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ON oL E) SPACES OF CONTINLGOUS FUNCTIONS')
BY

1.. PANDOLFI (Firrnze)

Let B be a linear mapnine from the cuclidean space E® into itself.
" we denote the Euchidean norm of @ = B'. while N | =
v K :oow o= 1 is the narm of the mapping AL \We denote further

(K) and N {K) the range and the kernel (null space) of &, Let 2 (K}

he the projector of 227 on R (A). By R we shall denote the restriction of
K Lo (N (AP (the orthogonal complenien! of N (A7}). Let A"t he the inverse

ol K.
| F
let ¢
from
hasts

(jG (I.

— (i, ()@ (1) is bounded on . The norm in €, is delined by

Case

o

and, a~ shown in [1] Cp 15 a Banach spazo.

defined on R {f-:] w= (K ) andd let us deline K by N, =K' P(R).
:fte k o<t <o D ol and oy e, 6t is A basis in ]3".

» € (D) be an n X nomatnix function, continuous on I (f.e. a mappmg

/ into the space of linear transformations from I* into itself, the

10 veee et being lixed). _

We say that a continuous function @ (f) from [ inty K* hzlongs to
£y, it and only i PG N v (f) =@ (6 for anv t € I and v (f) =

lole =supd €L a)]s t =1

The wim of this paper is to give a neeessary and suffieient condition

for two Banach spaees Cp and Cp to contain the smme elements. In this

it Tollows alse that they are isomorplic.

We first prove the following resalt:

Lemma 1. Let G (¢) and H (8) be bwon X n matrices, such that B (G ()=
(I (D). t = 1. Then the following formulas hold :

(H_ G)., =G_ I,
G2 6L, e LT
Proof. Let us remark that

Ho G).y - (oG P UL G) = (T C) P (HLG)

*} Work supporicd by the Italian C.NGR.
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Tndeed we have
. - k—/— o e
{1 i,¢—-Hp{nG=Hn"«a.
if we ohserve that R(I) = B (G). JFor the same reason. N () —

-

- N ([ @). from which we get G =G, Sinee IT and ¢ are inver
tible on their domains, we can write (I Gy = i 1. Therefore. {aking
into account (3) and () and the above formulas, we oblain .

(o, Gy = AT 6) P I, Gy = (G D) P (T 6G) =
(3) (G, PG PG = (G D) P UL G) CTINP (.6 =
—

hot_'lnus.(' B ,G) = (NI and, thercfore. for any b= £ we can
urite

(€ H) o — (G ) PUEG) o

In order to prove relations (2), we remark that

G|l=sup{|Gel: |x]i=1}=sup{| Ge|: | v e (N{tH! =
=Gl 2 |G =(upf|Grai:lal=10r e RGH =

= (sup {! GrP(Q)xl; x| =1 =@up{lG.al:|r = Py = G
The lemna is now completely proved.

Theorem 1. Let G (1) and I (f) be two n X n malrices, continitous on

I, . necessary and sufficient condition for Ce and Cy tu frwe the same ele-
ments s thai

(6) RGO = R, 7 I.
and

m % sup { H_, (NG (1) : t =} < = x. 5 =sup HG. (O I8

fell = oo,

I_{ (6) and (7) arc verified, then | v and | v ||y are equivalent norms.
o Proof. Let & (1) (h, (1)) be the i-th eolumn of the matrix G{&) (I (L))
for i = Ly 1 The vectors g (1) (ki (t)) are continuous funetions from {
into B g {t) = G(t) e, (hill) = i {tye), for 1 < i < n. We prove first
ﬂ)mt? our condition is necessary, Let us remark that ¢ < Ce. Tndeed

7 _((x (1) g (t) = g ). B (G (1)) being spanned by the vectors g, (t) 1<i1<n.
We have further o : 2h R

G (D)) = GLHG M e | < GLEGIH)] =1

SN
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laking into account that © < (N (Gy)+ implies G, OGHe=a If (8-
and C); bhave the same clements, then g, =C; implics g eCy for 1€ i< mn.
Therefore. B (G (e R{IL{Y)). I we interchange G and H we obtain the
converse inclusions Hence R (G (1)) = R (I (1))

Now we prove that conditions (7) are also nceessary. We remark that
for any n X n matrix o, with column vector al € i< n, we have )<
< luy Bt o 4 aal® Hence, we shall have |H_, () G () | <

Yy o, ) g1 Therefore, if o« = =+ then sup {] H_: ()
1 i
g 1 IV = +w for at least one index ¢ 1 € i < n. This
means that g {t) € C,; for such index 1, and conscquently C, =+ Cy.
By a similar argument one obtains that the second condition in (7) is also
NECessary.

Let us now prove that this conditions suffice. If @ (1) = C¢ I, E"),
we have P L)) al{l) =@ (1) according to (6). Furthermore,
s) Hoai=|H.OGBG. e ()} < sup {{HLOEW 5
¥ fe b pup |GaWa@ i t e =alzl
which shows that x(t) € Cy (I; E*. Similarly we prove that €y < C¢
asing (6) and the second condition (7). Therefore, conditions (6) and (7)
«ulfice to show that Co = Gy .

The last asscertion of the theorem follows casily [rom the above con-
ciderations. Indeed from (7) we derive el < ilal Since | ze il <
< 8 allp we can write

(9) sl <l by € 2llalle, 2= Ce = Cus
which ends the proof.

Corollary 1. Let G {f) and I {t) be two matrices which are continuous
on I. A necessary condition that Cg = Cy is that B{(G (1)) = R(H (1)) for
any t I and

0 <inf{|GLHI]: t=1h
0 <inf{{H_, (GO ]; t= I

Proof. This f{ollows casily using Lemma L. From Lemma 1,
L (WG () = 1G. () H (] Consequently, the condition sup { [H_(t) G} 5

t I} < ‘oo implies 0 < inf{|G, () HY|; t = Il. A similar statement
holds il we change the roles of G and H.

Remarl:. Let us consider the matrices

JU g“l’], c.=60=(, “g(")),

with g (f) continuous and unbounded on f. Then

G = Ga ] =V Y2+ e 10 [T+
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are hnundcd‘l:olm\' by 1 bul they are not bounded above. Theretfore, The
statement of the Corollary 1 eannol be improved. We owe this remark
to professor Allen Ziehur,

Let us consider now a particular case. Namely assume that ¢ ()
and () are diagonal matvices and g, (1) - g () = O hoAty = h{l) =0,
Toww o Then G (1) = G 2 {1 H () = IT () and L H v are also dia-
gonal matrices. One has G, () o (1) — » (Bg (1) and (1) v (Y
— 2 (&)/h (0). In this way. one obtatns the space C, considl e in (2),

Corollary 2. . necessary and sufficient condition that

Cold : ER)yi= C\(F : k"),
with g (1 and h {t) continuouns positice functions on 1. s that

(10} O <infla(ih(): t el csupla(@hity:t =1 < 7.
Proof. The prool is immediate it we nole that J ()G {1) is a dia-
gonal matrix whose elements on the main diazonal ave cqual to (8 h(1).

. o .
« ..-\l\mm ledgement. ll|{\ paper was wrillen during the Suumwer Coars organized by the
National !h'sv:lrvh Couneil {(Haly) i Pisa, August-September 19730 The anthor wishes (o
express his thanks to professor C. Corduneanu for his adviee,
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A CHARACTERIZATION OF THE PROBABILISTIC TOPOLOGICAL
SPACES
BY
LIVITU FLORESCU

1. The concepl of a probabilistic topological space. introduced by
AL J. Frank [3] is a natural generalization ol the notion of a probabi-
listic melrie space. as it appears in Menge s papers @ just as aometric
Jetermines a topology. a probabilistic metrie determines a probabilistic
topology, (theorem 1.1 [3]). Frank shows that the O-closure 0° by this theo-
rem is additive. and terefore we use for the notion ol a f-closure the follo-
wing definition :

\ f-closure on a set X is a mapping 0: (X)) x [ >4 {X) satistving

(C1) B(d, 0) =X, ({2 0(g n) — @il »#0

(C3) M < 04w (Cay 00t U A7) () U OB 1), (L)
B(.4 )2 0L, a)if 22 u: lor every . B e X.ruesl, where I =[0.1].

A 0-closure is left-continuous i (LC) 0(L %) = FO(A, uw):
5 < 3t for n # 0. IF 0 s a left-continuous f-closure on X and 7' is a -func
tion {7 (7y. wa) = T (0 113) whenever 7., € #e iy € i) then the ordered
triple (X, 0. T} is a probabilistic topological space iF: (Coy 0 (0 w), 7
= 0(d, T(n 2))il A4 # @.

We remark from (€2}, (C3). (C4) that (0 (. 2} 7 = (0. 1]} is a set
of closure operators on X {see for instance [1]. p. 237).

‘The purpose of this paper is to give a characterization ol the probahi-
listic topological spaces by means of lopogenous orders.

A.Csaszar has shown (sec [2]. (7.20) } that there is an equivalence
hetween topological spaces and Csaszir topological spaces in the sense that,
given one of this structures, it 1s possible to determine the other.

We proved that, between closure spaces and the spaces with a perfect
topogenous order, there is the same equivalenee (sce [+]).

Using this result, we introduce the notion of a probabilistiv topoge-
nous structure, with the help of which we give the characterization stated
for the probabilistic topological structures.

We recall that a topogenous order on X is o relation < = T (&) X

X ¢ (X) such that:

(01) & < @ X <X, (02),it 4 < B3 then e Bo(o3) it dcd <

< B = B then o < B, () if o < B, A" < It then oy 1< BAE B,
4 A < B B forevery oA, A B, B = AW



