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similar to (8.10), where D = (BT o .
2 a)ja. The ineque © has o ad e
cance and the interpretation similar to (3.10) equality has the signifi
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THEORY OF LOADED ELASTIC CYLINDERS
1y

S CHIRVEY and Do EESAN

I. Introduction. Since the appearenee of Saint-Venant's eclebrated
menoirs [ LEL [13] an (mmeasurable amount of effort by many investi-
gators has heen devoted Lo the problem which is known nowadays s
Saint-Venant's problem. Aspeets of e aforementioned  problem have
heen studied extensively.

Most of the papers coneerned with Saint-VenanUs problem are res-
eicted to homozeneous or pieeewise homogeneous ey linders. NowinsKki
and Turski [11] have considered Lhe case of an isotropic and inho-
mogeneots eylinder wherc the elastie cocllicients are independent of the
axial coordinate. they being prescribed funclions of the remaining coordi-
nates, This problem was later studied by Radu [12] 13] and it was
entirely solved when  the Poisson's ralio is constant. A method to solve
Saint-VenantU's problem which avoids restrietions of this type was given
by fesan [T]. [8] fn (9] was solved Saint-Venant's problem when
e cross-section is oceupicd by different inhomogeneous and anisotropic
clastic materials, The case ol piccewise homogencous evlinders was treated
by Bors [2]

In the present paper we consider o more general problem assuming
that the eylinder is subject to body forees and to surface tractions on the
lateral surface and to appropriate stress resubtants over its ends.

The theory of loaded cylinders was mitiated by Almansi {1}
and Michell [10] and il was developed in various papers {see c.g.
Bors (2], 18}, lesan [6], Chiritd [4D-

2. Statement of the Problem. Throughout this paper & denotes the
interior of a right evlinder of length / with the generie cross-scetion Y and
the lateral surfuace . We use a rectangular Cartesinn coordinate system
Ox, (k= 1,2, 3). This system is chosen such that the rgaxis is parallel
to the generators of @ and @, Ox,-plane conlains one of terminal sections.
We call ¥@ the cross-scetion located al iy =0 and S0 the cross-section
which lies in the plane ay == [. We denole by I the houndary of the ge-

neric cross-seclion X,
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We shall cmploy the wsoal summation and differentialion conven
tions 1 Greek subseripls are understood to run over the integers (1, 2).
wherceas Latin subseripts — unless otherwise specified — Lo run over (1, 2, 3):
sumimation over repeated subseripts is implied and subscripts preeeded by
a comma denole partial ditferentiation with respeet to the corresponding
Cartesinn coordinate.

In this paper we consider the linear theory ol elassieal clasticity.,
Lot #; denote the components of the displacement vector field. The compo-
nenls of the mfinitesumal strain lield are given by
{2.1} 3 ](u- oty )
he=ol] { n i PRV

The stress-strain relations i the case of an anisotropic elastic me-
dinm are
[._).'.E:l , 1 (?I'_,LI{.}J 5

i

where ¢;; are the components of the stress tensor and ., are the compo-
nents of the clasticity tensor which obey the symmetry relations

(2.3} Cont = Cot = Cupty -

As o consequence ol Lhe relations (2.1), (2.3) the stress-strain rela-
tions take the form

(2.4} [ Copga Mg,y -

We assume that X s a Ct-smoolh domain (Ficehera [3]) Let
Ly and L, be two disjoint subsets of L. such that . =L, u L,. Let I’
he a curve contained in ¥ satisfving the condition that I, u ' is the boun-
dary of a domain X contained in X, such that X, n X, — @. Suppose
that X, and X, arc occupied by two clastic materials. Let €8, be the
elastic coefficients rclative to X,

We denote by @, . the domain oceupied by the material with the
clastic coefficients C@},.

Throughoul this paper we assume that

(23) R, = €

([, .70 In 2. .

The functions ), are supposed to belong to €<, and the elastic
potential corresponding to the body which oceupies @, is assumed to be
a positive definite quadratic form.

We can consider X as being occeupied by an elastic medium, whieh
has the elastic coclficients, in gencral, discontinuous along 1IN

The equations of ecquilibrium are

(2.6) Ly +fF = 0. in R,

where f{® are the componenis of body force vector.
The displacement veetor and the slress veetor must be continuous
m passing from one medivm lo another so that we have the conditions
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(2-7 |”¢ |I l'“.'lc . “f'ylll Yy “l.:jt B on

have indicated thal the expressions between pm'nnl'hes;l.s'r are

(he domains X, and X, respeetively. and v, are the diree-
1_ H . '

Al veetor to 1 and outward to L. .

o of the evlinder we consider the folowing cot-

where we

caleulated for

{ion cosines of the norm
O the kateral surfac

ditions

(2.%) TN

where B are subsels of B correspond et

irecti asines of the exterior normay 1o 43, .
the direction cosines of the ¢ ) R .
} \s in |1} we assume that the hody forees and the tractions applicd

i axial coordinate
on the lateral surface are polynontials of r-degree in the axial coordin

Ty nanely

I‘,'"". on ..

ine to the Lwo materials and 2, are

(2.9) e — 3R (L) AL in R
{(2.10) 7@ Y pf (v )b on B
Ll

03 [ -1 ) . f . 1 I l . U 2 'l IS
\ 17! B 1 i & ¥ FRALLE Ol \\h]( h arc Hll[)l)(!.\(‘(l tU ¥
\'llel'( 1 i 1111(1 [}I}‘I arc I Q8! (d 1 |

lone to O ) ' _ L R
" et the loading applicd on X% be statieally equivalent Lo a Toree
o moment N there are applied tractions m a
R (1) and a moment M (M), On X there are 11:1 | tuctions o
wav which fullills the equilibrium conditions of a rigid hody. S.
r."— 0, we have the following conditions

(2.11) Rr,a o et . (2.32) gr;ﬁ da s Ry
(2.13) \T by s = Sa30 M3 (2.14) \3 .

is the i ‘mbol
where g, is the ajternating symbol. L o .
Thglproblcm consists in the determination of a solution of the equ

' iti 2.7, (2.8), (2.11)— (2.0t
tions (2.4), (2.6} which satisfies the conditions (2.7). ((_’.b(zS (2.11) t(“'CIV)
. 5 7 e oiv - (2.5, (2.0), (2.10), respectively.
here €8, f® and 7® are given by (2.5), (2.9), (2. A c
“hewl eit:mils {lscnotc by () the problem of determination of 2 solution
of equations (2.4), (2.6) with the body force

(2.15) J@® = FE (@, x:) 2
which satisfies the conditions (2.7), {2.11) —{2.14) and

(2.16) [t Mg ], = P& (@) . 12} 25 on B, .

1 itive I - or zero and the Tunctions
In (2.15) and (2.16) n is a postiive integer or zero a
e, p) are prescribed.

LI L3
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I we know the solution ol the problem (o) Tor any n then. aceor-

ding to the linearity of the cquations, we can determine the solution of

the initial problem.

We denote by B® the problem (U1) for » = 0 and by B® the pro-
blem (o) when w5 (s — 1. r) and B, = M, =0, It the components
ol the displacement vector from the problem B (=0, 1,..., r)y are g,
then the components of the displacement veetor of the initiat problem
are given by

5
(2'17) U = Z (LT
k=0

Thus, to solve the initial problem, we use the method of induction.
In Section 4+ we solve the problem B® | In Scetion 5 we shall establish
the solution of the problem B®¥) when the solution of the problem B
{with B, = M, = 0) is known,

3. Auxiliary Plane Strain Problems. In what follows we will have
occasion to use four special problems P0Y(s = 1,2, 3, 4) of gencralized
plane strain. We denote by o, 6f? the components of the displacement
vector and the components of Lhe stress lensor from the problem PG,
The problems P9 are characterized by the cquations

. (s) o) - (8]
(3.1) Gix Ciixn Ui
(3 uz) . — P .
(3.2) Gig.:r. + (Cfa '33),3 - 0. (2 1.2},
- (3) ) 4 . DI R Ay o
Cla,x 7 Ci'ias.-x =1, GE:’.:_ “nEd (C&Z'ﬂﬂ ;15).,—0, mn ;.
andd the following conditions
{335, o) =1 .
(3.3) o ny= — Cyaen,. (3= 1,2),
a0, = — C8un, , 6 ny = g Cupn, , onL,,
sy 2k 07 | B N Y hl
(3.” ]_‘/(ic),l . I"l?)]i 3 I‘Giz) 1 Yy — 163(1)_]'.’ Ya -{" g(i”’ on 1’
where
g [C8y — CW4) v v
g o= = (23 fRdd bt Y~ T TR 1 ¥2) 5
(3.5) V= 2 [Cildng — ClZng] 25 va.

a Ta s 1
.'.Jti} [(‘1(2’33 = ng):m | v5

It is known lesan {9) that the neeessary and sufficient condi-
tions tor the exisience of the solution ave satisfied for each boundary value
problem ). In shat follows we assume that the functions 49, all? are
known.

4. Theory of Uniformly Loaded Cylinders. We ussume that the body
forces have the lorm
(+.1) JE =G L), in AR
and that the conditions on the lateral surface are

(+.2) [fex alo = P& (oy, 22l on B,

=

which satisfies the conditions (2.7 (h2). (2.01)
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4 soludion of e cqualions (2.4). (2.6}

: e et o establish
111 this section we establis (211). when T

forces ure given by (1) ' .
We look lTor a solution i the form

! 1 e
1 2 1 ; LI I Pro by a3 = a.‘._]
y == = =l i "”b:: ‘(.‘; By ily Gt ol _[. 4 h Ao ! )

2 8 2.

S u b, 1 ! TS LA SR O S SN [ W (T &
-1- El x it o 1
EEN

(1.3) 1 :

¥ ti-1 T ]} ! !f- e — b:=:| 3 (fl ol

U {[.’l iy {1 s Iq] Ty = ( ! 2 s
i L { L. oin PR T e [ na)
¢ut ,13) rh E (, roiy e l;;J [ LT L O Y L
Fom 1 =
L T S wotnrs from the aaa-
T TP . yoments of the displacement veet

where tf are the comy l are unknown

Hary planc strain problems considered in Seetion 30w L @
Hmél‘ion% and a.. b, e (s =1.2,3,1) arc unknown conslanls.

Usine (2.4), from {1.3) we oblain

1
[ S -0} e L
_= Cﬁ?;) \ (@, .y + s s = az)=(by & b. wat-bs) ._,( 4

1 e i
(l-. l) Ca Xur] f'3) .1:7;] e (_,"EJ'?;n Toma s (:’J; l’}] 1 2( 1o ::J ->_| (u-. b 1

1 h I o T ~ i
e agiell ekl g Bk e ety
wlhere
Sl {-F
(+5) 7 = Cifix Cens
1 —) -
('L.U) S} — l'_;ﬁ.‘d Cpyat
! g
, i tal - o) o.(s) ].(_l_}__: ‘,'I ¢ ng.?].. E’;':.“-
{+.7) Fg = Cijla ¥ 5 ’Zl be Cukszk + I E ha

The velutions (1.1) can be written in the torm

t | N Coe D) LS.
PN S RFTCO I S O (| RS S S O S R
. . T L L T 0 A g B i ij 3
(L.S) f i ‘ (f[. b. Ty 5 E] J] ii | ij ] iy
am ]

where }
i 3 2) @ B o —aiP
( b ﬂ) [” e C,S';a Ty "32‘;)‘ fs:)-_'—C:;"ﬂ - T {U (’-143 e L S iJ

Tn view of the relations (3.2) ihe equilibrium equalions ave redueed o
4 : l
T 5, () == 1),
(.10} S U D YR R T S

im]
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”:'njx e 2.!" 1y 0. in :'F_‘l

I'he conditions (2.7} are ‘ul.ll\ll((i i

(1.11) i,

(+.12 : w -

) el = lwiles Tl v = 17ile vy 0 2,

[ 13 0 o '

EREY Leili = Leulss (ol vao=lsigl v 2 on IS
where

H"] I') V.i:":- Hl'i:;)] | ‘17. L : b (-l'J = 1L ”'

1 lh(. ( . - 3 - t i -’ L

l rom “]lthil““."\ 011 th( I fer ll b | W e rLILTEn Elu l}!]
s ¢ ‘“[ 14 .

Wl Il”l“"]:” \ (U]l(l”l“”h M

[ 1.1.3) |—"1 nels ‘p:,—.-‘

1146 ; '
( 1) EYTR |.- — R on l,p
where
{ LT e P
7) Py PR — S, o G S N ITIN

- 1-‘;)11?1["[ us consider the bmlu‘u!ur,\' value problem (L3) (1.10), (£12),
o 5). The necessary and sulficicnt econditions for. the vxistcnc'c, o1 the
solution o this problem reduce Lo E

'}-;I \I Id oy }:, R(;r(.:l il S “i!},:i).r;:ﬁu s 1,

lh & Inll‘ll ol l -
¢ »l O lllUn\ {l” ’.h( L\l\l(,[l((. Ui lll( ~ ! t] U[ lll(‘ 1L
Al . olulion
7 [ 1 I L * ( I )‘ { l' l i)' ( ! l ') e

' -
(19 R L \ ‘
) ‘21 e, 14 do — O ‘ S_Zl g Tynn by 13 da = 0

e

Faking into account the relations (3.2) — (3.3) and (L) i1 follow
] i M)l LW

(1.20} fg;),x 0, i 2.,

L2 i
{t.21) ) v, = [P e vy on 1
(.22

‘- fig My = 0. on llr_ . (-5' —_ I: 20000 0.

Lsing (4.20) — (1.22) we can wrile

(1.23) (1o

1A e

l,r(nl o e Loy R
Fad Ly :13,3} oo — \ [t t:-: )3 de -0

«

-1

Cxl. I\l)l &

- 'XIIkOR\ Ol 10'\1)1-1) 1i \"s[ tCod

Thus the st bwo conditions {£.19) are ctisficd. ‘The renining con

ditions fead 1o

|
N Lo 00 g — B )

[(1.24) ._! ‘i

where

i

3 N\ - e . dest
L A2 s, Lo, 5\ e | G4 s oy ldo.
31 = |
\' =8
S = KT (3)
_2‘,,!‘-.-: E \ Cion o | do. L \ 300 | O = o5 dlo.
3 s ! N - £ Ao . 4
feey R ClEly enpn st 3 ds. Loy by \ Zaps dn, L T i g o
LRI

=
e

u

equilibrium cquations wo can w vile

Uy !"S ) T‘l( 1y f.'.-'i % Us Bmals

On the basis of the

fuag =t i Ta (Liai W""‘) = (la

[ $.26) | v
= (& tuaahp o e lam™ ) %'1 "

in view of (+.20) — (4.22). (E13), (Ch16)

) B5) - Sas "'u.s\l g fmass

such that, we have

R w3 do= \‘lm ‘ Y (b, - o g) Hds 1 S -4 !'m\ \ Ly G =

gl

(127) * i : o
= \.1'1 tnm do \ &y Y 0 15y ds.
< J s
The first two conditions (4.18) reduce to
4 E &
(1.25) Y L= Y &p‘;’ ds — ¥, &’ ) do,
£ e=1 J:p e=1 5,
where
L= g"z‘d ‘.Cip) Ly T GE‘:%)] ds,
(4.29) . % L,=1Y % . LChaeama Ta o] do
< o=1.
L= S WG T aff ] do. =

In [9] 1t 1s proven that det (L,,) # O so that the svstem (4.28), (4.24)
determines umquc}v the constants cs . Thus, the conditions (1.19) arc sa-
tisficd and in what follows we assumc that the functions @@ and &;; are

known.
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The renvuniinge conditions rom (£38) lead 1o

4 e - o - -
;'J L:l b, Ll .\, ! ds —Ll \ (":'J;J tla \ |”:r.s ”":(1']5j de.
' T, L v
(bso) ! \ \ s 9
P2 Lb, »“,S Ty Uy ) s \_.l\ S, G do \ Tans iy |y +
L, Ty, X

Kb e,

Using the relations (2.6) — {2.8) we can write

- Z e L -
\ "z:lrla #n L \ j/-.«.:; + v, (l:u.:‘ ("g; I o }__; j 'y ])::;:' iy
- =l “ o]

{ |.3]) - - fes

YN s (s G,
S

Taking into account (13) and (131 from the conditions (2.11) we
obizin

I} 5 5 g
!. I:j'-f) \Ll ]‘a:sbs - ‘H l S .l'“ ('.(::)"!G L \ Ly /).:1;: t]-)‘ _\ E; ('\;.'.3 i I'.sl:li))er
L | s=1 b = -
s j o
The cquations (1.32). (£30) delermine The constants b, Thus, The
conditions (3.18) ave satisfied and in the fullowmg we consider the fune-
Lons e, 7,5 Lo be kinown,
Frow the conditions (2.12) (2.1 10, i view ol {£8) we oblain the
following cquations for the unknown constanls «.

1
(.33) Y L=t (=128 4.
=1
where
Ay — ey Mg g.r.; VS = 2] de.
(£.3) ) 3
Ay = — Ry — g{f.-;g,) — <plda, = — A, — ( Sans Ty [0 = =55 o,

-~ ..
The constants «, are determined by the svstem (4.33). Thus the con-
sicdered- problem is solved.

3. Recurrence Process. Lel us establish Lhe solution of the problem

asswning that the solution of the problem BC? (in which R, M =0)
15 known.

A+
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: ’ tears u S ALCI (@)
\e the selulion of the problem B9 s known for dnjz)lﬁ,,) and pi
. 1 ¥ ‘ar Figl = I VYl
we cun know the solution of the  probleny B9 Foy Jior = F8 (. ) el
and 19 = pEl G . ‘ _
We denole by o), £, respeelively, the components ol the displace-
ment veetor and the components o the stress tensor of this problem.
' : ' I +
Let ar, o by be the analocous funclions for the problem By,
We look [or a solution of the problem B0 in the form

s dey Ty \ .

by

(5.1) W= {n - 1)\

where @ (4 . 7. 0y) are unkunown funclions,
The componenls of the stress tensor are given by

|

{5.2) P ')‘ iy oy 4= myp -+ A l

where
(5.3) =i = Ol T
(3.4) 12 == U5 g (2 422 O)
By using lhe relations (324 the cquilibrium equalions reduce 1o
(5.5) iy P =0, inR,.
where
(3.63) HE = 08— g ey g 0)

The conditions (2.7), (2.8) lead to the folowing conditions for the
functions @, and =
(5.7) fogle == eiles bmag b ve = (i Je va = 20 o I
(5.5) [ ity )e = =¥, on B3,
where
(5.9} ra £ilr, Ta) = (hig, — Ry vy 8 = 2P (g, 0) = W n,

From the conditions on the end Z!9 we oblain

.

i do = — lji g \ Eign Ty T3 do = — ‘N' &

o
-
=

(5.10)

1 e

where

(5.11) P, = 2;.1

B 5 ~ ie)
hg%’ dO‘, A P = E] =ik .7}', hka (I‘G :
™

o
]
-

| SNl

1

14 ey

s

12 - Matematicd
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Thus, the funclions @; are the componenis of the displacement vee-
tor in the problem characterized by the cquations (5.3), (5.5), (5.7}, (3.8},
In this problem the lead is independent of vy .

If 4, would vanish then this problem reduces to that solved in Sec
tion 4. However, it 15 easy to see that also lor 4, # 0 the solulion s (4.3),
Morcover, by using (3.6), (5.9), (+.24), (L28), (£.30), (£32) and the diver-
gence theorem we obtain ¢, = b, = 0 (v = 1, 2, 3, 4), ©; = 0. so that the
sofulion {3.1) has the form

3 Cas . B
(3.12) iw—{n + 1}[ 3 w”day 4w a4 wl-
; .
- il -
In (3.12) we denoted by v |a, ] the displacement vector whaose compo-
nents are obtained from (41.3) taking ¢, = &, = 0, v; = w, = 0. [t is known
A
that # [a,] represents the displacement vector from the problem of ox-
tension, bending and lorsion (Iesan [9]).
6. An Alternative Form of the Solution. In this seclion we give a
treatment of 1he problem using the procedure established by Dors {31
Taking into aceount the recurrence process and the solution (4.3)
it is casy to sce that we can seck the solution of the problem in the form

r};:'z 1 " 1 :
Uy == — ———— g0 g2 =5, o, o, —
So (kD) TP L4 e e
4 1 Tl
(AT ¢ N N ¢ )
(G.l) - 2 agj Uy dy Z ‘(a) R
g= 1 R Lt
r4a ] 4 ; a r41
=Y, [ —— = (? &y 5 6y el oy Y af? R ok o Yoy th
ol [ SEEE g1 : =L

where ¢ are the solutions of the auxiliary plane problens considered
in Secetion 3, wf® (a, . @), (F=0,1.., r-4 1) are unknown functions and
a®{s =1,2,38,4; k=01.,r -+ 2) are unknown constunts.

From (6.1), (2.4}, {£.9) we obtain

r+2 4 T r+1 &) ok 14z -
VYR gk k) 4k g k) k=1
(6:2) ty =% Y ah+ 3 =P ak+ ¥l ai”,
Kol g1 k=0 =]

where

4
R —. o k) L3 I ¢ - AR -k
"‘U) - Ci(;l;m "Dfﬂ?ﬂ- ’ ‘!.!.L) - 013;3(2 G’g A 'LIII‘: T ‘LSu )~ ]- '—09 1:“'5 i ':'2)
(6‘3) am]

W$+1+p) - 0, (p = ]’ 2:”+}.

On the basis of the equations {4.20) the equilibrium cquations (2.6)
reduce to
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(6.4) =B LR =00 i X

( o (k= 0, T R ),
i | S
where

i Ta
'.‘f:"’l 1"{,-';;) e U‘ ..:.‘, ]) E ﬁq:‘s};-fll .ft‘;) H (fl' .,:‘ ‘[) [:J'(Lf’i?il) _’ r_(i‘:-sl‘ll
(65.9) '

A

(o 42y 2 FEl, =00 (p o= 1.2
Faking into necount {3049, (£21) (1.22). (6.1) and (6.2), the conditions (2.7)
and (2.8) lend to
{6.6) |ee® |, = |2t ], B L PR 7, on I,
(6.7) =%, |, =g on L. (k=0 T.r- 1),
where

it Gk 1) (L Ve — L D) v

(6.3} . ; (k=1 (=) = = 1. 2....)
g = R = D) w M . Pilen = 0. {(p=1.2..).

Thus, the functions ©® ave  lhe components of the cli:,pl‘m:cn}(‘:nt
veetor in the generalized plane strain problem (6.3), (6. ‘;').’ (6.6), (6.7). The
necessary and sufficient conditions for the cxistence of the solution of
this problem are

y (@ o+ 3 (i {ar s =0

Q=1 P ol
B L.
6.4} - I R ; ,-* B } o de ko L —
0.4 Y\ s s (5 do = ¥, \ Tz La Tk ds ==\ €g4n @y 017 ds =0,
fel a1l o
21y -1 i

(hee=0, Tooey 7 -+ 1),

] iver + g ' 3
Takine inlo accounl (6G.3) (6.8) and divergenee theorem, from (6.9)
we oblain

A aoe Y . . ;.
Y \ﬂﬁ) da - Z Spfii’ ds < (k- 1) E (D \I,-J’ de -
"'—1:‘:'; .‘-"ILP gt ] o
- (k1) S (=0 2 (k- 2) i) do = 0,
i E A - 2 . ‘l .
B0 ; \ Zaxs X I do - \ Sy x PELAs - (k1) Y afV
.‘:Jl T 4 tm1. Freez)
s )

. R Cagy T 153 do == (fi <t 1)5 Eaps Ly [=8F + (k - o ;ngl,"”] idg = 0.

=

(o = 0,17 1)
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In view of (4.23) and using the identity

. _t+1) I G &

gay |0 = B\n Fado - B s\,
- Sl Pl
2 =5 L o

the first two conditions (6.10) reduce 1o

4
6,12 k420 -k
( ) E L” ot +2) ‘\g) .
ae]
where
1

Tt 4.-2){3:1

F§ 4 (e 4 1) 7, Fly] do

[4

£l

e _ I " (42
o$-F (k1) @, pfliy] ds } - §7a =5 (b 3) uBtdo,

a1

(k=0,1,..,».

The remaining conditions (6.10) lead to

4
(6.14) Y Ly dftV =NP, (n=34;k=0,1..r 1)
" ) . n
where
N@® — 1 i P de - 2 4 1
e Bl e
{(G.15 NP = — -—-——--1 2 E oY = i
.13) P aan o L da+ £gsanils P ds
"4 Bl F=1. i "
£, F

“«

—\ Ep Ty [ FE0Y A (B2 2} ul Y] do.

&2

Let us note that @f+3+P = g4 o fEelin) = B = ple) - —
(p=1,2..) 2 wrim™ Pigrep=

From the conditions (2.11)}, by using of (6.2). wc obtain

4
(6.16) Y L, =—F,,
=1
where
6.17 _ ) 2 - o | EL‘ B
1) Fo= Rt 3 {a k9 ds 5 e pgdo (8 - 28] do
= w p=1- -
Zp Lp ps
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On the hasis of (G.2) the conditions (2.12)—(2.14) beceome

4 —
(6.18) X L, afle= My, (j = 2B 4,
a=1
where
{(6.19) M, = eaMs — \ iy (20 4wl de,
M, R, [=@ -+ uif] ds. M, — M, — g a3 Vo (=984 ufd]da.

. .
e =

The unknown [unctions and conslants are determined in the follo-
wing order. Firstly, the relations (6.12) for = r together the relations

(6. 1:4) for ke=r ] determine uniguely the unknown @?t¥ o As @Y
are known it follows  that the functions (F&y. 48, gD arve

known. The conditions (6.9) for & = r 4 1 are satisfied so that the plane
strain problem characterized by the equations (6.3), {6.4). (6.0) and (6.7),
fov & = r + 1. dctermine the functions wir ), Then we consider the re-
lations (6.12) for k= r — 1 and the relations (6.14) for & = r. These equa-
{ions determine the constants at i Then we determine the functions
w!”? and so on, From (6.14), for & =0, and (6.16) we obtain the constants
&V, The plane strain problem characterized by the equations {(6.3). (6.4),
(6.6), (6.7) for &L =10 determine the functions w(® . Finally, from {(6.19)
we determine the constants «®, Thus the initial problem is solved.
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ON 1LQUILIBRIUM SITES FOR INSTANTANEOUSLY
ELASTIC MATERIALS

BY

GII. GR. CIOBANU

Jntroduction. Considering the class of thermomechanical simple ma
terials introduced by M. 1L Gurtin {1} and called Instantaneously
Flastic Materials by €. Tru esdell [2], we shall be concerned here
with (a) the consequences of minimal property of {ree encrgetic functional
at an cquilibrium site and {b) the ncecessary conditions for the constant
history and the jump continuation ol constant history to be cquilibrium
historics. As consgquenecs of minimal property of free encrgetic at an
equilibrium site we find that the equilibrium acoustic tensor is symmetric
and positive semidefinite and that the instantaneolts heat capacity is less
than or equal to equilibrium heat capacitiy. Defining the equilibriwm his-
tory as onc which ends at an equilibrium site, we obtain neccssary condi-
tions for the constant history and the jump continuation of the constant
history to be equilibrium histories. Consequently thesc imply that the
equilibrium conductivity tensor and the instantaneous conductivity tensor are
symmetric and positive semidefinite. Here the equilibrium site is under-
stood in a general sense, as defined in [1], [2]. including the particular
case when the temperature gradient vanishes. The obtained results gene-
ralize some of those contained in [3], [12].

After presenting some well known results in the theory of instanta-
neously clastic materials (1), 12}, (4] in Section 1, the results pertaining to
(a) shall be examined in Section 2, and those involving (b) in Section 3.

1. Preliminaries. Let B be a deformable body consisting of mate-
vial points X. If F is the deformation gradient det F >0, 0 >0is the
absolute temperature, and g is the material gradient of temperature at a
point X of B, then the set of all triples A= (F, 0, g) forms a Kuclidean spacc
U of dimension 13 in the following definitions [4]:

oA+ A = (F, | 0, 2) +8(Fa, 0, , g.)=(a F1+4 BF:, @480, , 28 +88:)
A1.A2=F1.Fz+ 01 92+gl-gz:trF1F§'+ 01 62+g1'g2



