\(i
an optinality theoren. A dual control problem s _mlrmhu:(:d in §b ang
ctudicd i relation with e optinality conditions. Some remarks on syn-
thesis of oplinad controls are proy ed in §5 .
§ 2. Optinality theovem. We  consider the problem (0.4) ~ (0.6)
’ 7T )
denoled by () _ . . L
Delinition. .n altainable pair of {13700 15 @ coup .(.‘ru ) . g[ ;;H;
fup which there evist b = K,. i =gy, and u; © U, §{ = 6y Such tha
. Ne-1
roy o= N D 8 S 6xa and Y Lo{u,u) < — %,
o ' i=0

We denote by € the set of all attainable pairs of { L; N0

e now list the hypotheses that will be in effect throughout this
pu])c.‘(:\) For every i © 6y 4oy 15 0 lower seinicontinuous convex: !'un(-t‘ion
from 1'% U to J‘—x. "z | and nonidentically --ac. The lunction ! Is @
lower semicontinuous convex funclion on I x II with \':.11\}(3:_\'1‘!1 jluo(i

~% | and nonidentically +-oc. Sy = LI, Dy < L{U, II) and K, 15 a closc
onvex subsct of I, for every ¢ = oy ) ‘ ]
wm(?l}; Tor c\cr\i i € gy, the Hamiltonan funclion H: I x U -

| —e, o) delined by

(2.1) Hi(z, uy=sup { <u, U > — Li{x, v); v e U}
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) ! s CONSTRAINED CONVEX DISCRETE-TIME CONT
15 such that
(2.2 D, (1) = I and 0 = int D. (1) (3.2) (e 7y} — Wi 4ix) € (por Ta -~ o) — (P> Tx—Yxh
where for every Yo Uy =
(23)  DHYy-={a<cl; H(y, u)>—=loreveryu = L} (3:4) (o 0= ) 2 0 LS Oxm
andd ‘ : for cnch & K.
(24) D) = fu= U5 il v} < e for every o2 1 1t follows from (2.1) = (3.3) and (212) that
(C) There exist @ = 1* (1 H) , . - P o
) 1St 3 { (G,\ B IJ’) and = L"(c_\ a8 { ) 2 Li(.['h “l.) e 1 (ﬂ-'c.- _7_3_\_) < 2 L. (Ur" 1:..:: | l(ym y_\.)q
1=y inl

such that :
I xBlog,: U) cuch that (2.9 and (2.10)

for every (. @) < IPloy:

(2.3) {iva, iy} = C '
T y) € Cp 0 DD
and Lold and this completes the proot of the sufficieney. ;
2.6.) e .. Neeessity. Let (@ wy = Ploys Iy x oy U) be an Up“mﬂl
;= Itk @€ ay, pair of (£). Yor every » > 0, we consider:
where IH (1) is the clfective domain of /, i.c. . v °Y 5
s O o) = B) PR o) 24— It — p, ik Ty i
D([) — { (51: .ra) e JI % II l‘(&(. ri) = whige] I"'(h, ) i‘ju (I ‘)L (_l] ) i) I '-31';0 i . ln ‘Z:U (IM)‘(U) i
A =N Sk
(3.4) 1 .

) There exisis o pair , g
(D) There exists a pair (@, 3) = €, n () such that one of the follo- A Llger Yx) 7 L Yo For
o Yer A g S . s

wing two conditions holds :
(‘3.7) e int {,i’;, e JI; (1’ ]z) = Cf_} where
(2.8) seint{h € H; (x. h) = D()}. (3.5) Yo = by Yo = S+ D I € Gy
Theorem 2.1. Lt o z : L), V.o Simed by (1.7). respeetively. b € IHand v €
the puir (v, 1) & 2 (GL\ : ]};{I)}OQ}‘Z"(&G .("1')= IS?)’ (C). ancl - (£3) :_’."Jl(l'.  Then 111(} (({7:.”1 UIJA;)'UE :1.;;ﬁl‘:fjlt-f\‘lliri;:111}§1xtS;. T respeelively. @ :
only if there cwist ui =y (2), FEe j) (’C ‘\;}!“f”.’og' ”J‘ \ Py i and Tn our hypotheses, P ox Pl U) = | —oc, oo [ a strict
L= Gy such that: ) aere 1 @ oy nud g I, ] convex cocreive everywhere finite and (strong) lower semicontinuous
(2.9) ‘ . ] ) function. licencee therc exists o unique pair (hy, 1) & H X (oyas U)
@ Tiyy = Sy - Dy, 1€ 6y, such that
2.10 . L . .
) r, € Ky, i€ oy, (3.6.) Py, 1) < Py (th, o), >0
2.11 D . . . 3
(. ) (gin Dipiey) € €Ly {2 W), § S oy, for every (b, v) € II X I° (Gy-13 U) {sce €8 fob).
(2.12) Po= SiPis — i — e § B Gy, We denote by a; € [*(oy; H) the solution of the problem
2 P g~ . Al ok DS G
(-.13) (po, _.p‘\,) = (.’E", ‘T.-\') {tl'anSVEI‘Sﬂth), I (3.7) J(i =, ¥4 = Sah + DG, t F oy
Remarks: 1) As usual, we den : and we set
: E E) ot i I N - - -
of Dy (and 5, respectively). CEREL AL R ER) RRT Rke ) i - i iy 4 e
2) p, is call ci t .. . ) (3.8) i = & (L)@, ul), ¢ & Gy
5 =) b 18 called the adjoint state at time i ) o) = ih (20, a¥
. thf eic:ﬂlc‘;oaf Ff OPt-!malxty theorem. Sufficiency. Let 2, u, p, ¢ and (3.9) (5 ) = € (el @h)-
abviously ho?ds- or which (2.9) ~ (2.18) hold. Then the following relations Now we define p, € oy H) in
(3.10)  p¥ = — P Py =SiP — g — & U (83), @ & Oy
lowings :

(3‘1) La(cl u)-—L e D) < R ) .
B Uy (Yo v <(go & — Yy)+ <Dipiys e — v>, 1 SOy-1 ‘il? \We observe that these clements verily the fol
i Lemma 3.1. For cvery » >0 there owist x, = Ploy; H) w € 2

where yy, = Il and v, € U .
(Gyo; U)and py € 1 (oy; 4) such thut :
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8
3.1 i 1
(3.11) FiPt = St - D [ 2oy,
3.12 L L { : N
{ ) Mm=Spt =g — I () i Eay .
3.1: i ¢ |
(3.13) ¢o= & (L), (5 1), § S oy
(3.14) I pitt == gl — w6 (L), (0d, wi) | =6
. . ¥ " Py " T N=]y
(3.15) (P2 — 2% b e =pd) = (2 ).
FFurthermore |

(3.16) im 2§ —

11_1.1;1 ah — strongly in H.
(3.17) im =

EIIIJ wh = atrongly in T,

for ov](;r_v 1€ gy and § € gy, respectively,
e ]rt_iof n_[ Lemma 3.1, From (3.6) ~ {3.10). it is casy erify |
¢ 3.15). We note that - o ety

{3.18) o, w) < P (veow) = Flre u) = e
. [¥] _‘\'_1
(sce {1.2)). where F(ae. 1) =Y, L. (r, Wy -E (e

& Ll (e v

On the other hand there exist « = 2 {c,_, :
2 {Gy_y ¢

and z. 5 € H such that i), b =liey,: U)

(3.19) (Lo, (25 o :
hoE G f;_) = ((I,-, d“;) e TR TI ; .
. i e i 1€ g, 4. far every -
e 2 v forevery o= 0,
{3.20) Lot oy
> (23 a3) = (o @f) - (%) for every 7.0,

By (3.19). (3.20) : . : o
deduce That - ) } and the properties o' (1.1} mentioned in § 1. we

3.2 N v .
® b I)' (h;" Zl;) > O+ G P?. gl (I:; e — o [i*n

where Y, Cyare s it
1(::(31?(._1, (., (5 are some positive constants,
ront (3.18) and (3.21) we may infer that :

- . ; -
(3.22) Wm ) = &, weakly in UL fo /

lim w0, caeealkly in UL for every i € 6y
3.23 im g =7 i
( ) lim 2§ = &, weakly in 1.

220 ’

By (3.22), (3.23) and (8.7) it follows

(3.24) li ; ~

" i ad = row R ) .
g A=W cakly in I for cach § € oy,

where

3.25 = = N

( ) Ty = Sy + Dfui’ i @ T v

-1
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From (3.18), (3.22) ~ {(3.24] and (1.7). (L.10) we deduce that (3.16)

and (3.17) hold.

We continue the prool of neeessity by :
Lemma 3.2, There cxisls a constant € = 0 such that
']Jf P < (' for every 7= 0.

Proof of Lemma 3.2 For every © € I*(oyas 7). we define

(33.26)

N—1 ] 1 N—1

(327 Gle)—= Y, Lilye w3 Ny — ey T 5 zo I (y0)-
te=0 - - - =

where

(3.28) Yo = Sy De, 1 €650

and y. € I is fixed.
We denote

(3.20) @ (. k) = inf ¢ Glo); v = oy s UY, o= Ry Yn = B}

for every (. k) = I X fI.
Ohviowsiv. the set {v € Ploya: UNs Yo = P Yoo =

y, = Kio yx = k) is closed and convex in ¥ (oya s U)-

1t should he observed that €, = D (&) and that the infimum defining

W (hy, he) is attained for every (ks h) € C,. The function ¢ is convex

lower semicontinuous and nowhere —oo on H x I.
We suppose that condition (2.7) holds. Tt follows that therc are y € I*

(oy; H)and p >0 such that

S+ D,

(3.80) (o Yn) < T
and
{3.31) O (ye Yn + ph) S C for every k € I, |h| =1

(since a proper convex and lower semicontinuous funetion is continuous at

everv interior point of its effcetive domain).

If
o = Yoo
3.32 5
(l ) { 2., =8 + Divy © € oy Fx = U + &
then
(8.81) O (zo, 2x) € C.

On the other hand, from (8.8), (3.9) (3.14) and (3.13) we find that

N—1 11\-1
_ Fy (2% ) € 8 Li(ze v) T3 Y N — vl (e yx) —
[3.33) i=0 2i=0
o 4% — Y

— (pf, oh) — (2% -
From (3.30), (8.31) and (3.83) we deduce
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(3.34) F, (2% ) € C— s(pd. b fov every b= 1. b -
Lemma 8.1, (3.34) and {(3.21) give (3.26),
Now we assume that condition (2.8) holds.
By thiv it follows that there is 2 > 0 such that
{3.835) [ty 2y + 20y < C lor every h = H. ' -1,
and

{3.30) D (Yo ty) < = .

By (3.9), (3.15) and Lemma 8.1 we Tind that
(B37)  e(pl. M) < C =L Q% o) = (pSad — o) — (

P oad — )
From (3.8). (3.14) and {3.37) we deduee

(3.38) P8 w) 2 =(p, Iy = €.

{3.38) and (3.21} give again (3.23).
We show now that the following Lenuna holds:
Lemma 3.3, Dhere exists € = O such {hal

(3.39) P

< C, i oy, for cvery b > 0 and sufficiontly small
(3.10)

L) ()] <€, for every 3 > 0 and 1 € 6y,
Furthermore.

(3.11) gt | € C, i € oy, for every » > 0 and sufficiently smuall.

Proaf of Lemmea 3.3, By hvpothesis (C) there ave (g v) €3 (ay; H) ¢
XHoy.y; U) such that

Y =Sy - Do i g, e mt A, [ e
(3.42) .
(oo yx) € Cro V(Yoo Yn) < =20

Therefore, there exists = > 0 such thatl

Ty

Yivy = 1Sf|fj; -L I),'T.',', ? = Gyois s Fh = ]\',-, | = Gy

(3.42)"

for cvery h s M, '} o (e yy) = Cpy lipee yy) < .
Since
U @) — T (o el < (U (3): 0 — o — o).
it follows
. 1 . . .
(3.43) G ) | < (e Ughdl) 2l — ya) 1 € oy

On the other hand, from (2.12), (3.11) (3.1:3), (3.15) and (3.42) we obtain
that :
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—

N—1 :
Sl : S (L (i wd) =t L a3)
ah 5 G e = g 4= 3 (il
i=v )
N . 0 ) — <
\E‘{Lf)}.(.’f" vy =l (e Ux) B (29 e 15— Yu) ;gu
=

< b M MG T

From (5.43) and (3.41) we find that
v—1

R ) = ¢ =Y L v (e Hx)
s L i o

(3.45) P\ZUI ¢ U g ad) v
iy sy, 520 e sy e G0, U L
ti:(’cil;f\h;g:::m(\?b ](,1)3)-‘-‘ lit:ﬂ. Nem 11 there exists 5 = 0 Sll:.’;h l'i;:u -
(s.46) H (e b ch. 0) < €. j &gy JOF ('\"{'1‘_\' I J ‘1 |
fap { B2 fs = ¢ H il . VY £ C, 1 Eoya for cvnry
e Hooh 1.
Let ©; = ¢, 0L (x ch 0). T follows Lhen

Lo (g == ghe T,) L uh

{3.47)

henee I
Lot + showi) . tor overy fo € {1 hi=1 uni Tod
Neol € €, 1 € Gxare
Fron (3.18) and (3.1 £) we find thal

e de Gl ittt )]s 10 Oy
o B — - ieay lori >0
From (3.12), {(3.10) and (3.48) we deduee that [ pi | = Gt S0y
and sulficiently smalk.

"The proof of Lemma 3.3 1;. cnmplctci.“ n
These i v standard argument taat e
These imply by asta

1:3.50) i pho= po (0€ gy). weakly in I,
L A=y
i ' (i ceakly in I
5 lim = qgl, (I & gy.1). weakl
(3.51) z_.uq' f »
{3.52) lim ¢ (L hlad) = 2 (i & cxr): weaklv In i,
) H=U
where ‘
(3.53%) (Por par = {o, #a):
(3.3 {q:- Dy opoa) © shidas, Hi) 1 F Gxvs

aeE ol ), | Blaga-
(.55} up & aly )



192 V. POPESCU 1o

This completes the praot of the necessily,

Remarks. 1) Some details ol the prool of Theorem 2.1 are lefted
for the reader (see and 1], 2], or [5]).

2) The optimality theorem ean be formulated in an cqui-

valent form as follows :

Let the hyvpotheses (), (13), (C) and (D) hold. Then the pair (i w} =
= ey Y X (g, 0 U)is optimal for (Pl there exist u, = of, 0 (1))
i ey, and pe Poy: 1) such  thal

(8.56) {

FUREE PR IR ) SN TR I JURPUR R (U = SO
(pr=Nipiatwcu)eil{an Dipo). i€oy 1o (po, —py) & iliag oyl
{We called (3.36) the Hamiltonian form of the optimality theorem].

§ 4. Duality theorem. For every (h,. h.) & I x I we define
(11] m(hy, hy) = U thy . —he)=sup iy, @) — (o y) — H{zy)s
' (0. py= X L

(.2} oy, () = I () = sup (@, ). & ® 6y,

righ;
For each (1. p)e U x i we define
(1.3) M (. py = Li{p. uy=sup {p. &)+ <it, v >— L, {w, z); (2, v)&
' e Hx Ul i=6,,.
We consider the problen :

Mintmize
y—1 N1
(+.4) Y, Mo Dipove q) + Y, ow (1) = m(pos py)
i j=1)

stbject to
{(1.5) pi=S8Sip,— = 2 TS 6y,

This problem is ealled the dual of problem (£} and it will be denoted
hy (P).

Theorem 4.1. Let Hypotheses (), (8). (C) and (D) hold. Then the
pair (e, @) & 1* (oy: ) 2 Bloy.,: U) is optimal for (P) if and only if the
problem (P*) has o solution (p, ¢, 1) < Foy; H) x & (oy.; H}Y XU
{oy.,: H) and

{+.6) min P - min P =0,

Furthermore. the optimal pair (a, u) for (I?) and the optimal triplet
(2, g, ») for (I} verily .the conditions of extremality” (2.9) ~ (2.13).

Proof. From (1.1} we deduee that
(+.7) [or s} = Doy ) = (Yoo De) — (Ys Py
for every (4o, yy) = 1 x H and (o, py) € H x II.
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il
The following two conditions are cquivalent @
(+.8) {po. —Px) © fl{aa. vy
(+.9) (g ry) = m {poe Px) = (ro- ) — (rx- 1)

Sinilarhv. from (£.2) we may mler that
(110} Iy, (ys) + otx (-1) (4. Wi 1 Tyt
' v ye ey D e ey 1. aml the following wo condi
or every | Hey o Y0 e
tions are cquivalent:
{+11) SRR PR ERE FRE - e

(l’.lg) Il\'; (.i";) P db_(if = (E;. :'-). | © Gy
From (4.8) we find that

18)  Li(ge w) = MoDipaa g = (i ) - <viipaz.

I =6y

N p ' i and ¢ ¢
for cvery f € 1*(5y: M. v=PFHeas L) pe {1 N H) and ¢

oy s I .
The following two conditions are equivalent
(t.11) (g, Dipin) = (L (. 1), 1S Oxas
. p ' - 3 )' g e
(+15) Ly, ) = Mi(Dipia, g = {5, qi) -+ < Wi Dipy
P = G- ) |
From (h7) ~ (h13) 1t 1s very casy to verily the theorem.
’ i i :  In this paragraph
§ 5. Some remarks on synthesis of optlmalwmrols n this | ph,
we consider the problem

Minimize

N1 1
(3.1) Y, Loy )

=0
subject o

gt Y et D, €059
= i}
".‘J"‘) A

Ta =] ,I‘GE Il.

where v is fized in 1. _ - ]
We note that this is a problem ol type (Pywith K, = H, i = oy, 020

\ QO lr g = Jas
(5.3) Hore, Tx) = s, otherwise.
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We assiune Lhat (), () a
. . : Y, and () hold. where (3 : ! ;
I'hen ?EL h}.fp()lh(!:sc's, (). (1) (C) and (1) hold ¢ (o) meavss Gk O
"herefore the optimality theorem : : duality
For each i € oy and I = II \\'('n;lclfiillrll(‘1:]1(' i fheoren fold alke.

. N ik
.]i (k) = ! j ; IIJ- (:J'j; 'H_,): a i $ig 's'.l?lj + ")j“j- .: =
(5.4) . :
fT1UM;v_;}
We set
(3')| !‘ (1! ,:,,,' o {0 [t === h’
“z, otherwise

where (o, 5) € il x 11
Tenee (3.4) is a problem (P - whicl
deifote 1 pealem 1}\-1 i v () for which (1), () and (2) hold. We
From the optimalily theorem w : ' i
. alil : o have the fotlowing result :
- Let h:jpo.t/u's{’.s- (A). (B) and (2) hold. Then (!:'. z:“) is an optimal
patr for (P)3ff there exist (07, q') such thal. I e

{5.0) dlyy = S - Dy, Je=d 0000 N—=1
(5.7 x o=
(3.8) (qh, Dy piye ol (o, W), j=i, ikl .., N=1.
(5.9 =8 i =gl =i, N =1
{5.10) P 0.
It 1s ecasy to verify that g g i ), 1
g o v ihat the dual problem for (), 15
N-1
3.1 ) F
{5.71) Y, Mg (e h)
=1
sithjeet to
{3.12) = S = = ey gy N— 1 i

,\}C denole this problem by (7).
Fhe duality theorem hecomes : r

Suppose that (). (B) and (=} hold, T
0 s KA A d. The > 15 ik A -
Jor (P); iff the problen ( £7); hus (a )‘-‘()fftli()ft {l!(;fj i]}:;‘ fﬁ?{li, (e e

(3.1 i (1 i
(3.1:3) min (M), omin (P7) = o

Furthermore. the optimal ; 00y T
S : plimal pair (0 0’} for (£); and the o
Jor (1), verify e condilions of f’-"ff%’Jﬂaiil(lj")I(;_Z'; ffu(__;){fo“‘)”“’ pedr (P q')

13
w
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(). (B) aid (x) hold. Then Jor

Proposition 5.1, fof potheses
cvery 1 Gy concer dower  seneorfoons

> J,-: If— '| — . - :C'| are
Junetions and nonidentically -+ %
Proof. BY using {z) we oblain that P « wueh that tor each
P2 o, DU # @ (Teve. DT s as TR
Dy ={ev el Jple) < sty

But. from duality theoreny we have

; ﬂml—m}

N1
Foih) = sup { (h. —pd-— ¥, M - )5 Py 0.
it

Henee we may infer that  {J. 32 sy, 4r¢ colves jower semieonlinueus

fanctions and nowhere —=%.
Propesition 5.2, Lt b ) (J.) be such that the Dnfinuon dofinind Jio(h)
v attained. Then b= D (¢}
P’roof. Let us supposc fhat f = DCFY is such that infimum defining
J () is attained. "Then by Optimality theorem Uhere exist {of. ') and (p's
¢?) such that (5.6} ~ (3.30) hold.

Let Lo he H :113(1{;‘1.1-\:—- L

EE

We define

b

Wi = I Ypor = Sl Dz i=ii Loy N —

From (3.6) ~ (3.10) we Find Lhai
S — Sy < — i e B
Henee the proposition liolds. and furthermore

{3.11) —pie ol ()

A sulficient condition for v
{he following one:

(A) holds

(3) H{x, p)is finite for cach (@,p)
(3.13) H{0, p) = C(1L+ l|pll) for every p @ U and for all ¢t & oy

For every r > 0 there exists M, > 0 such that

hich the hypothesis of Proposition 5.2 holds is

and
e I x [/ and there exists ¢ =0 such that

(5.16) qap (gl 5 &, PY< AL A i)

forallp ¢ Uand z & H, x| <7 (see f3]or [53)2 _ _
Proposition 5.3. TVe assume that (A} and (3) held. Then for dl b =

= [(J ) infimum dejining J (k) 18 altained. :



12 ' —
b V. POPESCL
14

Proof. Tt suflicies Lo show Hhal The sels

N ] Y —1
M, {:u_ : \H L )= oy Sy = D i
(5.17) o o |
PR T 1., h}
are hounded in f# (4, N 1: U} Here i s I
I'rom (2.1) we have Lo il s
Liv.u)z2 =¢.u = (. o), 1 =6
5 SN

for all v v = U and v = 1.
Let y.o= ¢ 41, {0, pj. Then

0, (r. p)

L. u)z = pow =

00 )< s ). For every c &I and s U Thercfore
Hitoo p) — (e 2. 7 S a4y

for every o = and v p o= U
Now we use {(35) to obtain that

(338) Li{e, )2 < pouw>—C(1 = pl~— o (L+]pd

We put po= . ¢ > 0 we deduce

(3.10) Lot iy = C ilylbze Clp2=—C,, Lt ¢
c d <1: P = Gy
lor every v = I and o = U re ' i -
far ¥ | U, Here ¢, = 0 Tor & positive wud sufliciently
(hy the otlier Tand. from
- S Do =400 4 i
we obitain - Lo N ==
(3.20) e g ('.IS"- "
I'rom (3.17) ~{3.19) we lind thal -
(3.21) Collu )P g € " A 3
e My B 1= (_, Ve | -F (-",-. d
P
ik

for every &z 1. (We use here (5.18)
avery e a, (We ue re (3.18) with p = 0). Fr 3.20) : 3.
e “}‘ij"ﬂ‘?t {u;} is bounded in U E'(Jn' ] & 1‘ ! E))—:-lllom (J‘;"-,O) (;llldls(ni.l'l) “.1(‘
L pales e tic 5 TV — Hhas clamed.
oy ks 1).[.01_ every b= D (J), —é&d (k) coinerdes with the sct
; menls p; which appear in (3.6) ~ (3.10) (see [3]) o

2) I {A) and (8) hold. then
(0.22) D t-],') - ]) :(J.), t L. Gl

Fo ery 1
r every { < gy, and » & II we consider gt H —» | — =%, 2]

defined by fl‘;,(p‘) - (a, D ’
. 2d by ¢ = I (a, Dip). We obscerve that Yy =D&
and g s convex and lower semiconlinuous. ok Digeh = Dide) =

e
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We note also that b () Dy 1, (e, 1 p:
for all @ & 1 and p = I (see 157)-
Proposition 5.4 We asstone that (). (2) and

{3.23) G (e Dyploy v =1
vi-s

hold. Then, the equation

{(3.21) iy — g pd) = S, 1T oy

where po & — &y (). has a solution y € D () = DY for every o 1.
Prouf. Faguation (5.24) is equivalent with ed i () ) (y—S) =0
{we use the facl that (fgh) @ =« (1) (see f+H)). T4 sulfices to show that -

D(e (g)) - 1.

{3.26) lim (g (yhly o {sec [4 Chap. 1.

Ty e

Since (3.23) s equivalent with K (0gy) = 1.
23) that {3.25) holds. (sce [1. Chap. [BERE

we may infer by (3.
iy cofinite and this 1s co -

On the other hand, (3.26) shows that gy
valent with D (g3) = 1. Hence Proposition 5.4 15 proved.

Remarks. 1) We denote by y = Aaa solution of {3.24).

2y I ed or ¢ (el s Slrietly monotone then (3021 has o unique
solulion.
We relurn now Lo problem (1) wiven by (5.1} and [3.2).

Theorem 3.}, We assume that (1), () and (5.23) hold I (v, ) =
e 1oy H} x B lasa U be an optimal pair for {P).

Then
(5.27) e i (. — Dy i dga (s id)e 8 G
Proof. ¥From Optinality theorem we obtain :
[ g = St Dy, J© 6y 2= Py = 0.

V= 85 Prar — e J & Oy (g D} pyen) & el (g 15): J & oy
Henee ;5 ¢ 8. Dipsa)y J € Gxns and —py € ey € oy
Then s ¢ (15 D ed ) J S5 where S (R)=0 lor every hell
.S, - Dy, J€ G it follows 2., — S &0, 1
From Proposition 3.4 this cquation  has
e D(J;1), J E Ox-ns and 1his completes the

sinee £y
- L) f'-{,: 1 (-U-l]]v J= 051
a4 solution ry. &= Ay, B ®

proof.
then we obtain by Proposiiion

Remarks, 1) L Jy, ¢ = oy, are known,
5.4 Ay =1 20 AN and we deternune U, by (3.27). Then we obtain @,
e 8oy + Do und we delermine u, by (5.27) cte.
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3 (.'.~xuf.--::zz‘la:r\(.v (“.';;C ;i])l{ i ”L'(“(_l;i.‘-),l. R e
e prablens Ao fn) wnd (5.23) hold o then 6T oy verify
cfelrp = {00 Jor every o = lf
O Le)=S] ed ;5 (e e e L= D ady (N ) S S

{Riceati cquation)

(3.28)

-')=) From (-) .)D‘) H e 11
5 . g and  Proposilion 5. ¢ Hormi . fa
[ G.\'_l- t b owe (l(.!.l]]'ll[l' (.]:. ]] e [l_

L) We oive g . & i
} We mive now o omethod™ Lo delermine J,, i€oy: namely il

(ro w) s an oplimal pair for (£), then we have

N=Tr

(3.29) {JJ () = min (L) S-Sy (S - Dog e U e g
Jo() =0 for every o = M
( This s Bellmaw's optimality principle [G]).

- Acknowledoement. The author is indebted to Prolessor V. Barbu for
i) ] A ~ 2 e ¥ | ) ) ' ‘ ;
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ON THE GLOBAL GROMETRIC STRUCTURE
OF SIMPLE BODIES

BY

LILIANA RALEIANU

1. Introduction. 'The objeet of this paper s to deseribe  the global
accmetrie structure of a simple bady, including the material conneetions
and the material structure of such body. The development i hased upon
ideas introduced in 7] where the start ol the study of a global geometric
teory for these maderias ‘1 the context of the Noll's extrinsic theory s
siven. These ideas are non jmbedded within Noll's new mathematical the-
ory ol simple material (3] [+] which gives an intrinsie characteriza-
tion of the loeal properties of the continuous media.

The plan ol the paper can be summarized as follows. In Scetion 2
iv viven using Noll's delinitions of material ele-
ment and the Jocal synuelry group of @ body. FPurther, to any simple
hody s associated the svimetry groups and 1he modules of intrinsec tensor
Fields. The material struetures and G, -conneetions of simple body, stu-
died in seetion 3. are used to ehnracterize the loeally and globally homo-

the nolion of simple bady

sencous simple bodies,

The formalism and the mechanieal framework arve taken from |3}
For the mathemalical hackground and for a definition of terms not de-
fined in the text, we refer to the mathematical preliminaries of I3} and
Part 1 of [+]. Ch 11 of {2] and Ch 111 of [6].

2. The geometrie of a materially uniform continuous body. Let (B
ot (B P (B} be a materially uniform continuous body (sce [3]), where
by of (B), P (B) is denoted. respectivelly. the elasses of the intrinsic con-
Figurations and of the admissible cinematical processes of B; let (T,,
A (a), I (), 3 (), S (), & (1)) be the material clement of B in the ma-
terial point @ & B having dp, = & = Aut (T,) as the symmetry group.
We suppose thal 3 satisfies he following condition :

(G) The symamctry group £ is a closed subgroup of the Lie droup Aut (7)),
vy < B henee g, is dtself a Lie group hy Cartar’s theorem.

Beeause we have g = Joyed: 9 A3V, Yo, y = B, where Ayy is a
material isomorphism of the material elements ol B in z and ¥, it follows
that the previous condition is equivalent with

9 — Maleinaicd



