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ON FQUILIBRIUM SITES FOR INSTANTANEOUSLY
ELASTIC MATERIALS

BY

GlI. GR. CIOBANU

Iniroduction. Considering the class of thermomechanical simple ma
terials introduced by M. 1% Gurtin [1] and cailed Instantaneously
Flastic Materials by €. Tru csdell [2], we shall be concerned here
with (a) the consequences of minimal property of free encrgetic functional
at an cquilibrium site and (b) the unceessary conditions for the constant
history and the jump continuation of constant history to be cquilibrium
historics., As consequenees of minimal property of frce encrgetic at an
equilibrium site we find that the equilibrium acoustic tensor is symmetric
and positive semidefinite and that the instanianeolts heat capacity is less
than or equal to equilibrium heat capacity. Defining the equilibriwm his-
tory as onc which ends at an equilibrium site, we obtain neccssary condi-
tions for the constant history and the jump continuation of the constant
history to be equilibrium histories. Consequently thesc imply that the
equilibrium conductivity tensor and the instantaneous conductivily tensor are
symmetric and positive semidefinite. Here the equilibrium site is under-
stood in a general sense, as defined in [1], [2]. including the particular
case when the temperature gradient vanishes. The obtained results gene-
ralize some of those contained in [3], [12].

After presenting some well known results in the theory of instanta-
neously clastic materials [1], 12}, [4]in Section 1, the results pertaining to
(a) shall be examined in Section 2, and those involving (b) in Section 3.

1. Preliminaries. Let B be a deformable body consisting of mate-
vial points X. If F is the deformation gradient det F >0, 0>01is the
absolute temperature, and g is the material gradient of temperature at a
point X of B, then the set of all triples A= (F, 0, g) forms a Kuclidean space
U of dimension 13 in the following definitions [4]:

oA, 3A = 7{F, 0., g) +6(F:, 0s, g.)=(a F,+ pF., «® -0, , 28 +88:)
A1.A2=F1.Fz+ 61 62+g1-g2=trF:Fg+ 01 02+g1'g2
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Asife is an clement A of U, A process 1s a funclion A () : (—a2, e} —» U.
The process A (.) ovcupies the site (F, 0, g) at the time ¢ if A (¢) = (F. 0, g),
[2]. The function A* () : [0, ) — U, associated with the process A (.} and
defined by Af (s) = y (£ — s) is the fotal history of Uhis process up to time {.
The present value of history A* (1) is given by A (0) A (8} and the res-
triction of A’ (.) to (0,e) is denoted by AL () and is said to be the past
history corresponding to the total history Af (), [3]. It is useful to repre-
sent the total history A’ () by the paic (A (0), AL () — (A (), Af (). In
the following we will write A" and A’ instead of .\’ (.) and A (L)

An Instantancously Elastic Malerial is characterized by six explicil
axioms, [1], [2], restricting the response functionals S, M. 1, and q which
vield at each point X' & B the present values of the Piola-Kirchot !l
stress tensor S (7). the free encreetic ¥ (1), the calorie 7 (1), and the heal
flux veetor q (1), whenever the lotal history of 4 process up to time s
specified ;

- S{) = S(A) = SA@: A, T T4 @A,
s}
' (1) =4 (A) =74 (A (0 8). T =q(A)=q(A{): A

The six axioms which define the material vefer to the common do-
main 7 of the functionals in (1.2) and to their smoothness properties.
It an adequate topology on 7 is chosen and the smoothness properties
are referred to this topology, the abstract gencral vesulls deseribed in L1]
2] have a concrcte explicit form 1), [4]. [6]

Now let us deseribe such a topology [11, |51, {7). |S|. Let & be a Fi-
xed influence funection, ie. a positive. continuous, monotone deereasing
real valued function on (0. %), square-integrable on {0, 20), The funetion
h induees an inner product on all histories A* defined by

w

AL (0) . AL () \hl {) A (s) . ANs) ds,

1]

(1.3) < A} (L), AL () >
where Aj (). Az (8) is deflined by (1.1). The completion of all continuous
A" (.} which satis(v

(1.4) A 1P = <A () A () > <=

forms a Hilbert space & with (1.3) as its natural inner product. The set
of functions A! (\) with

AL \ R (s) | AL{s) |* ds

)

is a Hilbert subspace &, of & [5].
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We let the common domain 7 of functionals (1.2) be the sel of all

, ; ,
absolutely continuous A’ {.) from & i'n,r which A! (07) exists and A’ (s)
— dids{AT {s))—= dldt AT (5) are A [10]. | e o
The assamption that the ma?m-]:ﬂ nl)C}f the ])ll-iin.t tI] ‘ C\'i\‘tcn(-; -l
bv in Cobleman and Nolls sense |[7] imp 1(.}) i B "
l(}cl;ljml'inuil'\' ol differential operators D, = (Dy. Dy. De) and 8y o
3y« 9% (first I'réchet derivative) defined by

Dl (AT ) = djd2f T (F f2A 0 g A s o DAY=/ O T(E. 0. g :AL)).
’ DU (A} .V = dido(F (F. 0. g 0 2V A))pmn

and '

dlda(T (A (D) s B - 28, 08 gl oo
dlda( (A (1) : T 00 o g)) oo
Al (A () B, 0L g A om)) e

::‘}' ‘T 1 .:\I AI
(1.6} S, (A @)
L ‘1 (A a)

' rery iri ‘th A a sceond ovder tensor.
‘or evervy A =7 and every triple (A, o, 9), \\1t7‘ ' : ! Q5
I(rm'\o:'c?'llf numhlm'. and a an element of the ]',ucl_ldcan three dlmcnillonx(:l
veetor space By In (1.5) De T (AY). A = tr DY (AN Ai-_. mr]fl b (‘;_l)
V is the inner produet in Ey. In (1.6} the functionals 8 ‘-I (A t.\). 8:, .

(\.l a), and 3y U (A!la) are lnear in A, o, a and continuous A1)
LT [ . /

i 7 8 . SAD 3 3 . . . 1
I I‘lkcl nLccamrv and sulficient conditions for the Clausius-Du
hem inequalily fo hold arve [T} [+]. [6], [81:

S () — S{AY) = Dg T (AY) D T (A — .
(1.7 0,0 (AY . T(A) . g < 02 a(t),

where

7 (1) =7 (AY)

.
0
is the internal dissipation. B s | ]
5 From (1.7), it results that 'I', and therefore ® and 7, must ]h({ l-n?ltu
pendent of the ﬁresent value of g, although they may be affected by the
sast history g of g. . .

: We cangrnow write (1.2} in the form

W) — T(F, 054, 5 () = — D7 (F. 0:4)

Sty = Dy T (R 0: AL, q(6) =T (F, gz 47

A ! TR AL CNTAT Y L S (AL g
(1.8) all) 30 (A A == 5 [8rF(AY] ) a0 (A7 10) 51 (A g1)]

{1.9)

IfA=(F.0 g)isasitcand A{l) = At e (- m_..cxf) :s Ill.nm(ﬁ{ls‘tili}cllt;
srocess. we denote by AY (s} = A, s € [0.o0), Lhe (*01‘1.st.m' 1|‘.s” v
v lue A, and with A7 (s) = A, s = {0, 00), the past history correspon Ag
t\fz)l 1;2 \i’e say that A* is the constant history corresponding fo the site .
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I (F is one ol the functionals in (1.2). it is denoted by 7F the equilibrium
response function corresponding 1o (F.

F(\) = GF(AY) = (F (A A))

This delinition makes sense because A™ = 70 as | A | < oo, Taking into
account (1.9), . we write explicitly the above notation for the funetional Y7:

o

(1.10)  W(A) = T (F. 0. g)= T(F, 0:F. 0. g )= U (F, 0:4-

Definition L. |1|. {2]. The site (F, 0, g) is an cquilibriiom site if for
all processes A () = (F (). 0(), g(.)) occupying the site (F. 0. g) al time
o we have

(1.11) q(F. 0 g:\).g=0

Definition 2. Lot A = (F, 0, g) be an equilibriton site. A history A’
with At (0) = (F, 0. g), which satisfy (1.11) is called the equilibrvinm history
corresponrding fo the sile A.

From Decflinition 1, it resulls that every site (F, 0. 0) is an equilibrium
site if there exists a process A (.} occuping this site a some time t. For this
reason and in order to make sense to speak of derivatives of the equili-
brivim functions. it is neeessary to consider the conneeted open subset &£
ol all cquilibrium sites ineluding at least one ol the equilibrium  sites
(A. a, 0) [2].

In conncetion with equilibrium sites we need to remind the Theorem
of Consistency with Thermostatics [1].

Il the equilibrium free energy function V' is differentiable in (A, a,
(a) = &, then:

1) ‘;;(.) in (A, a.a) is a function of (A. @} only,

- e
(1.12) 1 (A, a.a) =Y (A a)
/'\

i) ¥ (A, @) is a potential for the stress and caloric  equilibrium

functions
s o~ i ¢ i ~ ; & e
{1.13) S(A )= — T (Aa), r(Aa)= —— U (A, a)
cA da

iii) among all histories ending at a given equilibrium site, that which
has remained fixed at that site gives the least possible value of the free
energy functional at that site: ie. for all processes A () with A{f) =
= (F, 0, g) = £. we have

(1.11) T (F, 0) < T (F. 0: A9,

for every Al e &,
The derivative in (1.13), is delined by

ON EOUILIBRITL SITES VOR ELASTIC MATERIALS

(1.15) B.-~ T (A ) LE A 2B @)

(A ela
I being anv sceond order fensor. . o
2. Cousequences of the minimal property of the free energetic at an
ecquilibrium site. In this section we assume i twiee continuously Fre-
chet differentiable on its domain ol definition 7. From (1.11) and (1.10)
we have
(2.1) T(E, 0:Fr. 0. g5) < T8 0:FL, 00, g)
for every (Ft. 0L . gy, and every (F. 0) such that (F. 0, g) = £. where
\; — (F; .0, .g/) is the past history corresponding to the constant his-
AL . : : )
tory A" (s) (F, 0. 8.5 < l(_) #}. . . . : .
The assumption that ' is twice contumously_dlffﬂl'Cﬂtlﬂth implies
ihe existence and continuity of second IFréchet derivatives

S I AL B d 1 — By ', Bk de = 3¢dx I, 898 T = 8¢ 86 T,
DA, Dede T = 3¢ DeF DI DSy T = 8o Dy
and they are defined as in [17]. [12].
The minimal property (2.1) implics.
¢ T (F. 0; A7 | A) — 80 (F, 08, [} + B T(F, 0:A; a)=0.
SAT (L. 0:A ALA) - ST {E 08 @ @)+ 5% U{F. O Al e a) -
B 2 T T ey
2 |8 8V (F. U2 AS | A a) + Spd. T (F, 0: A7 A a)
508 T(F. 0: A ja,a)] 20
for everv (A, a,a) € U In (2.2}, A7 is the past l}ist.or}" of the constant
oquilibri'um history corresponding to theﬁcthhrmm site A — (F, 1, g}
From (1.10). in our hypothesis on Foowe have
A.aefﬁ‘“ B-A.DiT(E.0:A)B - A Dedy C(F.0:A ' B) —
(2.3) 3 o B |
4B . Deop't (F,0: A A) -+ S (F.0: A AD).
for any second order tensors A, B. and

(2.4) o) DIT(F, 05 A7) +20, 3,0 (F, 6 A7 1) 347 (F 0: A7 I1,1),
¢ 0e

for any A = (F. 0, g) =D, A% having the same significanee as in (1.10).

If we take a = 0. ¢ = 0 in (2.2) we oblain

(2.3) o T (F, 03 A 1A) =0 S (F 054 A 4) 20
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Since {2.53) holds on the set & of cauilibrivm sites, i

tofollows that
(2.6) o (F, 0:A|A) 0
cF
on ¢ . Ikere the devivalive @/¢F is defined by (1.15).
From (2.6} we obtain
(2.7) B.DeSe U (F. 00 |A) - SR (F.U:8 AB =0

and the similar relation by changing A with B,
Now assuming in (2.3) that A s an cquilibrium site and A, is as in
{2.2), from {1.12). (1.33), and {2.7) we get

(2.8) A.QUAB = SpU (M OA TAB), AQA)Az O
In (2.8), the fourth order tensor Q (A) is the instantaneous acoustic

tensor |12] and is given by

P

(20) Q(A)=DiU(F.0:4A )~ ‘?' (F.0) = D S(F, 0: A,) :;(B 0).

From (2.8), we have

Theorem L. The instantaneouns acoustic lensor is symunetric and posi-
tive semidefinite.

Since from (1.13), it follows that ¢S (F, 0}f¢F s svmmetrie, (2.8},
implies that. Dg S (F, 0: A7) is symmetric. This result generalizes to the
casc ol instantancous elastic materials, the result of Coleman in § 8
of [9] and that of Coleman and Gurtin obtained in £.32 of [12].
For linear viscoclastic muterials the result (2.8) is derived in [4] from
other considerations.

The quantities C{F. 0) =— (2 1 (F, 0)/¢0%) 0 and e (F, 0; A7) =

— DR (MR, 0: A0, with A equilibrium site are called equilibrinm heat
capacity and instantancons heat capacity. respectively [12].

Theovem 2. The equilibrivim heat capacity is greater than or equal {o

instantaneous heat capacity,

(2.10) C(F.0) = o (F, 0:AD).
Proof. Tf in (2.2) we lnke A = 0. a = 0, it results
{2.11) SUA(F. 0,0, 1) o FW(F 0:A71.1) =0
IFrom (2.11), we have
d

S (F G\ D=0,
()

on & and thercfore

(2.12) DSM (B 00 A7 1L 32 (F 0 A 1) =0,

G7 ON EQUILIERIUM SITES FOR ELASTIC MATERIALS 1539
!

Assuming in (2.4) that A is an equilibrivm site and A thf' pus‘t, his})“[l‘y
of the conslant cquilibrium history corresponding 1o Ao by (Y1) (2.0,
and (2.12) we have B

T 0) = e (B 0z A7) o 085 (B0 AT L)

The theorem results from the above formuln and (2.11); . 'J'l-w‘ 11_1(:(;1';:1111

seneralizes. to the case of instantancons C]E!Hll(‘_ll.:llCl‘l:ll‘i. the lc.sultl\- d )

of [1’] and (3.14) of [3]. (In the last paner the rigid heal conductor bodics

are (;th'i(l(‘l'(‘(l and the equilibrium sites are those with vanishimg tempe-

ature gradient). o — |

- 3thuilib)rium aud instantancous conductivity tensors. Il(-)l.]‘l fh‘c

definition of ilic cquilibrium site it follows, by derivating (1.471) with res-

peet. to g, and tuking g = 0, that |6]

(3'1) ‘([ (F. 0. (1S .\:.) == (),

or every historv Af ending in the cquilibrium site (F. 0.0) = &. regard-

css of the values of F and 0. . _ .
If (F, 0.g). (F,0,0) = 2. and these two equilibriun sites are sulli-

g M . s s N . ) . ‘ .
cientlv elose in the topology of & defined by (1.1 we have

(3.2) qF (, 0, 2 Ay = K (E. 0. Ayg -0 (1) g
where
{3.3) K (F. i: Al = Dgy (F, 0;0:4])

and (1) -0 as g0 - ‘. .

From relation (8.2) it follows thal ab cvery cquilibrium ml.(: (1. 0, g),
sufficiently closc to the cquilibrium site (K. 0, 0). 111.x- heat Ilu.\. ) cctlon‘
is linear in g ; that is, the Tourier's law holds 1o wilhin an ¢rror of order
one in | g o o N

\\'calm\'c to nole that the concept of cquilibrium site 13 (lg}l;}C(l‘ loi
a malerial point, that is, it is a local concept. Also, we no_L(f that ‘ 1(:1((;&1:_
at least a process sueh that F, 0, g can be independently given m a me
vial point X ol the body [8]. ‘ -

11[’ A {s) = (F. 0. g) is the constant history corrcspon:hng th“thl“b.
process, from (1.8} we have o () = 0, and fherefore by (1.7), it follows

{53.:4) q(F, 0,g:4;).8 =

A7 being defined by A7 (s) = (F, 8, g), s = (0, ©). ‘ m
'l‘lfercfm'c by (3.4) and Definition 2. any consiant history Cm’icmgtll‘l:;
the site (F. 0, g) is a4 possible equilibrium historv corrcsponding to thi
site. . - ' e
Theorem 3. If the site § == (¥, 0, g) w5 an cquzlzbnuTn sztcﬂand A (o)=
- (F, 0, g), s [0,0) 8 its equilibrium hastory, then we have

(3.5) o 1Dsq (AU + 3 a (A7 [W)] +a{d).u=0
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QA @ u -2 5. q (A T w e b Seq (AT | uou)]
(TR PP TR S T VAR V1 R S A VR N

75

(3.6)

for ceery u = fo Fa (B04) w @ woax dhe fensor prodiud.

Proof. In proving this theorem we need to suppose the heatl flux
funetional g is twice conlinuously differentiable,

Consider the function

18.7) FlEy=q(F, 0,0z 0, g Tuy . (g Zn).

I A (s) =(F. 0, g1 s = |0, %) 15 an equilibrivm history, then it
musl follow that f"(Z) |:co = 0 and /7 (2): v € 0, for every vector u,
Computing /7 (Z) and [ {Z). and taking 2= 0. we oblum the stated results
(3.5) and (3.6).

Rewarfe 10 What 1s usuadly Known as equeedtbrivm conductivity tensor
K (o) is now given by the tensor associated with the bilinear form K (%)
{...) and defined by

b
-

(3.5) Kie)(uv)=g. [Diq(A) (u,v) F 208, q (A u)v —

g AT w VIl Fu i q(A) ¥ q (AT Iy
The incqualily (3.6) shows that the equilibrium conductivity tensor is po-
zilive semidefinite.
Remarf: 2. In the particular case of the equilibrium  history Ag (s) =
(F. 0. 0), « =10, %), we have {rom (3.5)
(3.9) qid; ). u=0

for any u, and this leads to the adready obtained result (3,13 In this cuaser
the equilibrium conduelivity tensor is wsiven by

[3.10) Kiw)=Dq{Ay) 5 8. qidg 0
and (3.6} becomes
{3.11) u.{xc)u 20,
that 1s. A (oo} s positive semidefinite [3].

‘ Lf:t A, — (Fo. 05, g) be n constant proeess and f (A,) the subsct
of all histories in 7D satisfyving the condition Af {s) = A, on (5,, ). 5, > 0.
If 2 > 1, the history A} (.} = I (A} delined by AL (s) = A (28). 5 = (0, )

and A;(0) = A = (F, 0, g) is called the accelerated history corresponding
to A° () = 1 (A,) |8). It is known that

(3.12) lim (AL () —A()I =0,

U~

where A (.} is defined by A (s) = A, on (0, &) and A (0) = A, [3]. [9]. The
8y -

lustory A (1) is the jump continuation of the coustant history A~ (s) = 4§, ,
s = {0, cc), with the jump A — A, [9].
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From the continuity of 3_\¢" (AL] AY) in both arguments and (3.12)
we have [3], B .
(3.13) lim 8, (ALl AL) = O
2=l

T

The continuity of g, (3.12), (3.13), (1.8) and (1.7) lead to

(3.14) q(A).g <0,

or .

(3.13) g(A;A).g=q(F 0.g: Ad.g g0
heeause A, (8) = Ao on (0.0}

By Definition 2, it follows that the history A() ending in..ihc site

(F, 0. g) is a possible equilibrium history corresponding to this site.
' ‘e can now formulate the - _ '

;‘\h(on(rom 4. I] the site A = (F, 0, g) is an cquilibriion site and Hrc;].ump
confinuation history A () of the conslant history A" (s} = ;_\n with the jump
A — A, is one of its equilibrium histories then the condilions

g . Dgq (A Agduu.qiA;dy) =0

Gl g. Dy (A Adu@u - 2u. D.q{A:N)u €0,

hold for every wector u. _ _
Proof. Consider the lunclion

j(El ={ (Fs lj, g _!i" E_'ll : \ . I-g i iu)’

u being a non-zero arbitrarily chosen veetor. - -

It (F. 0, g) is an equilibrium site and A () in ils cquihbriun ll;lul}.
then the function g (E. 0. g A g asa function ot g, hi."' a I?ﬂ}lnl'l!lll\l
al the site (F. 0. g), and thercfore S1E) has a maxunum al = 0 tt}n,c*s'.cxy_l~
w. I follows that f'(2):eu=20 and 7 {Z)zeo = 0, and {rom ihese We
Ubt‘“n]\’&i;l?f." 2. The instantaneous ('mu[u.ctivr:.iy fensor KN (0) 1s now given
by the tensor associated with the hilincar form

{3.17) K(0)(uwv)=g.l:q (A5 Ag) (w, v) 4 2u. D, q{A AV

The inequality (3.16). shows that the instantancous conductivity tensor
" (0) is positive semidefinite. _

. )RcuEu'k 4. 1In the case g = 0, we obtain from (3.16), u.q (F, 0,
0 H ixn) — 0, .

for every w and this leads to

q(F,0,0:A,)=10.

For this case, the instantaneous conductivity tcnsor’is glveg by {3],
K(0)=2D: q(F, 8, 0; Ao, and by (3.16), we have u. K (()‘)‘u > ?u) R
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PULSATILE FLOW OF A VICROPOLAR FLUID IN A RIGID TUBL
WITH LONGUTUDINAL VIBRATION

HY

VALERIU AL SAVA

l. Introduction. The analysis of pulsaling flows has been of interest
for o long e, Such o wotion would explain the blood flow i vascular
heds.

Recently, Turk and al. 1] have used the lincar niicropolar theory
of flids as a model for bleod. They have considered the pulsatile flow of a
niicropolar fluid through a rivid circular tube due Lo a sinusoidally varying
pressure oradicnt.

In the presenl work the additional complexity of longitudinal wall
vibreation hus been considered. The interest in the effects of such wall motion
from an investigation of cardiovascular behavior in the
presenee of low-frequency vibration shich ix currently in progress. Such
vibration clfeets are of interest for jackhanmer operitors, astronauts riding
hotsters, amd other workers who perforin in vibration environments. The
solilions of soverning partial differentinl equations are obtained through
application of conseoutive transformations : a finile Hlankel Uransforn is
made un the spaee variable followed by a Laplace transtorm on time variable.

2. Formulation of the problem. lor axisymnetrice, incompressible,
parallel flow the ficld cquations governing the molion of the micropolar
fluids 2] reduces Lo

{u 1= I) ] { (r (—L) i.'-]- C{rw) — (l) 4L,
r

has  resufted

rer iz i

(1) e . .
& \-i- " rw) — RS ke = .:._)'(l—i 3
cr|rer | cr of

in whieh the evhindrieal coordinate system (r. 0, z) has been used and where

+ is the veloeity component in - dircetion., w is the microrotation compo-

nent in O-divection, © and e being funetions of (r. 1y only ; p is an unknown

pressure to be specificd or determined : ¢ is the density and j the micro-

inertia ;. kb, o are the material constants.

ol us assume a sinusoidal pressure gradient of the form
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