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V. PORESCY

e 16

2Y We nole thal we need &, c H o x H Tor cach { = ¢
: e

e qavame Had (1) (5 3.0
the problen: (A} (o) and (3.23) hold: then (S Loy verify

ef () = {0 Tor every e = [
OEd; ) =Spad (A ). = e L= DF ddy L,
(Riceati cquation)

2) From (5.28) ’ i
. : 3.28) and Proposition 5. - delormin: ¢
R i obowe determine e = I x I,

I “\" v Sroerm 5 . . R .
) We oive now o method” to delanune J,. i=oe namely it

{ro ) s an oplimal pair for {F), then we have

(5.2 {.I ey =win (Lo -0 (S, + Doy we UL ieE g
Jo ) =0 for every = A |
{ Mhis s Bellmans optimality principle [51).
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ON TIE GLOBAL GEOMETRIC STRUCTURE
O SIMPLE BODIES

BY

LILIANA RALEAND

1. Introduction. The objeet of this paper is o deseribe the global
wecmetrie structure of a simple body. including the material conneetions
and the material structure of such hody. The development is hased upon
wdens introdueed in |7}, where the start of the study of a global geomelric
theory Tor these malerials in the context of the Noll's extrinsic theory is
siven. These ideas are non imbededed within Noll's new mathematical the-
ory ol simple material (3], [4] which gives an intrinsic characteriza-
tion of the local properties of the continuous media.

The plan of the paper can he summarized as follows. In Scetion 2
the nolion of simple body s given using Noll's definitions of material ele-
ment and the local symmedry group of a body. Further, to any simple
body is associated the synnetry gronps andd the modules of intrinsee tensor
liclds. The nuterial structures and G, -connections of a simple body, stu-
dicd in seetion 3, are used to charactorize the locally and globally hono-
cencous simple budies,

The formalism and the mechanieal Tramework ave taken from [53].
For the mathematical backaround and for a definitiom of terms not de-
Ffned in the text, we refer to the mathematical preliminaries of [3] and
Part 1 of [+]. Ch 1T of §2] and Ch 11T of {6}

2. The geometrie of a materially uniform continuous body. Let (B
i (B), P (B be a materially uniform continnous body (sce [3]), where
by of (B), P (D) 1s denoted. respeetivelly. the classes of the intrinsic con-
fieurations and of the admissible cincmatical processes of B; let (T,,

A
Aa), 1), Afa) S () & () be the material clement of B in the ma-
terial point @ & B having gp, = 4 = Aut{7,) as the symmetry group.
We suppose that B satisfies Lhe following condition :
(G) The sypunctry group £, is u closed subgroup of the Lie group Aut (T,
v e B hence g, is iself a Lie group by Cartan’s theorem.
Because we have g, = dpyod:° A3L, Yo, y = B, where dpy s 8

naterial isomorphism of the material clements of B in @ and y, it follows
that the previous condition is cquivalent with

9 — Matemaucd
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1

(G') The symanciry group g, is a closed subgroup of Aut (F.) in « ma-
terial polnt v € G,
Now, we consider the principal fihre bundle of ihe linear frames of
B, denoted by (F (B) (B, G1 (3, R), =) where (£ (B) = U Invlin(&,, 7).
EX=1Y 5]
Since (7 (B) is an associaled fibre bundle to the trivial tangent veetor

bundle € (B), it results that it is also a trivial fibre bundle: henes it
¢xists the differentind global cross-sections in this ihre hundle j2]. A fixed
olobial eress-scetion of £ {B) will bhe ealled the reference cross-seetion ol
B or reference of B By mechanical signilication i is more suitable (o
take the references for B having their values in the sct of " (B) < (7 (B)
defined by

(1) ANB) = U AT,
E ¢ ]

(19 AN T) = {A A4 = Ivlin (B, T2}, A =o', 2 & Ay ).
Ar_is the set of the placements of T defined in [3] [4]:

(2) A, = {k e Invlin (T, &) 'k € 5 ()l

If 1. is a fixed clement in &7 {T,), then the mapping

3 k:B—F (B) Yy deyolke,

where A, , is a material isomorphism, is a reference with values in &f }(B).
In faet, from (1’) and (2) it results that it is enough to prove that

((~":.y o))" (-'IZ.y okt € A(y).
But ((A,,0 k) ™) (deyok)t={kfTo.d,,)" (kito d, )=, olk) o

olzlod,,. Since (A7) ohf! & M{w). the previous assertion is provel,
Obviously, the reference obtained in this way is a dilferentiable ¢ross-seetion
of (F (B).

The references of B defined Ly the formula (3) will be calicd the
uniform references of B, .\ reference Ly defined by

(4) g (a) = (Ve (a)) 7,

where ¢ is a intrinsic configuration of B, is called an integrable reference
(or homogencous reference in {1]) of B. It is obvious that the values of
an integrable reference of Y are the clements from the set

(3) A3 ) ={(Vo @), 2 € B} < A (D)

such references are not abways the uniform reterences.

It is known [2] that if s is o differential ficld of loeal intrinsic con-
figurations of B, namely a cross-section of the fibre bundle Inviin (T (B).
B x Fj), then it does not correcspond to an intrinsie configuration ¢ of
B such that s = Vo. From this fact it results thai, genecrally, not any
reference of B is a homogencous one.

-
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il erenee of Bl sonsider the set
Now, bet Ay boon fived uniform referencd of . and con

Fo o D) (r.s, slen e (F {B)
i Y
& .r I f &3 .. it ,[_QELF )
and Lhe projection oy g (B — B given I i ola. g ok H]:z .v-i'é((jj)“i._
.l is «of fous that kb, i eross-seetion ol the projected space =u 0t Fm :
s oV al Ly, H
| : o
B heenuse by, S g0 YOS 3. . .
We ean vive now the Tollowing delinition o
Defi 'ii()ﬁ 2.1. .f wmaferially uniform  continuous body B sulisfyind
efini 2.1. . : for / |
it Y ix called a singple body if and only if it crisls an u.mff)rm
N S k oy g bl lle of the yrineipal
[ o of B such that ((Fam (B). B, =a) 28 4 subbundle o ]
reference a0 sueh thet (g (20
fibre bundle G (B) (V. (r.F {5 H). =) :
.' We eall this subfibre bundle
hody B related o the reference fy
e : She problem @ which is the relation
i 3 g sroblenmy @owhieh
sl awe inveshigate the (ollowing m: wh ation
hel lllllhlllqlc muaterinl fibre bundles of @ body B related 1o the uniforn
yelwee > makeria InciceELl :
veforences by . kg 2 The answer s civen by B} e e
Pro osilion @y If ey eond Ly wre ftwo wniform references o,
l‘ o . | [ ) ' N "l ?, . lli:
i caists I:r cenonical isomorphisne of the projected spaces

o iE e (B) = F (D).

dfel J"..:’. .‘-_:'l_]) 'L‘l;:t). \."_'..f!.-l-) : '.":

the material fibve bundle of i‘fu' .\:nnph’
nd their elements the malerial franes

/ ' ko= =hp (”ld its ?'L'-"t'l'-.f'l.['!,l'ﬂll to t’[“'h
[ ' Copelafion = o .
IH']“'(' I.,. I .\(l‘['\)‘l“ 3 !I“ % :

il [ (FuADB) is « biivetion.  Morcover, i there cwist a fibre morphism
ool CGEL1TO) ]

":-r.”‘;(‘ ft’B) - .:1‘5} geer L sueh the!

‘ n"ul_.. ) .f'ﬁ o ft si ( Ul I- ' .l [

) L e cuit s foo .; ) ey () o ko {2) =

w we have Tn, g A2 () o ky ) = Lad) of o (g L1)) F)egt e B,

m“:r (‘i'l)br.'{ff't.'-I l'tu). fl"’f:rtiv'u[(wfu- i [ is defined by fr= 4@ =8 Ve e
oW T

L

(7 Fhe (B) = &, (B)
‘The proof 15 an inunediate consequence of the l'oFmLi!a (G)
l"r(-nn this propesition it rc sults that, if the materially unl[ofu}zl3 (,cl);:c
tinuwous budy is a simple one then for any uniform }‘({:E_r%lcc of B,
s?tl (i(:i'iucd by (6) is the total space of a sui)bundklc of (F{( ').. o
; Let |/ be a uniform reference of IQ.’E_n_l;gl (}mfu (Q})zillffil:}in ﬁ)l;:ccs{) gn-
1 dul fibre .. I'rom the definition ol o princlps bun
1 material fibre bundle. X DRI -
((:.lllco (2}, {6] it follows that there cxists a closed subgroup Gi, (I5)
ich salisfi : ing conditions :
Tich salisfies the following con ’ o
o 1. G, acts {reely on the right on (Fk o (D)
¢
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2, B is the quotient space of the set (Fm o (B) by the equivalenee
relation induced by ¢, and the canonical projection =% is o difioren-
. . 0 ’
tiable mapping ;

3. (Fw ols locally trivial, namely cvery point 2 &= B s an open
neighbourhood U and « diffeomorphism &, : (=5) () Br (7, wiven hy

. . . .
b, fu) = (‘::fgl(n), v, (1) ‘whm‘c @, 15 &t mapping from (=£)"1 () on G
whieh satislics the condition :

Gop (a) = oo (ula. Y = ()7 (Q), Ya = (.

It is also known (rom the theory of the fibre bundles [2]. [6] that
the restriction A = A, |(=F)"1(2) is an isomorphism of the sroups
{g(@) ehofa) |g(xr) = 2} and (}',0. Ienee G5 is diffeomorphical with
g, Vo € B and for this fact it is called symmetry group of « materially
uniform simple body B velated to the wniforn reference by .

Let now /Ay be another uniform reference of B then, by formula
(3), we have ko (y) = Ay 088, b {y) — A, o kY, where £S04 are fixed
clements in of7* (7). There exists then an isonmorphism of the space .
- su?h that k0 = 1% o oo and we have: k (y) =k (y) o Bt hene:
gw)ol(a)=g@ ok (¥)oa, . Yo =B and o, (g(x) ok ()} = agl. o
oo, (gla)ok (@) oa, . Yo = U c B. Conscquenily we get:

Preposition 2.2: The symmetry group of a simple body B relaicd to
the uniform references ko, Iy are the conjugate Lic subgrowps in Aul (£):
Gi =diy, oG, oa i -

The vector bundle with I7; as typieal [ibre, associaled to the prin-
cipal fibre bundle R (B) is a reduction of the tangent veetor bundle
T (B) to the group G, ,[2]: we denote this veetor bundle by Th (V)
and it will be ecalled the material tangent fibre bundle related lo the wniform
reference ky. Analogous we obtuin the materiel tensorial fibre bundle
of B related fo k, denoted by THy(B); obviously Tei (B) = T (V).

We remark now that a differentiai cross-section s of thic materind
fibre bundle (F% (B) has the following property: s (y) o (s ()) ™ is a ma-
terial isomorphism from 7', at T, Yooy =B

In fact, s(y)o(s{x))* = (g{y)oks (YN olg(2) o bo(2)) ' =g(y) o
o ko () o (Fe () L o(g(x) ', and the asseriion results using {3) and the
properties of the symmetry groups g, g, of U.

The cross-sections of the material tangent fibre bundle T (B) are
obtained by the composition of the eross-sections of the fibre bundle (7% (B)
with the projection =, : (Fi (B) — Th (B): this projection satisfics ihe
property :

o= o s, (0 THE) > B)
and it is given by

(8) "™ (1) = ;U (1‘3 'P;l (GL) a yu},
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) i\ -1 oy Ay ()= U X By s
T o & {2 (), @ € Bl oo, = 9y (=) () 2u (%) () -
AP (B) and 7, 15 a fixed point in I, We show now

. . - - " ."-.ﬂ
a trivinlization of GF . ) o
o5 of the fibre bundle Th (B), s being o

that every cross-sechion s = 7, 08 ‘
cross-seetion of (F(B). has the following property:
{) s (yy == Ao, (s{0)).

where o, = s ols{aN? s a material isomorphism from T, at ,’l',,;
LR ’ s ) e :
I fact (x () o(s ())7) (5 (= s} (s ) =5 (o) (s (@) "o (7
s () - 1)) = gy (eg s L) o). _ R I
(];u(r'n}?u|;'ll z-);)) poﬁlts-’pur that the cross-sections ol Th(BY are ]1:11,11.1191:_:
ones. usine the terminology of 171 Let C}ﬁ‘,;l.(ﬁ)\.hc the set ()‘I 51‘1(“1\ Célr)l:.c
sections of O class, TUis casy o see that &% (B) has o hm‘mr space . i
Lure which. lecally, has the dimension 3. It resulls also that n.(. tcm-.
seelion ol TR () salislics a property analogous to (9) \\'I}Cjc .'.,i,,_ 15,
in this et the transformalion induced by the material isomorphism
s (y) o (s (o))" on the hnear space (T,

¥ . - M A a - 9 01 1.t\v
Remark 1. 10 a tangent vector field on B, 5, has the property

(10) (b, {ah) s () = (o (N (s (), Yoy = B.

crial constant vectoy field in the terminology of {17), then

{this is o mad
(107) Feo () (o ()7 (s (@) = ¢ (g}

Becuuse by is a unifurm reference, it results that every nmt'ct'iall. cgnstm;%
vectar field s on B satisfies (9) and, morcover, it is a ‘c?oss-_.a:c ion
the material fibre bundle (Fp (B). The reciproeal asserlion 1s nf)Lt rtl(i:""elds

Denoting by Bk o (B) the sct ol the material constant \-cc.,‘m ll L',
from Remark 1 it follows that this set has & real three dimensional Lie
algebra structure. Morcover we ohtain : . . ' .

Propesition 2.3 : T'he fibre bundle (% (B) is a trivial fibre bundle if,
and only if, B AB) = B (B). o _

’l‘!;)i's ');)ropﬁsitliofl pcrmlits a simple mc;chz_uncal interpretation of ’i]ég
triviality of the fibre bundie (Zy (B This mtcrprctatlovn is rcoxslsr;)(::(;ate
with the homogeneity of B. To this end, we obscrve that we by ar clate
to the sumple hody @ the following five pr(_qlccted spzj?es% )t\\ :? Eod (:33 )
being the principal fibre bundles : (£ (B), A (B) o' (Bh 5 )
(Fk (B) and,

-1 s =1(T.),
(i1 A (D) zg%d (T:)

where

(11) AT = 14, 4 = Invlin (B, T,), 4 = (Vo {(a)yl, Vp & AB)}.

oA (B) will be called the sct of the holonomical frames of the simple

Lody B.
" Tirst, we show that (7% (B) < ot (D).
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ave T Jet 7S B (o) oo () < (D), 2(2) S0 then wo
have s {8(m) (.:‘)().12)‘ (o (#)7 o (g (a) 1= 3 () heeause (e ()1
(lap )’ oflh () o () = (g L) 25 o U ()3 0 () 4 (2 ()
,mwsmﬁﬁﬁlfﬂmw»v_uwHMkmncd=wvaE$n
ki (T:), 1 above clement belongs to v ir) and ]wnvv&(r‘#cf;,. {.t.)c
Remarl: 2. I the reference /o, o

200 o lyoviven by b (o
¢ = o (DB) is a wniform one. then d_.‘\((‘l;!) -)'\Gf:’i%‘g?
. 'Ln.fa(-l 1, & g and since (Ves ()7 1 :.-(‘V‘f"f._, (J‘.'j.'l L=V ok () 1l
remark is cusﬂ__\‘ deduced. So. between these five there exist T ”" N
inchusion relations : S

(12) F(B) =2 A (V) = o B 2477 (WY
Fi ()
. We ean also associate 1o every . L 3 i
five projected spaces (F (7N 4 '{'("))‘Pi—lj: ';((l(_() (71%(“]\ .::,),llwg};‘-):"l-“(]:";
) ) . { 1o oty (O

ooV (el wilh

N

whieh satisiv N ’
hltth;I.lsi) to the similar relations as the pl‘('\'im;: SpRLees
efimiti 2 0l , ; ‘i Do
if cach Hmlrj'l)'(:[] ,2"." "’_"’””f"” hody B ix called a loval’y howogeneons body
et gl ]‘)1(;“‘{ s B has « open set U s o and an intrinsic confi-
Vroe 173 F(DB) sweh that the reference ky given by by () = (5 ' ()0
e h ts et uniform reference over U ‘ e i
‘rom Remark 2 it res : o
then each i EL%: }l:.l\.‘_ i I(Ru!ls llmt, it ‘B IS locallv hamosencons body,
el f}*’“ ([.)":'_"(I_;ﬂll)(:'}f‘("'[ U and an intrinsie confivuralion = = of (Q})
e = o7 (U) where &y s the reference from the defini-
Definition 2.: i ]
i it e 2.3. .;1._.511)':ph !JO({'_J/ s ] s called a globally homogencous hodu
referencs / r(m ]“I rinsic confignration o = A (D). such that the global
5 R('m;.'or.;" o —i”"n (r) ; (Vo () ¥r = B is a uniform reference ‘:)f B
. ]l()]n(.)n'.(_n.).() DG ”;(' !l)a-f:mlmns 1.2 and 1.3 one deduces that a slo-
bl cencous simple hody s a0 loeaily | : i the
i LLa Vs a Joeaily homogenenns hody and the
e (iiqkm(;%m gﬂ) is li;'nl:lf\(!.‘.. from Lhe detiniion 1.3 (The converse
F ot abways trueh Moreover, for suce 3 ‘ ) o
il A ) R stich hody we have £y
et (D) odyv we have (0 (B) o
3. Materx: g ; i
ST iﬁﬂil.sf{“?ﬁl}m of a .smlpl_g body : material connections. Iirst
b rt_i.nau;ou ing to the delinition of o G-structure fal |61 i‘h(:
: ndle (F (B defines a ¢, sty e oc i B, 1
" e G U (r,-structure on the manilold B, tor all
e g }os i}n of B: this structure will be called the material strue
L e reference kL sine » resull . , o
] ference Lo Using the vesult from Prop. 1.2 we
Proposiii - The
the "fff’?‘f’?li]f‘ mtlfn ;3.;1(-”-(1 f;;pm-’t!cgml structiores of o shmple body related 1o
o8 g kg are the eonjugate equivalent sty es in i s
9 . . TS " valent structures in ; '
[6] IIMI,.‘._{{- ul-lj‘for all uniform references o, ly of B | the sense of
emark T osilion
on vqlidmfo‘- 1. l;(l)m' the previous proposition it follows that an asser-
rial "_t;" " v a material structure of B 1s also valid for any other mate
tquc‘ol' (lz ure (;f 2. (,()l‘lff..(:(lll(?]ll'l.\' we may speak about a material st;-ucw
a simple body B il other explanation is not necessary
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Further we investigate the basie problems of the theory of (i-strue-
turces for n material structure of B namely the integrability and linear
conneelions compatibles with a G-structure {51

We remark. firsUv, that the material frames are the admissible fra-
mes of 1 material structure on Q. 1t is known (5] that a -structure on
@ manifold Bis called integrable if there exisls an atlas of the differential
structure of B such  that the natural frames defined by the coordinate
maps are the admissible frames of given (-siructure. Then we oblain:

Proposition 3.2. Fvery dlobally homagencous simple body B has a
wniform global reference ki el that its corvesponding G -sbructnre is inle-
arable and the fibre bundle (Fe (B is trividl.

Proof. The reference Ly from the Def.
required  conditions.

The integrability problem le
tensor (Chern-Bernard) of o G-structure
tensor is a necessary condition for the integra

A Gostructure is called almost integrable

We construct now the structure tensor of a m
Yo this, end let Gy, he the Lie algebra of G,,; we have Gy, < Lin {F,) =

~ E, ® E;. Let us consider the following scquence of mappings :

1.8 satisfics, obviously the

ads to the definition of the structure
such that the vanishing of this
bility of the G-structure 5.
i its structure tensor vanish.
aterial strueture of B.

_— | A
(1) G @ —>F® @ Ei—~E @ AL

where 7 is the inclusion map and . is the alternation operator, and let

(2) ¢=od

The fundamental 1-form of the Gy -structure of B, , 15 defined

on (F (B) having its values in Fy by:

(3) (o, (2)) (82) = 27 de 3 (@)

where » & G (B), v, = T, (T, 1s the tangent space of (F (B) at the
point =) and d; =5 T, ((F (B) > Tk (D) 18 the lJinear tangent mapping
indueed by =% (see [2]. [6]). Choosing a lincar map @.: E,— T, such that
oig, (2) o @, = 1z, we obtain :

() den (D)o@, A ©) = Tin(By n Fo, By = Ee @ (B3 2 Ey.

Denoting by K& = (E, @ I A E)/é (G, ® I3) the quotient space and
by phit B3 @ I8y A By —> K& the canonical projection, it is possible to
chow that the clement ph (doy, (2) (P2 A ©2)) is independent on  the
choice of the mapping @, such that we may define the required structure
tensor .

(3) S (Fa (D)~ K3

z — pls (doy, () (P2 A D))
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It 1s remarkable that this tensor may be expressed by the torsion tensor
of a speeial linear connceclion in B.

Definition 3.1. .fn infinitesimal  connection in  the principal  fibre

bundle (F%(B) is called a G, -connection in B.

Remarl: 1. The connection from Del. 2.1 is an affine one namely it
is a connection in the fibre bundle of the affine frames. o (@) [2] ha-
ving the property that the ficld < from the definition of this conneclion
is the field of the identity transformations of the tangent spaces at the
points of B. Beecause between the set of these conneclions and the sel
of the linear connections on the fibre bundle Z (V) there exists a one-
1o-one correspondence ([2] pag. 120). it follows that a G;,-conneation may
be considered as a linear connection in (Fo (),

i3 .

Now, since the body is a metrisable space. it vesults that it is a parn
compact space and. using a classical result of the connection’s theory on
the real manifolds [21. we have :

Proposition 3.2. For cvery wniform reference by of B. there caists G, -
conncetions in B,

Denoting by i (F (B - (F (B the inelusion map il is known
that this map induces an injection (Z)# il the set of infinitesimal connec-
tions in (G (B) (G, -conneetions) at the set of the infinitesimal eonnec
tions in (7 (B) (lincar conncetions in B |2]). A linear connection of B
which is the range by (&% of a G, -connection is ealled a lincar connee
tion compatible with the G, -structure on B or, shortly « material connee-
tion on B related to .

From Prop. 3.2 it vesults that a simple body B admits sthwavs male-
rial connections.

We recall now that an infinitesimal connection in a prineipal libre
bundle induces an infinitesimal conneetion in each fibre bundle assoeiated
to it, such that we oblain 1he following vesult @ cverey material conneetion
on B relaled to a uniform reference ko induces « connection on the vector
bundle associated to (£33 (B): T B). T ABY which will be called also
material connection on B, Let v, be the malerial eonnection in the tangendt
material fibre bundle T% (V). Bul a lincar conneetion on B mayv he given
{see [2} Prop. 7.5 pag. 1143) by a mapping :

Vi (B) @ (B) - (B).

2 (B) being the modulus of the taneent veelor fields of B {(namely the
cross-sections of € (B)). satisfving the properties :

u(l +2) = Ve ¥ - Vo Vol T
VatVE=VeZ 4 ¥, 2, Vel ¥ =YY £ (ANY,

XY Z = F(B), fis a real function on B oand VoV - V(X 17} : more-
over Vit is the covariant derivative of the field Y in the direction of X
associated to the given lincar connection.

The torsion 7" and the curvature R of this connection are given by

srwmrrrre—
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(6) PNY) - VY — VY X — [NV = (D)
Ir~) RIN.Y) — [V Yyl = Vi € Lin (76 (B). 6 (B

Obviously, we have:

(6') TN Y)Y T Y) =T (X)),
(") ROFN.YY == R(X.JY) = [R(X. V),

3. Let ko be a wniform reference of B, .An affine connec

I e ated 1o Lq if and only if the following

fion ¥ on B is a material conncelion rel
condition is satisfied : k
(8) Vil =0 YN e5{(B). ¥ = Bk (B,
) . i - fie T aliel related to
or. equivalently. every tangden! intrinsee veetor field Y is paralle

L Lol E..l ° (‘B)‘lu'i‘ti connection related to k. This connece-
Proof. a) Let Vi be a matenabc J

"o e nasorinted
i : svery fibre bundle assoul
i i 4 parallel displacement {[2]) m ever minted)
tion defines a parallel disy . ‘ ESan e
9y : particutarly, we obtain such o displacement on ¢ g]‘) e
to GE(D): p tarly. ol curve it B, and o = T -
[0.1] -+ B ix o pieeewise dilferential curve 1 "D,
‘ i ' T The map
(here exists a unique veetor Xy & T I'he mag
Xo= Xan

(o | |
¢ of a lincar frame by this map is

is a linear mapping such that the rang
also a linear frame. Then we have:

(¥ Yﬂm)) 0
() =1 i e ! .
(V" ! ) (l) ( [ f
where + € B, ¢ is the integeal curbure of 1“1- }(!dln;,!-'ﬂ]?zS)Ji—l?etn i'rt)n(l‘ {(3))
: i , anee by the map (9 of ¥, e B |
and :\“ ];. e ‘]m'ﬂ( ),‘i'n and siln(-c- the parallel (hsplucemon't ldcfn;'cd 1;\
Sy e o M \ B et E ]
t\\7\- is ﬂ'i\'(‘;l hv m(z,ltorinl isomorphisnis, we = S/ I

e (?))-‘ ])c)t'(.zi’) he un affine conneetion on B satisfying the condition (3)
+ X N

i applic frames from
'Then the parallel displacement induced h}l \"’]‘ ‘;pilfh.(\;)pllﬁf:; ey
‘ e [rames from the same scb stueh thal doappaes tHe @
Fa (B) on the [rames [_' e soace. Henee v ois the extension of a
Tk (B) on the libres of the same space.
m N A )
connection in (7% (B). ‘ e
Corollary 1. The lincar transformations b iy e
the points of B induced by a waterial connection on
phisms.
Corollary 2. The cwrvature
on B satisfies the following relations

(]0) ’F %i:; (%)x 56',',’. (‘B) (‘\. } 1 1 it (.\. ‘ | | \ |
(11) R @) (X.Y)y=0 VYN,V =% (B).

have: Y= Ligecn

the tangent spaces at
material isomor-

and the torsion of a wmaterial connechon



138 LILIANA HALLEANU
0

M ois known ([2] )1
: 2], pag. 925 that a conneeli i e i
e e s M lata celion in o prineipal Fibre
!mm]ufu{- ? =) 1|-‘~ .;} (lat connection it every point ]-— ][[hl]g“ 1”( I{”;‘
Tioux such that the conneeli indi in = (E) is bR
§ _ : ; 1on mdueed =Y s 1 i
with the o al flat o i i ; s (LR . '
}”“i]mh(‘ ; IIHO?}I(.i] fiat connection in U x (. namely \\'i(th)thv ('::!‘ll()‘ll)!ll(
g g }.1. wrizontal spaces in w = (r.a) U xG the t: ol
W ox ial at . | « the tangent space ol
Tt s also. k 3
also. known that a conneeti i inel '
flat connection il : e ton o a principal fibre b ST
:11‘1 ‘l”‘inge((qt::::}(.(.Itl- and onlv il its enrvature form \':lmitah(-s' I’-'lllti'li((i-kl-nlr?l y
and the curvat .]f)nl.h_‘l .‘23 T !"Inf,c'ommct'i(m il and only if the ton"s;':\.
and the o b lllf ol its ('()l‘l‘(‘.‘i])(i]l(lll];{ linear connection ..\':mis-h Ilol 10.11
”nh.. ¢ 1‘] connection on the simple bhody B is a flat connectio 'l'nu .
v 1 dorsion and the curvature tensors of {7 vanish o iand
Proposition 3.4 : . o t .
. ' A cAny locally homogencons i ' ]
St material connection. ! gencons wimple body B admits a
In facl fr Yel, 1.2 0t |
D l 1.15:1(111 ]‘:]LI: ][..’ i Io]lm\i'-.' that every material point has a neigh
G an antrinsic  conligurali 5. 8 " reference
b () (S () ! suralion . such that the refere
uf{ o (1) 08 uniform refer o A : i
4 : i 1oreferenee of U8 a {/ i
o P AT s a und | . So. Yes UL the mater:
i ‘5"“)(1'1? 2 Emlium] (eanie and, from (10), it results that the l"OI'Qi:)‘:ll
('tmm-(-li(;: .]){ (rl the lme;z!' connection in {7 assoeiated to the nntc"ri-l
(107 it 1-1-5111(1 ) l(].( #”,‘,r"u \-:fl.uslm‘-_f'm' the ficlds of the previous frame (l";'();tll
“lUI)'l“H'lfi.un l'\’hull“l 1 g-i“(llj \':lmlsh for all fields of 7% (U7) and usi'nu the
clobuhisg orent of a loeal connection it results € T ST
o s B g : i resudls that ' (B) vanishes
o “:ﬁ(m.?.,]hmn (]1_ } we deduee thal the earvature JL'i:c(n'»()n' RM(HA’JS'.
U n‘l[u; ‘lCliid (.onnc(:l'l(in related to b, vanishes on g% (B) and heckuul :
atural frame over U is 2 malerial one. I 5 1o i it
R ¢ over L is o malevial one. from (117} it is deduoee i
Er V1 tishes on every neighbourhood €71 usine the ﬂ’l-lb' lisati P
it results that R, vanishes. ) ploblistion theorem.

Now, lel 1 € (2 (B): henee - © o _t
construct the l'ullu\\'in_«_:lnm]))_: o = Invlin (. 7o), @ = =3 (7). We
(12 i A Lo 1 * A .

(12) Ty (Fo(B) = By, @ Ey A B~ Lin (£ & By, 1),

T i (2) () = [T (XL YY) ().

where X & 265 (B) is a differential ‘tor fi '
X (0) and ¥ = (V). ¥ (,1'-]) ‘:‘ f."\ E‘:i.l)f')l field on & such that &, (v)
In the theory of G-structures {(e.g. [6]) it is proved that

By
(17 Pu o Ty = S5,

where S% is the structure tens '
s : sture tensor of the @ -structure eiven } 3% N
' ‘ . sor « i o by (3). Now
\\{\C,Hh«}ll point outl fl}(r mechanical interpretation of the almost int (w)) I\")“-
ol a G -structure ol a simple body 9. - sgability
If 7 -~ 0 we hage, obvi : : T
o . age, iously, that 5% =0, But 7 j
onl P L ¥, thal oy . But T =0 if .
(-l_)li\;- 1&)1 I ((;) i _0 (Y:::.,C Feo(B) and this fact is truc if am,ia only lil' d’?‘d
o S0 Ve G @) Vi B anely 2 (T (X, V)~ o¥:
Fu (V). Vo = B, Ve, w € by, hence Ty, = 0 on & (B) x & (B) o

11
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So. T 0 it and only il the conneelion A, is @ svmmetrie one,
From this. we ean state.

Proposition 3.5. On cvery Iocally 1
an almosl integrable material striefure.

In {aet. from the prool of Prop.
rial conneetion on B such that its torsion tensov
the previous considerations, it is dedueed thal the corresponding
lure is an almost integrable one.

Definition 3.2, o uniform reference

yomodencons simple body there crists

a1 il follows thal it exists o mate-
vanishes and henee from
(i, -strue-

ey having the properly:

(1.4 V. T EX, Vipssio WYV = (V)
is called a referencs with a constant distribution of the inhomogeneities {11
From Del. 2.2 and Prop. 3.3, it follows that T, (XN. 1) &€ A (B
VALY e & (B) and using (18) we oblain:

3.6. 1) X. Y €6 (D) and I is o reference witle @ con
then | X. Y| = B (D) henee, in
Lic algebra of the tungent vector

Proposition
stant distribution of the inhomogeneities.
this case. B B) is « Lic subaluctira of the
Jields of B.

Generadly. this subalpebra has not o finite Jdimension. Using Prop.

1.2 we oblain

Proposition 3.7. If Ly is «a referenee
the inhomogencilies ane (Foa(B) is «a trivial fibre bundie,
S-dimensional veal Lie algebra.

Prop. 3.7 desevibes the sitnation from {1}
proposition the Ricmann curvature of the mate
lated to kb, vanishes: then every ficld of tangenl vectors on B may he
written loeally as a lincar combination of intrinsice fields having as cocli-
cients the sealar mapping on 2. So. G I, Belinfante reduces in
[1] the study of the structure of the field set of material constant inhomo-
genetities to find all real S-dimensional Lic algebras; morcover the classi-
lication of this algebra is reduced to the study of the dimension of its cen-

tres and of its derived ideals.

with « constant distribution of

then G (B) is a

In the hivpothesis of this
vinl connection  of B re-
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STRONGLY NON-REFMANNIAN FINSLER SPACES
BY

MARKOTO MATSUMOTO

We have many important. papers of L. Berwald concerneid with
two-dimensional Finsler spaces (16, §28]0 In these papers he made  the
hest nse of the intrinsie frame field (F.02%). where 7' is the normalized sup-
port ciement and ' the unit veetor orthogonal to 7. T 1957 AL Moor
[10] generalized Berwald's frame to three-dimensional Finsler spaces and
introduced the intrinsic frame  Lield (' m' af). wheie ' s as above.
the normalized torsion vector and #f the unit veelor orthogonal to [* an
mi. The present author [13]. 115, [16. §29} developed a detailed  theory
ol three-dimensional Finsler spaces Ly means of Moo rs frame. Recently
Moor [20] studied gencralized  Finsler spaces of four dimensions with
use of an intrinsic frame field, although his method can not be applicable
o the ordinary theory of Finsler spaces.

In 1975 Prof. . Miron and the presend author |17] gave o me-
thad to construct a frame ekl in o Finsler space of arbitrary dinmension
which salisfies certain condition. Sueh a Finsler space was called strongly
non-Riemannian. At that time we were dubious ahout the adequaey of
our naniine. beeause it scemed to us that the condition was very weak
and strongly non-Riemannian Finsler spaces of vencral dimension might
be really non-Riemannian on the ordinary assumptions of the metric.

Tn the present paper it is shown that our naming was adequate awd
there exist non-Riemannian Finsler spaces which are nol strongly non-
Ricmannian. For instance, the four-dimensional Finsicr spaces with the
co-called Randers metvie [7], [21], {22]. |21 which plav the cssen-
tial role in the theory of cleetromagnetic field is not Ricmannian and not
strongly non-Ricmannian. According to Theorem 2 of the present paper.
sueli physical spaces cannot be studied by the method to apply our in-
trinsie frame field.

$1. Definition of strongly non-Riemannian Finsler spaces. Ve con-
sider an n-dimensional Finsler space £ with the tundamental function
L(e.y) Ly = @Y. Throughout the following, we restrict our discussion to
a domain of 78" where L is positive and the fundamental tensor g (v, ¥)—
iy ¢ LA s positive-definile.



