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We have many important papers of L. Berwald concernad with
(wa-dimensional Finsler spaces {16, § 28] In these papers he made the
hest use of the intrinsic frame field (Fom") where I is the normalized sup-
port clement and ' the unit veelor orthogonal to /7. In 1957 A M 0ar
[19} gencralized Berwald's frame 1o Uhree-dimensional Finsler spaces and
troduced the intrinsic frame  leld (1% mt nd). where I is as above.
the normalized torsion veetor and #' the wnit veetor orthogonal to {* an
m’. The present author {13]. [15]. [16. §29] developed a detailed  theory
of three-dimensional Finsler spaces by weans of Mo 617s frame. Reeently
Modor [20] studied veneralized  Finster spaces of four dimensions with
use of an intrinsic frame field. although his method can not be applicable
to the ordinary theory of Finsler spaces.

In 1973 Prof. R. Miron and the present author [17] gave @ me
thod to coustruet o frame fickd in a Finsler space ol arbitrary dimension
which sutisfies certain condition. Such a Finsler space was called strongly
non-Ricmannian. At that time we were dubious about the adequacey ol
our mnmine. because it seened Lo us that the condition was very weak
and strongly non-Riemannian Finsler spaces of general dimension might
be really non-Riemannian on the ordinary assumptions ol the metric.

Tn the present paper it is shown that our naming was adequate and
tiere exist non-Riemannian Finsler spaces which are not strongly non-
Riemannian. For instance, the four-dimensional Finsler spaces with the
co-cadled Randers metrie [7) [21], {221, [21] which play the essen-
tinl role in the theory of clectromagnetic field 15 nol Ricmannian and not
strongly non-Riemannian. According to Theorem 2 of the present paper.
such physical spaces cannot be studied by the method to apply our -
trinsie frame lield.

§1. Definition of strongly non- liemannian Finsler spaces. We con-
cider an n-dimensional Finsler space £ with the fundamental function
L(roy) Ly ). Throughout the following, we pestriet our discussion to
4 domain of TF® where Lis positive and the fundamental tensor gg (@, y)=
=, ¢, LA2 s positive-definile.
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From  the mndmmnental funetion Lo(e, ) ol B we construet tensor

Nelds of (O 22— 1) Lyvx

IU s noted that these tensors are completely svimuetric and, in particutar.
1 LIt and L, O in the wsual notations.
Let g7 () be the contravariant fundamental fensor ad pul

Lyp=1.
(I.]) Tpda LR
x)i ['. g A Frtg wmtf Fei 5= e ;-5 - . g (*“{ g :',.I'
The second veetor Lo Cof = Cyy @) 1s nothing but the torsion veclor,

Thas Ly Loy may be ealled the gencralized torsion vectors.

Definition. [f w-f covariant veclors L), . (o = 1., n—1). of F' are
lincarly independend. then I is called strongly non-Riemannian.

In a stronaly non-Riemannian Finsler space M oa local field ol g
frame is defined by orthogonalizing Ly, ..., L, ueoand adding more one
unit veetor orthogonal to them [17)0 |16, § 27). )

i case of two-dimensional Finsler spaces we thus obtain the frame
(. om’)y of Berwald. Therefore any hwo-dimensional Finsler space is stron-
¢y non-Ricmannian.

I case ol three-dimensional Finsler spaces the cquation 24, -
ol 0 () (00 0L dmphies 2o 0 and ) = 0 mmediately, Thus
any three-dimensional Finsler space with ¢ 2 0 s strongly non-Ricman
nian. Refter to Deieke's theorem 1. '

§2. Condition for I'" not to be strongly non-Riemannian. We ircat
the fiest of gencrabized lorsion  veeiors Ly of an on (2 4)-dimensional
_l"inslcl' space FU Froin g oa= a4 Coand Fy A== — 2O == — 2y, wrhat
it follows that

{2.1) GG =g oy — 2Dy,

where D) = (o €20 and from Cf% = g 4 L. we obtain

G U = g g Uy — 20,80 € — 20 2,
Theretore, from the definition of L)y, it foltows that

oDy = O Eg Gy + G 64 Cray — 1,7, €L Gt
Thus. differentiating (2.1) by »% we have
(2.2) Cx fJ €, == '-36”“-) ';Ct“b ‘; Ckab} - ;’,‘":' 3 (:'1 Crap — 8C2% C}bc Gy,
where the notation Gy, f...} denotes, for instance,

S(UI‘J i‘lho Bk}kj{ o ‘Ihl’ ]jhjk ":_ "Ihj ]),M'l ks "lhk BMJ :
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i V(e - ot ovie the followine Torm ol
Conseguently the contraction of (2.2) by & '\.l(kl\

N N 5 RIS '-' A L
the eeneralized Lorsion veelor Loy =" G O
ff b " gk frab G 1 ab ) o
XY -‘) of aik ‘.r ¢ (‘i INELEE: i { ay ‘3;:: { ,u P ( s s( . 1 o
LTl e ] s :

. e
We now pay atlention o the important Lensor field

Py = LCul 1y Ci fi Cae {, Chiy I Chij -
liere we denote by, the covariant differentintion by gf Thal is. for @
ensor field X, of (0, 2)-type we have
it 3= N =gt =X Gy -

L 1072 abmost simudlaneousty

T awr i T as first introdoced b
Phe tensor field T was first introdt e T e moted o

by 1. Kawagucehi [9] and the 1)1'0505_1( (

T eiv sy e and Pyt = O ‘ i

Tae 13 completely symicl e, o) LA is casily derived from the
‘ Putting D — D¢ and T, T 8™ - it s casily

definition of T, that

(2.4) LEA 5, Cope = T iape O =1 SLCA Doy == D1,

(2.3)

Ltk €00 ¢, Cray == Tay CFF = LC* Dy - 2LCE Doy -

1 s written i  form
The syvnunelrie tensoy ', is written in Lhe

(2.6) Ty = LC ;414G G
Sinee £, ; = LV, 1t follows from (2.6) Lthat
T = LC; v LU Cpi hp Gy 4= L L Sy 1 T =20 b e
TR L i by
which viclds immediately |
(2.7) ooy 88 = LC 1 gt - L (i — =) ¢+ Tl

. g gr
where we put T == T g . ‘
On the other hand we have

Cilpu= C:: C - Ca *;"C:“.-.- —Cla Cf e

ity ¢ i appearing in (2.7) is writ
Then. in virtue of (2.6} the quantity €, |; o 0% appearing 1 { 7Y s wrl
ten as |

e : - gl
G g b Cm 2L (CEP T €O Ty— €l = € Dy Ciap 7 €
1y ks T B :
where CF — 25 €, C,. Thus {(2.7) is rewritten in the form
- g B

(2.5) e T, — L (n — 2 G — 2(C A LT D

2.8} into (2.3), we esta-

L.::d{k CL CJ Ci == Tﬂilu - 2Ctab I‘rxb _Ii LCG Dm‘ _!I_ chab e C"b T

Finallv, substituting from (2.4), (2.5) and {
blish the expression of Ly as follows :
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g, = LT S LT T o LT G Ly 308 1y
(2.49) (ML, 8D, S O, OO — L — ) (0, —
L0 - Loy

Beennse Ly - Liooownd L= Co appear o the Jast two lermis of

(2,93, the expression (201 of Ly, lends us Lo the followimny theerem :
Theovem L. Putting

Moo= Lo, o2l sy, = LR T s D,
(M T, - 8D, - C ) €

‘i

{4y a Jour-dimensional Finsler space s strongly won-Rieninnion. iff theee
veclors {0 Cooand Mooare Thiearly independent : {2) o Finsler space of di-
mension w = 3 is wol strongly non-Ricwannwian, 10 Coand M are lincarly
dependent.

The equation 7/, aCy -+ v — 00 (7. a0 v) # {000, 0) showing the
lincar dependence of 1. C; and M, leads ws immediately to ¢, =0 or

(‘—}-I (,) A‘I,‘ P ];--2 ’!'I; = ';‘(:; N

where + s asealar, beeause T 1= — L7 T inplics 2. w{— L7 Ty=0,

§3. Finsler spaces with (x. g)-metric. In 1941 G. Randcrs {21
mtroduced the four-dimensional Finsler space with the fundamental fune-
tion L{roy) —=zlaoy)h o siey). where 22 (e da) = ay () dede’ is a
Ricmannian melvie and 5 (e de) = b, (o) ded is a differential 1-form. After
then many physicists have been concerned with Uhis Finsler space in va
rious points ol view, Sce |20 174 8]0 |10 [21] [22]. Recently we have
several papers concerned with Randers” Finsler spaces Trom the stand-
point of Finsler geometry. Sce [5)[6]0 1] [25]. In 1972 the present
aulhor generalized this metrie and introduced the coneept of Finsler space
with {z. s)-metric or generalized Randers space. We have some papers
concerticd wilh such spaces [3). [4). 23] [16. §30]

The (2, plmetric L{z, 5) is by delition a function of the above
% and & which is positively homogencous of degree one in 2, 3,

The purpose of the present scetion is to show

Theorem 2. Any Finsler space of dimension w z 4 with (2, 5)-melric
is not strongly non-Riemannian.

As a result of Theorem 2, it may happen a wrong situation in phy-
sical application  of  Finsler  geometry,  because any  four-dimensional
Finsler space with {he Randers metric is not strongly non-Riemannian,
so thal we can not study the space applying the field of t-frame in our
SENSC.

The proof of Theorem 2 is straightforward ; we don’t refer to Theo-
rem Lo In faet, putting # (x, 3) = L* (=, 3)/2, we shall find 2L, = g
oy 6y g o ¢ B Tirstat ds seen that

(3.1} xe(=éva) =a 'Y, 8= & 5) =D
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where Vi = ay y' . Further, it the derivatives of 2 by y* arc denoted by
putting subseripts, we obtain
(3.2 ay= 2T @y — 278 ¥, Y),
- { b 1on.=~5Y i -
:'3.3) Lige — 49 36{”&) 1“31 } k} b Jat? 1 i 1 11 E -
4 - e r - 1 ) e T bl x b =
I;:;. l‘) zhi_.'l. - B 5 66{”?"‘ }‘j } L‘} — X 3 6““,) {a” u“., 15 } A 1 i 1 } I oy
o T "V Y 3y -5 y 1L
Xppgrr = 152 7T Gro {1y ¥y Y Y} A4 82 S {Y @y Ay
{3.5) 10520 Y, T, Y, Y Y.
LYY s : 3 i f ten
where Gpa {a, ¥V, Y ¥yp . for instance, ’dcx}otcs th-c :sum‘r_r'mtl_on ol e
terms which are obtained from a,; ¥, ¥, ¥, by symmetrization, similat

T
to 6,m:) foi)e
Next we have
e F =F,.2;,+F;. 3,

b

(r; &,-I-' g l"mz GOy -;' l'a-:-_ {D:.' :3, - 1) B,) -1 a5 - ,'3; 3] [—1 x .1” B
where subscripts 2, 8 of I denole the differentiations by a, 8 rcspcctwell_\.'.
Alter complicated computation it is secn that '-)_Lau is written as the li-
near combination of «; . 3; and the following thirteen vectors:

i3.6) = ety B = ey % - S
(3.7} a0y, xtaba,, . 2t Pagy. B2 Xays
(13.8) Ry 9y a2,

[3'”) A A .-‘-fab Ly 2.

{3.10) e L P

where 1he raising of subscripts is done by g%,
It is known [11] that g¥ is written in the form

{3.11) g = prvatt — s, BU B — s (B By — syt
where ¢ is the reeiproeal of the Ricmannian fundamental tensor e

B ' b, and p, sy, 8, .5, are certain sealars.
It is first shown from (3.1) and (3.11) that

b ocwT (Tt — s = s n) g a7 {5 & 4 s %) I3,
B == (s, bt s B) g A (= s b e x B) BY
where b® == @¥ b; b, . Further it follows from (3.2) that

13.13) ylay =0, Bla;=alm,

where m, = b, —«7* 3Y; . Therefore two vectors v; and o; of (3.6) arc
written as lincar combinations of b; and ¥, . Further it 1s seen from (3.11)
that ~f and 37 arc written in the forms

I — AMateiatica
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V=B, 8T =88 8yl
so that (3.13) leads us to
oy = aThvmy . S, =a"t dm, .

Consequently four vectors of (3.6) belong Lo the 2-section (. V) span-
ned by b, and Y.
Next we obtain from (3.3)

at g = —i(n— Tja7 Y

a L o \
je WY T, = B

b
B oy, = —atm;, B BUag,; = (3a7 0t — a0 Y, — 2 bl

Henee it is casy to show that the first vector ol (3.7) belongs to the 2-sce-
tion (b, , ¥;). By means of (3.12} the analogous fact holds good as to the
remaining three veetors of (3.7}).

The similar way is applied to show that five vectors of (3.8). (3.9}
and (8.10) also belong to the 2-scetion (b, . Y,). For example, it is easily
verified that

A%y Y WP i B Rapy . BT By,
are written as linear combinations of a,, 6.8, , 0. Y, =0, Y, and ¥ ¥ .
so that g% a,,, are written in a similar form. Thus two vectors of (3.9)
belong to the 2-section (b, . Y.

Consequently it is proved that the generalized torsion vector Ly,
belongs to the 2-section (b, . ¥;}). On the other hand, it has been known
[11], [16, § 30] that both of {, and C; belony to the same 2-section. The-
refore Theorem 2 is established.

§ 4. C-reducible Finsler spaces. In 1972 the presenl author (11},
[16, § 30] found Finsler spaces with specially simple € ;. That is, a Fins-
fer space I of dimension n 2 3 is called Cerediecible, if € is wrilten in
the form

(4.1) Ci ., 1 (hy Cp =+ fg s - fyy Ok

where C; is the torsion vector and A, = g, — {;{, is usually called the
angular metric tensor. It is remarked that a C-reducible linsler space
with C; = 0 is Riemannian, which is obvious without refercnee to
Deicke’s theorem [1].

Recently C. Shibata and the presenl author [18] showed inte-
resting results as to C-reducible Finsler spaces with f2,,, of special forms.
It has been shown [11] that a Finsler space with («, g)-metric is C-redu-
cible, iff the fundamental function L («, 3) is of the Randers type (x + g}
orthe Kropina type (x?/8). It is obvious that the indicatrix of a Fins-
ler space with («, 8)-mectric of the Kropina type is rather strenge.

In the present section we are concerned with a C-reducible Finsler
space of dimension n 2 4 which is not strongly non-Riemannian. For such
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a space it is known [16. § 30| that the lensor Ty 18 of specially simple
form

LC
(+.2) T i1 (g Rye — Pag Py 4 P Figg)

where € ¢, @ . Thercfore the lensors appearing in the form ol M,
of Theorem 1 are written as follows:

3LE . LC

e ¢ T, by,
e n=—1 ' " 1
L Lc
= Ty -I( . Tay Cpt = g
i 1 n—1
T, = 4 Col s — € 1y
n—1

H e - ' —1 —a
Sinee the sealar 77 is cqual to LC, we have 7, = 1T, —L ‘TI,,
Beeause T is positively homogeneous of degrec—1 in y'. we have T, 2" =
= T | + L' Ti;. Thus

—2 I7al
79§ Bt T2 B Tl
n—1 n—1

Further we obtain from (4.1)

C,C,Co0= Bl C.. Iy = —L——-—(.Z(,- iy = (n 4 3) Cy Cy),

no 1 (n = 1)
e, sn - 17)C*
= Dy = (n - DC e =T ‘),s ¢
{n 1)* (nn + 1Y

Conscquently (2.30) is wrillen in the fourm
(h.3) LT+ T = 8C,,

where & is a certain scalar. ] ) B
If we pay attention to the well-known equation C; = 9; log Ve, (£.3)
is rewrilten in more interesting form as follows :

(1) CALTY = 8 tog Ve

As a conclusion we have

Theorem 3. .1 C-reducible Finsler space F* of dimension n z4d is
not strongly non-Ricmannian, if (4.3) or (£.4) holds good, where I‘, a:s thc'zfun-
damental function. T = Ty g* &% and g = det (gy)). The condition s ne-
cessary and sufficient for I not to be strongly non-Ricmannwan.

In particular we are interested in the Randers metric L =2 4 2.
1t is obvious thal this metrie satisfies the conditions that L > 0 and the
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fundamental tensor is positive-definile, under some weak assumptions. It
is known [1+4] that the scalar LT i (b1} s given by

. 1 —1
Lr =" R - ) )
LLx
which implies
; !
CLy =TT el — g s 25— 2y (b, — xm AY).
SY

On the other hand, it 15 also known |T4] that

HE
2[[

¢,

(bi —« *8Y).

Therefore (1.4) holds good, where § = %-1-11

§ 5. Conclusions. It may be an inconvenient condition lor physicists
that our frames arc uscless in studying four-dimensional Finsler spaces
FRY with the Randers metrie, but geomelrician’s purpose of studving
Finsler spaces with {x, 8)-metric oviginally consists in considering Finsler
spaces which are quite similar to Ricmannian spaces in a sense, and then
Theorem 2 cnsures the similarity. Of course, there are other methods to
introduce some intrinsic frame {icld in F'R1,

To construct simple and conerete examples ol strongly nua-LRicma-
nnian Finsler spaces of four dimensions, it will be sufficient to introduce
Finsler spaces with some {a, £, v)-metrie, where «, 8 are as above and -
is more one differential 1-form independent of 2; it s another matter whe-
ther such Finsler spaces will be useful or not for physicists,

(20 — B2 — 225 o).
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