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Fnutilisant (1.2), Je lemme 2 clun résullatde Moo STutsky e [3]po2s2
scetion 20.G, ct en supposant que les séries qui intorvicnnent en (3.14)
sont conversentes. on obtient

t= 17— i ik 1
¥ L(n' ‘; T 2] r (—; < ) —esglimmf PY, <v Voo =

i=ta

(3.15) ' e
<k 3T /— = 1714 P 1
<hmsup P (Y, <2 ¥vys ) Llel —- <y S| -
o> u =, i —1 < = 5 T =

En tenant compte de (3.10) et (3.17) de (3.15), on arvive a :
1 — Y < L HE B O IR ¥ Wy ; : iy -
(:B.I(i)( e) L (&) < 1111_1.1‘}1.111 Py, <« Vv < ]lﬁl'il sup P(Y, < .L‘Vu,,) <
£ (1 - g) Lo{a) 4 2s,

Vi que ¢ est arbitraire. de (3.16) # résulte

fr=e

: 1/ 2( 2
(3.17) lim P(Y, < l/v,_) Lx) = I/’ f\c.\'p( !J) i

et done le théoréme est démontrdé aussi dans ce cas,
Remarque 2. Le théoreme 1 reste vrai st la condition (1.7) est rem-
plaede par

(3.18) TR
hin) v )

olt & (n) est unc fonetion arbitraire positive croissanle tendant & Fimfini
pour n — — oo,

BIBLIOGRAPIHIE

L BarndorffNielsen O Ou the fimit distribution of the maxipnon of a randowm
number of independent random variables. Acta Math. Acad. Sci. Iung. 15
(1D6L). p. 390 03 :
CBlum Jo L, Hanson B, L. Rosceahlatt Jo L.~ On the central lomit theorem for
r..?u- sum of a rindom nuwmber of independent random  variables, 7. Wahrschein-
lichkeitstheorie, 1. (1963), p. 380 — 393,
: (]. retim cr L. — Mathamnatical methods in statistics. Princeton, 10:46.
ko lrdos P, Kae Mo — On eertain limiltheorems of the theor ili P
. E ; y of probabilily. 1. ol
Math, Soce.. 62 (1916) p. 202 — 302, / AT bl tiullpmen
5. Gnedenko B, — Surle distribution lfmile du term ! Gri ‘atol
= b erme md i o une série aldéatoire
) Matl., -bb (1§83) p. 123 — 158, ‘ T
6. Guiagu Silvia - Contribufii Ia studiul reparlifeel Hmitd a proceselor stocastice cie tinp
diseret aleatnr, 1. cere. mat., 19, (1067) p. 971 ~ 1018,
Mogvorodi J - _.l eentral {imit thearem for the sum of a rundom wwnber of indvpendent
) random "['tf'rl(lf)l’t.\'. Publieation Math, Inst, Hung, Acad. Sci., 7, (1962) 409 — 421
:‘5}. Renyi A Onmiving sequences of sefs. Aeta, Math, Aead. Sei. Hung., 9, (1958) 215 208,
4. On the eandrvat dimit theorem for the sum of a random number of indeprndm;'
rawpdom vartables. veto Math, Sead, Seis Hung., 11, (1860} p, 97 — 102
Recw te S0 1. 1976 :

=1

Oniversité Al 1. Cuza™ Jassy
Faeuité de mathématiques
Rouneanie

Analele stiintifice ale Uiniversitalii AL 1L CUZA™ din Tnsi
Tomul NXIIL s T a. 1977, 1.1

ON WEAK SOLUTION O LINEAR QUASL-STATIC
VISCORLASTICITY
BY

GHL R CLOBANU

1. In [2]. [3] we proved existence and uniqueness theorems of the
weak solution for the equations of the lincar gquasi-static viscoclastieity
by using @ method of suceesive approximations. Heve we are pointing out
some properties of these solutions which result from the method of de-
monsiration mentioned above.

The first five Scetions deal with the displacement boundary selu-
tion and the last two with the stress boundary solution. In See. 2 and 6
we give the delinitions of weak viscoclastic solutions vy’ and u” and their
weak elastic associated solutions u? and u . In some regards these
Scetions are a very short preeis of [2], [3]. strictly necessary for develo-
ping the paper. The limitation of uy? is obtained in Sce. 3 and the appro-
ximation of this solution by its clastic associated solution uj? is given
in Sec. 4 Though these two results refer onlv to the zero displacement
data, they liold also in the case of non-homogencous displacement dala
on the boundary. We limited ourself to this case for the sake of unity of
Sect. 2, 3, 4 and 5. becausc in Sec. 5 the continuity of the solution uf” is
obtained only for the ease of zcro displacement data on the boundary.
In Sce. 7 we give a bound for the weak solution " and an approxima-
tion of it by the weak elastic associated solution., u'".

In this paper we used the following notations :

— L, (Q) — the Hilbert space of vector functions u = (uy, Uz, Us)
with #;, € L.(Q), i =1,2,3,

D (Q) — the set of vector functions having continuous partial
derivatives of all orders and compact support in Q.
— W (Q) — the space of vector functions u with components u;

having generalized derivatives up to and including A-th order in L. (&)
8L 7]
Wi (Q) — the closurc of D({Q) in WE (Q).
W;1(Q) — the dual space of Wi (Q),

Let I be the time interval [0, 7], T <Ho0.
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H W (Q) is once of the above functional spaces we note by W (L. [}
the linear space of measurable mappings of [ onto W (Q} satisfving the
condition [1§. [2}, [3]

ess sup [ a (8 jlwoa < o
tiel
We also used the defmitions of |7} for domains Q of type W55
. . . . Ml ra .
2 Tt Q be a three-dimensional domain of type 07 [7], and 1
its boundary, and let x = [y, @2, 2y) he cartesian orthogonal coordinates
ol the point x.
Consider a viscoclastic solid defined by the constitulive relations

(2.1) Gy (X, 1} = Cuy (X) g (%2 1) - \G”“ (x, 8 — =)y (x, 3)d<

occupying the domain £ in the time interval J = {0, 7T}, 0 < T <o,
Here oy {x08) and w(x 8) = (uy (x, 0), w (% 0. w0 (x, 1)) denote the car-
tesian components of the stress tensor and the displacement vector, res-
peetively, at the point x € Q and time 1 = /.

‘Throughout his paper. all the suffixes range over the values 1, 2, 3
and the usual convention of summing over repeated indices is adopted.

Suppose the elasticitics Cyy (x) and the relazation moduli Gy (X, 1)
satisly the following conditions :

W) € (%) are essentially bounded functions on Q,

b)Y G,y (X, 1) arc essenlial bounded funclions on Q for every fixed
{ = { and uniformly continuous ol ¢ & / with respeel to x & Qu T,

Co (x) and Gy, (x, 1) satisly  the usual symmetry conditions.

If C(x) and G{(x.#) arc the symmelrie 6 X 6 matrices of compo-
nenls €, (x) and G, (x, 1), we put

(2.2) esssup e C2(x);t7 — A <oo. css sup itr G* (x, 02 = I3 <oc.
EXR) A=
tel

'The material defined by the constitutive relations
(2.8) af (%, 8) = Cagpa (X) e (X, 1}
iv called the elastic meaterial asseciated o the viscoelastic maierial defined
by {(2.1).

Assuming the quadratic form of the clastic strain energy is positive
definite, from Korn's inequality it follows [5], |1]:

(2—1') g(‘ijil {le ”.. (X, t) Ut (X, t) (IX 2 “\ E '“:.:J' (x’ t) (IX,
. =1

where the constant a = 0 does not depend on L

S — T Y A, LT -~ R . . g - -y
1 WEAK SOLLITLION OF LINEAR VISCORLASTICITY !.)._)

The svstem of cquilibrium cqualions of viscoclastic body defined

by (2.1) is
{2.3) g (x 1) = Filx, f).

where Fix. ) = (I (x. {). 1, (x. 0). By {x. 1)) ds the hody force.

Delinition. Let F(x. 1) = Wi {(Q, ). The SJunction ug' = WL, I) 18
the weal: solution of the displacement bowndary i'ahu'.;.)r{iblcm of Uu" qa.m,.]s)utg-
{ie linear siscoelasticity with zerv displacement dala. if for any o (x) < ()
and 1 € I we have |1}, 2]

{2.0) .\-G:" (x. 05, (x)dx \1’ (x. 1) 7 (x) dx.

3. Let

o 3 LRI b
(3.1} uy 17 LU ) St

be a sequence of functions of Wi (0. 1) defined by 17 and 2°:

1%, u! is the weak clastic solution associated to the weak solution
wy? {+]. This means that uf? is the weak solution ol the system
i . :
03.2) ot (x, 1) = Fi(x, 1) 4 {x. 1) 7 0.
i e for anv o = D (Q). we have (2.6) with A, 1) instead of oy (3.1
ot ulm, n = 5 are lhe weak solutions of the svstem
{

(3.8) — [Cipr (x) w0 (x, 8)]; = Fi(x t) — l \(.’;,” (x. 0 — =) il vx, <) d-‘?l”,,

0
ul" {x. 1) 0.
L

‘e for anv @ = D{Q) we have

\ Core 30wl (D 20 (0 \\1 (x, 02 () —

(3.4) -
RG’,;,.,- (x,t — 7} wlt Y (x.7) 2 (X) rI-.\dx.
" ) ﬂ
In [2] we have proved that the scquence (3.1) converges in Wi (Q,. {)
to the weuk solution of the displacement boundary value prob‘len:r)c)f. fill«llh}-
static linear viscoclasticity with zero displacement data. I ufp is ths
solution, then

(3.5) Him ut?t = ul?.

b= @
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\~ [4 Sh l" U})l Lt S 1 .
o < Vi h”utt(l l M th( '\()lutll).n 1 S Ne =
1 oy 1 C 8 1‘ ). l llkt. lUI A I\ ! !

we have the limitation

(3.6) aluf (1)

feten < WE @) wrt, =1
and theretore

) -

{3.7) alluf wlon = P wrian .

lor the weak associated elastic solution. uf? |1], [6], {7]. From the Lemma
i Sece. 2 of [2]. the definition of the norms in W! 3 ‘ l
n Sec ; _ s in WL{Q D, Wt :
(3.6) for the weak solution u'™ of the system (3.3) (\\'é h):i\'(-— e and
!
(3.8) al um () Wl < B\!'.viﬂr‘ wle d7 4+ | F il
z . : s i L

ey

]
for every { = J and n = 2 [2]. Now by using (3.7), (3.8) we obtain

1 1 l)n—l I")”".! l)
=017 =1 o hg T E st

Es.ﬁ) uf" iﬁ'._lr-".!- =

«
and therefore, as a consequence of (3.3). it results
1

[3.10) w1 “.", & — " F -1

o

d1,h

where £ — (BT - a)a.
" -“i't- llr}olqiu.u_ln_\' (3.10) expresses o linilation for the weak solution
| -L!L' displacement boundary vahie problem of quasi-static linear viseo-
;.l:u:{,ll];; in ltotlim.sl of ti'lhcl‘mt't'msu: charncteristies of viscoelastic material
‘ , and the length 7' of the time interyv: i« i i ;
g sinlerval, Also the inequality (i

‘ ' an ; . ' . Al mabty (3.10
E;ig“thintlllfﬂtlhc Tolflltl}’ﬂl uﬁf; depends continuously upon body i‘oréc(!F ‘ll)l
cinterval 7 indeed for every >0, it results that || u [l ,

\ 0, it results that || u (0., <

< ¢ as soon as [ B -1, , < e

4. Consider non the sequence

(4.1) utr oy v

where vim — g — y=1 4 92 .
+ N 2, 3...., u being the gene
o e . el : ral ter
:.cquc;;s.c (8.1); Le. satislying 1° and 2°. © & rm of the
rom (3.3) it follows that v W il b .
systom (3.3) ollows that v"), n > 2 is the weak solution of lhe

§

(+:2)  —[Cpui(x)wi(x,8)],,- 'g[Gx-u-:(x,twf)viffa"’(x, ] yds, v (xd) ] =0

h 1

IFrom (3.6), (3.7) and 1 in S @ of |
o n(? g: (3.7} .emma in See. 2 of [2] we have, for any ¢ € I

ON WEAK SOLUTION OF LINEAR VISCOELASTICITY ikl

’

(+.3) v (1) b < M \ o 9 oy d
o '
where M = Bla.
From (4.3) taking into account (3.6) and (3.7). we get
1(MTy

n v i,y € - N E e s
(+.1) I [l n e — 1)1 [| ¥ L.

for any n = 1. Now let us estimate the quantity [|u® — uf [Rio, -
By using (4.1) we obtain successively

ut— ul? [k, n <l v [k, |l v G lo, n A e

(1.5) Vi (T LTy MTT,
RTREREIS § [ L L) il 0 £ RPN ) o S
E a (n—Dn —! 1!

Hereof. beeause of (3.3) it results

{1.6) | uf? — bl b s € E @ = DU F e tan e

u
which gives an estimation for e difterence between the weak solution
of the displacement. boundary value problem of the (uasi-statie lineav
viscocksticity und its weak clastic associnted solution with zero displa-
cement data, The above relation tends itsell to the lollowing mechunieal
inlerpretations :

1. IF the .viscosibv™ B of the viscoelastic material is sufficiently
amall. the weak viscoelastic solution uf’ can be sufficiently well approxi-
ated in the norm of WL, f) by its weak clastic associated solution
uj’ on a given time interval I.

2 TFor a viscoclastic material with a given .viscosity” B, the visco-
clastic weak solution u’ ean be sufficiently well approximated in the
norim of W (€, 1) by its weak clastic associated solution ulf! as soon as the
length I' of the time interval I is sufficiently small.

5. In this section we shall prove the continuity of the weak solution
uy'. Firstly, we prove the

Lemma. Let G (a,t) be the veclor function of components

(5.1) Gz, 1) = l SGrj:—s (x,¢ <Y gy (% 7) dz | ;-
I+
IfGuui{x, t) = C (Q) for allt = 1, the partial derivatives of Gy (X, 1)
are cssentially bounded functions on Q for every fixed t€ 1, uniformly con-
tinuous of t = I with respect to X = Qu Ul uai)eWi(QI), then g
(%, 8 € L, (Q, 1) and

11 — Matematica
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t

(5.2) | & (t) e < ('BR i u (=) gy d=.

Jor any t € I, where ¢ is a constant.

Proof. From our hypotheses it resubts that the function G 1) of

components

Gilx, L — 7) = |0 (30— )y (o =}

r

belongs to L, () for any ¢ = I. Furthermore, we have

|G (1) figer < 2 max {ess sup (Gie ), €58 sup (Giu )} lu () ez
ifhktl mreQ rEN -
tel rel

and there by g = L, (O, I).

Here we made allowance for VeVi () < iV;(Q) algebraically and
topologically i.e. || u |l < const. | u|fLe, for any u = W (Q).

The inequality (5.2) results by a direct calculation. If 5 =D ()
then for every ¢ = I we shall have

]

1&g () e, I* sup 1%@: (x,2) 9, (x) dx < BS flu (=) Wley de =
'7":@49'_ . :

¢

< const. BS | & {=) i d,
0

and the lemma is proved.

Till now, we have only assumed the system (2.3), (3.2). of the asso-
ciated elastic equilibrium, is elliptic with respect to Dirichlel's problem
[1], 6], i.c. it satisfies (2.4). Further wec assume the system (2.3), (3.2)
1s strongly elliptic [6], [7], uniformly with respect to ¢ = [, i.c., it satisfies

(5.4) Cia (%, 1) & Ee s T 2 a( .‘?"1 E?)( ‘-Zx fi?) ’

for every ¢t € I and any vectors £ = (&, &, &), 0= (n . %2, 1) Where
the constant a is positive.

Theorem. If a) the body force ¥ (x, 1) = Ly (Q, I), b) the clasticities
Cou(x,t) = C (Q) for every t = I, c) the relaxation moduli satisfy the con-
ditions of the Lemma, d) Q< 3, and e) the system (2.8), (3.2) satisfics
(2.4) and (5.4),

then the weak solution ' of the displacement boundary value problem

of the quasi-static linear viscoclasticity with zero displacement data is a.e.
continuous on Q for every t € 1.
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Proof. ¥rom the hypotheses a), b) and d) it results that u) = uf’,
the solution of the system (2.3), (3.4) belongs to Wi (Q) for any § < I, 1},
16], and it satisfies
(5.5) g (1) fiwze < @ F (@ llea. £ <1
Reasoning as in [1] it results uy! = Wi(Q, 1) and
{3.6) fuf) K2 = all F o, ¢n00 -

Using the hypothesis ¢) and Lemma it follows that the system (3.3)
for n — 2 has the weak solution uh & Wi (0. I). By an inductive argu-
ment it follows that the sequenee (3.1) belongs to W3 (2, [) and therefore

{ 1.1) belongs to \DV';I (. 1). ‘ _
For the solution v of the system (+.2) we have the cstimation

-t

.

4]

(5.7) v sl € (ICB\ 1V (1) ik 47

for anv n = 2 and £ = [. In deriving (5.7), we used Lemma, (5.2), the
hypothesis ¢). and the limitation of the form (3.5) for the solution of an
clliptic system salisfying these conditions |17, [61, 17}

From (5.6} and (551 we wel

i m-_B[)" !

(5.8 vid lwten < o
) ' in - 1)!

r |]|l-_. (.-
for every f = Tand no= 20 Simee the sequence {8.1) belongs to Wi{Q 1)
by (580 1t follows
BTy
SCLEVSSS P
(n — 1!

for any a = L The inequalitics (3.4) imply the convergence in Wi (L) ol

(3.49) v G S a

the series 3y vi'0 and this entails the convergence in W3 (Q) of the sequence

(3 o . . .
(3.1) which has the limit uy’ Lelonging to Wi (€, 1) By the imbedding

theorem of Sobolev, it resulis that vy is continuous a.c. and

(5.10) u? (1) |y % coust uy’ {f) e
for all ¢ = 1, and
(5.'] ]_) BV E RIS consl ! ll‘dn \{'i(u

where | . e, o is the uaiform nornl. o o

The Lemma and the Theorem are valid in less restrictive condltlons(;
it is sufficient to assumec that C, (X) and Gy {x, t} as functions of x & ()
satisfy the Lipschitz condition, uniformly with respeet to t € I.
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calue (li).ro\l_‘)'l(('zn%i;f?l;:2\‘;1?5);1-101'_- p.lfﬂl'.'mhm“‘f.cs‘ c?‘ncg}'.r_unrg trhc'strcs.s i;cmm}m-_v

) quasi-statie Hnear viseoelasticity, We suppose £ & 50
For s-uchl (}Olnams the unit normal veetor n exists a.c. on 1. We 111-11ni-1i'-1
the conditions a) and b) in Sce. 2 upon €, (x) and Gy, (x, 1) ]c£ Q (3
be the subset of functions o = D (Q) Sul.isli:\'inq v .

{6.1) \ o(x)ydx =0, \rot o{x) dx = (.

£ Q

Sinee on Q () Korn’s incquality is satistied |14 [5]. we have

(6.2) \Crm (%) 20 (%) 2u; (X)dx 2 a g 2.] P (3)dx.
. Jig=l

$ a

We denote by H (), the closure of @ () in t ‘m i :«d by
e [1] ) @ (Q) in the norm induccd by the sca-

(6.3) (u, V)i, - S Cr (X, ) u s (X)u,, (x) dx, u,v € Q(Q),
o

and by H (2, I) the lincar space of measurabl i
e oine: b comTition p asurable mappings of J onto H (Q)

css S?Pi u (t) g < co.
€

H (Q, I} is a Banach space with the normn

[|alle, 7 = esssup [fu(f} o .
tel
Obviously, any function from ff (Q, I} satisfies (6.1}, (6.2 i i
- L ' (Q, : 1), (6.2), uniformly witl
respect to ¢t & I, From Poincaré’s inequality [1], [5]( zm)d (6.1), . (}G.f‘.")l i;
results H (Q, I) ¢ Wi(Q, I) algebraically and topologically, i.e. we have
6.3) la{t) wia < const. [ u(t) lna £ = 1,
| allsla 2 < const. | ullme, 1 -

Any element of Wi (Q, I) satisfyi

3 1 (8, atisfying (6.1) belongs to H (£, I) [1].

1 Suppose F(z,t) & L, (%, I) and p (x, 1) = Ls (L. 1), thc) 13[0(]1\' force
and the stress on the boundary, satisfy necessary cquilibrium conditions

(6.4) SF(x,t)d—x—LSp(x,t)dx=O.grx Fix. t)dx RFXp(x,t)dx—-ﬂ

Q T o r

for every ¢t < I. Ilere r is the position vector of a point x.

Definition. The funciion u = W1 (Q, I} is the weak solution of the
stress boundary value problem of the quasi-static lincar viscoclasticity with
the stress p (x, t) on the boundary, if for ccery t & I and 5 = G(Q) we have

[1), 6}, [7),
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(6.5) \ou (5 D ey (0 dx = F (2)
0
where oy (x. ) s given by (2.1) and
(6.4) F () =\Fr (x,8) 9, (x) dx ~,l—\p (x, #} 5, (5] dx.
o i

We shall denole by W this solution.
Lemma. For every v = WHQ, I) satisfying {6.1), the system

t

(6.7) — [Com (D) 0y (x, 01 = [\Gi:‘k! (x, ¢t — 7) (% <) dT]"’

has a unique weak solulion u & WI(Q, I) satisfying (6.1) for cvery © < 1
and the condition
t

(6.8) [ Conr (6, 1 (%0 8) \G““ (x, 8 — =) ud (x, 7} d= |! n, =0,
;
on O — i.e. we have ’

t

{6.9) R l Crym (%, 1) upy (X, 0) + \G’U“(X,t— yul; (X, 7) d-r]?,_._ (x)dx =0
a 0 :
for any 9 = Q{(Q) and t = I. Furthermore, the weak sobdlion satisfics the
limitation

¢
(6.10) lu (8 whar < CM\H we (<) whey dm 1L

U’ )
which entatls
(6.11) [ ufwio,n < CMT | v llwke.n -
where M = Bla.

Proof. Because the right hand side of {6.7) belongs to the dual space
of H (. I), {rom Riesz’s theorem it results the existence and the unique-
ness of the solution. The measurability of the solution is obtained by rea-
soning as in [1]. Let us derive (6.10) and {6.11). As every function in
H (Q, I) is the linit of asequence of measurable and essentinlly bounded
funetions o : I — @ (Q) in the norm (6.3) and {6.9) holds for any such func-
tion, it resulls that the weak solution of the system (6.7) satisfles

i

(6.12) ] Cypa (%, D gy (X, 1) + \Giﬂri (x,t — 7}ty (7) dT}’“r,f {(x,)dx =0

i}
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for every t = I,
Now, taking into aceount {6.2), {6.3), and C s ili
) \ ¢ .2), {6.3), ¢ sauehy’s imequalilies, we
obtain (6.10), (6.11). We make mention of the following e ™
Theorem [1], {3, [6]. Jf F(x.1) = L. (£ 1) ¥
- , (31 [6). 1 X, LD and ples ) = Lo(Q0 ]
safisfy (6.4) then the associated clastic stress boundary :‘ulSus -,r)n'nhh-);a( :I
(6.13) — ol (x. ) =F. (x. 8,

$iad
“'_}“'"E'l oj(j;'(x, ) is given by (2.3), has a unique weal solwtion ' (2.1) =
e WH(Q, I) satisfying (6.4) for cvery t =1 — Lo ,

ol (x. 1) == pi(x4), om TN

(6.14) § Comt (1) 2 (3.0 54 (0) de = F ()
Jor any » = Q(Q) and t = I. The solution v salisfics
(6.13) u® (Y lwte, < e { F lnen e e ol
¢ being « consiant.
The solution u™? is ealled the weak 3 i i
“ s ey ak elasiic solulion associated to the
weak solution of the stress boundary value pr i ( i it
: ' stres: ATy : proble y uasi- -
e )] I em ol the quasi-stati
7. In this section we shall derive resulis similar 1o {3.10) and (4.6}

for the weak solution ul”.
lLect

{7.1) wf) = u®, u® ..., u™,
be the sequence of functions from Wi (€, I) satisfying (6.1), u', n > 2
3 . DT T

being the weak solution of the system
!

(Cor (R )W (%, 8] = i (x.8) 2 [S(},m(.\'.fﬁ_—:)uﬂ.’,‘,‘”(x. —.)d—.’,,
(7.2) , " I

[ Cjur (x, D)l (x.1) SG,_-*,(x,t— Sl Pz d =

n;= py(x.t) on 1\

1.e. we have

(7.3) g [C,m(x,t)uijf;(m,tj - gG,_“(x.t - o) ui (%, —.)d:Jc_a,_;(x)dx-—G(@),
0 ¢

for any ¢ € @ (). In [3] we proved that (7.1) conv i

of W} (Q, I) and its limit ]is u‘,,"'I — he. (7.1) converges in the norm
(7.4) lim uw'™ = ul®,

fi— =

If we denote

(7'5) u{:) — V:I'. yint — u(n) e ulﬂ—l}' n o=

[ 2]
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then, {rom (7.2) we get that vit, u 2 2 is the weak solution of the system

¢
Fi- [Cui'l (.‘(, t) Ugl)(x-‘ i)]} - ‘ SGUH (X, {— .‘-) v}:f_l)(x) 7) d-" J,J’

(7.6) t !

\' C’U“ (X, t) Ui’:g (x, t) '?‘ SG”“ (X, t - '.) T:?:t_” (X, '.) dT ]'nJ = 0 on F.

b ; j
i.e. for any » € Q(Q). the relation :

f

{(7.7) S [ Cop (% 1) 7!5.“:) (x, ) + SGHH (x,t — =) ™ (X, %) dT]‘?:‘,J(x) dx =0

i} Ly

Lolds. The relation (6.1) is satisfied by any vim of (7.5). By using the Lemma
in See. 6 and the inequalities (6.10), {6.15) we have

(7.8) v () [when € c:‘llg v Y fwla d-, n=z?32
;
and therefore
My
[ v () llwlon € € (n — 1)![ \F e+ 1P lon b

(7.9)

_ (CMTYy

v o, o < €0 1)) U1 F e n 4 P rns

where M = Bla.
If we proceed as for obtaining (4.6) we get herc

(7.10) | u® — ul? lwho, 1 < & (e - DI F e, n -+ U2 lluen 1

which gives an estimation for uw? — uy® in the norm of Wi, I).

The relation (7.10) has the following mechanical interpretations.

1°. If the ,viscosity” B of the viscoelastic material is sufficiently
small, the weak viscoelastic solution u® can be sufficiently well approxi-
mated by the weak clastic solution u{® in the norm of Wi (&, I

9° For a viscoelastic body with a given ,viscosity” B, the weak elas-
tic solution ul approximates sufficiently well the weak viscoelastic solu-
tion u{” il the length T of the interval T is sufficiently small.

Without difficulties we can obtain the limitation

c
(7.11) | o' llwka. n < ;89 [N F o, s + 1Pl o]
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similar to (3.10), where D = (BT T .
! : e)/a. The inequality e G
cance and the interpretation similar t()) 5.10) equality has the signifi
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THEORY OF LOADED ELASTIC CYLINDERS
By

S CIIRITY and DL BESAN

I. fntroduction. Since the appearenee of Saint-Venant's eclebrated
menoirs |1+, [13] an Tnmeasurable amount of cffort by many investi-
gators has been devoted to the problam which is known nowadays s
Saint-Venant’s problam. Aspects of the aforementioned problem have
heen studied extensively.

Most of the papers concerned with Samni-Venant's problem are res-
fricted to homogeneous or pieeewise homogeneous  eylinders. Nowinski
and Turski [171] have considered the case of an isotropic and inho-
mogeneous cylinder where the elastic cocllicients are independent of the
axial coordinate. they heing prescribed functions of the remaining coordi-
nates. This problem was later studied by Radu [12] [13] and it was
entirely solved when the Poisson’s ratio is constant. A method to solve
Saint-Venant's problem which avoids restrictions of this type was given
by lesan [7]. [8]. In [9] was solved Saint Venant's problem when
e cross-section is oceupicd by different inhomogencous and anisotropic
clastiec materials, The ease of piecewise homogeneous evlinders was treated
by Bors [2] '

In the present paper we consider n more general problem assuming
that the eylinder is subject 10 body Forees and to surlace (ractions on the
lateral surface and to appropriate stress resultants over its ends.

The theory of loaded cylinders was imitiated by Almansi {1}
and Michell [10] and it was developed in various papers  {see C.g.
Bors [2), [8), lesan |6], Chirita [4]D-

9. Statement of the Problem. Throughout this paper @ denotes the
interior of a right cevlinder of length / with the generie cross-seetion Y and
the lateral surface £3. We use o rectangular Cartesian coordinale system
O, (= 1,2, 3). This system is chosen such that the agaxis is parallel
to the generators of @ and @, Ox.-planc conlains one of terniinal sections.
We call X@ the cross-scetion located al iy =0 and S0 the cross-section
which lies in the plane @y = [ We denole by L the houndary of the ge-

neric eross-section X,



